
Research Article

Muhammad Altaf Khan*, Mutum Zico Meetei, Kamal Shah, Thabet Abdeljawad, and
Mohammad Y. Alshahrani

Modeling the monkeypox infection using the
Mittag–Leffler kernel

https://doi.org/10.1515/phys-2023-0111
received July 05, 2023; accepted August 28, 2023

Abstract: This article presents the mathematical formula-
tion for the monkeypox infection using the Mittag–Leffler
kernel. A detailed mathematical formulation of the frac-
tional-order Atangana-Baleanu derivative is given. The
existence and uniqueness results of the fractional-order
system is established. The local asymptotical stability for
the disease-free case, when � < 10 , is given. The global
asymptotical stability is given when � > 10 . The backward
bifurcation analysis for fractional system is shown. The
authors give a numerical scheme, solve the model, and
present the results graphically. Some graphical results
are shown for disease curtailing in the USA.
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1 Introduction

Monkeypox is a disease that is transmissible to the human
population through animals although it is clinically less
severe than smallpox. It displays signs that resemble those
of smallpox. Monkeypox has replaced smallpox as the most
notable Orthopoxvirus to public health since smallpox was
eliminated in 1980 and smallpox vaccination was

subsequently discontinued. Monkeypox, which mostly
affects central and west Africa, has begun to enter towns
and is regularly observed near tropical rainforests.
Animals live on non-human primates and several rodent
species as hosts. The monkeypox virus is able to infect
several animal species, such as rope, primate, and tree
squirrels. To understand the virus history in more detail,
some more research work is needed. In addition, it is
necessary to find out the reservoirs of the monkeypox
virus and determine how it disseminates in the wild [1,2].

A serious condition that affects public health world-
wide is monkeypox. The illness spread over the entire
world in addition to central and western Africa. Contact
with infected pet prairie dogs in the USA resulted in the
world’s first monkeypox outbreak outside of Africa in 2003.
These species had been kept with pouched rats and dor-
mice brought from the Gambia. This outbreak spread mon-
keypox throughout the nation, resulting in over 70 cases.
There have also been reports of monkeypox in September
2018 among people who came from Nigeria to Israel.
Similarly, reports show evidence of the virus in the UK in
the years 2018, 2019, 2021, and 2022. The infected cases in
Singapore in 2019 and in the USA in 2021 have been
recorded. The cases of monkeypox are also recorded in
2022 in many non-endemic countries [1].

Fractional calculus (FC) has got too much interest from
researchers’ point of view due to its various prosperities,
such as memory, heredity, crossover behavior, and many
more. FC has been implied in scientific problems and many
disease models in the literature and found suitable for
disease dynamics due to its characteristics. For example,
Guo and Li, in their study [3], used the FC to obtain results
for the people who involve in online game and become
addicted to it. The role of vaccination in the disease control
has been studied using fractional-order derivative in the
study by Baba et al. [4]. The discrete fractional derivative to
study the COVID-19 epidemic has been used in the study by
Abbes et al. [5]. Asamoah et al. [6] the authors formulated the
listeriosis infection in fractional derivative. The cholera infec-
tion has been studied by George et al. [7] using the fractional-
order system. To understand the liver disease dynamics, the
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authors formulated them in fractional derivative [8] and
obtained their dynamical results. A single-route transmission
model in fractional derivative is proposed in the study by
Okyere and Ackora-Prah [9]. The HIV/AIDS disease under
the fractional-order derivative is considered in the study by
Farman et al. [10]. The Hepatitis C infection model using a
non-singular kernel is suggested in the study by Evirgen et al.
[11]. The rubella disease model using a fractional model based
onMittag–Leffler kernel is considered in the study by Koca [12].
The authors considered the fractional model for COVID-19 dis-
ease Bhatter et al. [13]. Amathematical model for diabetes using
fractional derivative is considered in [14]. Other related work
that used fractional operators in the study by Karaagac et al. the
recent past are given in the study by Karaagac et al. [15–17].

In the literature, numerous models in terms of mathe-
matics are reported to study the monkeypox disease. For
instance, the researchers created a mathematical model for
monkeypox viral transmission in the study by Madubueze
et al. [18]. Somma et al. in their study [19] examined the
mathematical modeling of the disease and obtained the
results. Lasisi et al. [20] created a mathematical model to
comprehend how the monkeypox virus spreads to people.
Usman and Adamu [21] proposed to cure monkeypox and
administer the vaccination using a compartmental mathe-
matical model. Emeka et al. [22] examined the the dynamics
of the monkeypox virus under incomplete vaccination. In
the study by Peter et al. [23], a compartmental mathematical
model is taken into account to comprehend the intricate
nature of the illness process. The scientists looked into the
transmission of the monkeypox virus from rodents to
humans and from humans to humans, as well as a compre-
hensive examination of the illness. Allehiany et al. [24] have
lately examined the dynamics of monkeypox under real
data and their backward bifurcation. Section-wise details
of this work are as follows: The description of the model
is given in Section 2. The analysis of the arbitrary order
model, its positivity and boundedness, as well as the exis-
tence of solutions and uniqueness, is given in Section 3. The
equilibria of the model and their analysis are shown in
Section 4. Numerical scheme and its application to the frac-
tional-order monkeypox disease model are given in Section
5, while the findings are briefly discussed in Section 6.

2 Model construction

Allehiany et al. [24] considered the monkeypox disease in
an integer-order derivative using the recent cases in the
USA and obtained the dynamical results. In this work, we
will consider the work in [24] by extending it to the

fractional-order derivative in Atangana–Baleanu deriva-
tive. The population of the humans are divided into five,
while rodents are divided into three. The groups that are
involved in the human population including susceptible

( )S th , exposed ( )E th , people infected with monkeypox virus
( )I th , quarantined people, ( )Q t

h
, and the people who get

recovery from disease ( )R th . The total population of human
represented by ( )N t is determined as follows:

( ) ( ) ( ) ( ) ( ) ( )= + + + +N t S t E t I t Q t R t .h h h h h h (1)

The parameter Ψh represents the healthy population’s
recruitment rate, whereas νh represents its natural death
rate. At a rate ϖ1 a person becomes ill with the virus after
coming into contact with an infected rodent. Animal-to-
human (zoonotic) transmission can occur by coming into
contact with the blood, bodily fluids, cutaneous, or gastric
wounds of infected animals. At a rate of ϖ2, the healthy
people get infections while contacting the infected person.
The route of transmission forϖ1 andϖ2 is shown by the force
of infection as follows:

( ) = +t
ϖ I

N

ϖ I

N
Γ .

r

r

h

h

1 2

After the disease symptoms last 2–4 weeks, the person is
identified as being infected with the virus, and hence, at a
rate of η

1
, joins the infected class Ih, while certain members

of the people are quarantined at a rate of η
2
. The people

recovered at the rates ψ and ϕ, respectively at infected and
quarantined classes. People in the infected and quaran-
tined class die from infection at a rate of ε1 and ε2,
respectively.

The animal population are divided into three groups,
such as susceptible ( )S tr , exposed ( )E tr , and infected rodents

( )I tr . The total population of rodents is shown by,

( ) ( ) ( ) ( )= + +N t S t E t I t .r r r r (2)

The parameters Ψr and η
r
define the birth and natural

death rate of the rodents population, respectively. The con-
tact rateϖr by which a healthy rodent gets infected when it
interacts with an infected rodent. The contact rate with the
chance of a rodent developing an illness for each interac-
tion with an infected rodent is represented by the para-
meter ϖr . The force of infection of rodent population is
shown as follows:

( ) =χ t
ϖ I

N
.

r r

r

The exposed animals become infected with a rate given by
κr. The following nonlinear system developed in the study
by Allehiany et al. [24] based on the discussion above in
integer order derivative is given as follows:
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where

( ) ( )= + =t
ϖ I

N

ϖ I

N
χ t

ϖ I

N
Γ and .

r

r

h

h

r r

r

1 2

The initial conditions subject to system (3) are as follows:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

≥ ≥ ≥ ≥
≥ ≥ ≥ ≥

S E I Q

R S E I

0 0, 0 0, 0 0, 0 0,

0 0, 0 0, 0 0, 0 0.

h h h h

h r r r

(4)

2.1 Model in fractional-order

We first present some related definitions here. For more
details on the definition and its application, see [25].

Definition 1. For a function f, the Atangana–Baleanu deri-
vative in Caputo sense is given as follows:

f f[ ( )]
( )

( ) [ ( ) ]∫=
−

′ −D t
G σ

σ
x E ζ t x x

1
d ,

t

σ

a

t

σ
σABC

2

(5)

where = −
−ζ
σ

σ1
, [ ]∈σ 0, 1 , >a a2 1, f ( )∈ H a a,1

1 2 , and
( ) ( )= − + ∕G σ σ σ σ1 Γ .

The Laplace transform has been used to obtain the
following integral for the Atangana–Baleanu derivative.

Definition 2. The integral related to Eq. (5) can be defined
as follows:

f f f[ ( )]
( )

( )
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+ − −I t
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G σ
t
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(6)

where the function ( )G σ is called the normalization func-
tion, and it holds for ( ) ( )= =G G0 1 1 .

The fractional-order system is superior to the integer-
order systems, due to many properties such as the heredity

memory effects and the crossover behavior that make it
more significant compared to integer systems. One of the
more interesting properties of the fractional-order system is
that it provides reasonable fitting to the cases compared to
the non-fractional system. With the above such advantages,
we shall use the result given in Eq. (5) by applying it to our
monkeypox infection model (3), and obtain the following
fractional system:
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where

( ) ( )= + =t
ϖ I
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r
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r r
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3 Model analysis

This section will explore the related mathematical proper-
ties associated with the system (3). We first demonstrate
the model’s positivity and boundedness, then the existence
and uniqueness solution of the system will be presented.
The total population of human is
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Furthermore, we obtain the following:

( )

( )

= − − −

≤ −

D N t ν N ε I ε Q

D N t ν N

Ψ ,

Ψ .

t

σ

h h h h h h

t

σ

h h h h

ABC

0 1 2

ABC

0

(8)

With the solution of Eq. (8) using the Laplace transform,weobtain
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The asymptomatic nature of the Mittag–Leffler leads to the following, when → ∞t :
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(10)

In a similar way, we can obtain the total dynamics of the rodent population,
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Solution of Eq. (11) gives
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It follows from Eq. (12) that
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When → ∞t , then Eqs (10) and (13) provide ∕νΨh h and ∕νΨr r, respectively. Thus, for any ≥t 0, the monkeypox infection
model (7) possesses nonnegative solution. Therefore, any affiliated solutions to the model (7) shall remain positive for any

≥t 0. Thus, the system (7) is epidemiologically well-posed, and its dynamical characteristics may be explored in the
following feasible region:
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where ( )= S E I Q Rϒ , , , ,h h h h h1 , = + + + +S E I Q Rϒ h h h h h2 , ( )= S E Iϒ , ,r r r3 , and = + +S E Iϒ r r r4 .

3.1 Boundedness and positive solution

We study the existence and uniqueness of the monkeypox infection model (7). To do this, we first made the following
changes to the system (7):
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where the kernels are represented as follows:
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and ( )=W S E I Q R S E I, , , , , , ,h h h h h r r r . Using the well-known fixed point theorem called the Banach fixed point theorem
used as an application to the COVID-19 infection, see [26]. Applying the fractional integral to system (15), we have
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Let the set ( ) ( )= ×⋯×B U J U J , where ( )U J denotes the Banach space of real-valued continuous functions defined on an
interval [ ]=J T0, , with the corresponding norm defined by ‖( )‖S E I Q R, , , ,h h h h h = ‖Sh‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖+ + + +E I Q Rh h h h , and
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Theorem 1. (Lipschitz condition and contraction) For each
of the kernels L L,…,1 8 in Eq. (15), there exists Mi for

=i 1, 2,…, 8, such that

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

− ≤ −
− ≤ −
− ≤ −

− ≤ −

− ≤ −
− ≤ −
− ≤ −
− ≤ −

L t S L t S M S S

L t E L t E M E E

L t I L t I M I I

L t Q L t Q M Q Q

L t R L t R M R R

L t S L t S M S S

L t E L t E M E E

L t I L t I M I I

, , ,

, , ,

, , ,

, , ,

, , ,

, , ,

, , ,

, ,

h h h h

h h h h

h h h h

h h h h

h h h h

r r r r

r r r r

r r r r

1 1
1

1
1

2 2
1

2
1

3 3
1

3
1

4 4
1

4
1

5 5
1

5
1

6 6
1

6
1

7 7
1

7
1

8 8
1

8
1

(18)

and are contractions for < <M0 1i , =i 1, 2,…, 8.

Proof. We give the result first for Sh equation of model (7),

‖ ( ) ( )‖

‖

‖

‖ ( )

( ) ‖

‖( )( ) ( )‖

‖( )( )‖

‖ ( )‖ ‖ ( )‖ ( )

( )‖( )‖

‖( )‖

⎜ ⎟

⎜ ⎟

−

= − ⎛
⎝ + ⎞

⎠
− −

+ ⎛
⎝ + ⎞

⎠
+

≤ − + − −
+ + +

≤ + − + −
≤ + + −

≤
⎛

⎝
⎜ + +

⎞

⎠
⎟ −

≤ + + −
≤ −

∈ ∈

L t S L t S

ϖ I

N

ϖ I

N
S ν S

ϖ I

N

ϖ I

N
S ν S

ϖ I ϖ I S ν S

ϖ I ϖ I S ν S

ϖ I ϖ I S S ν S S

ϖ I ϖ I ν S S

ϖ I t ϖ I t ν S S

ϖ b ϖ b ν S S

M S S

, ,

Ψ Ψ

,

Ψ Ψ

,

,

,

sup sup ,

,

,

h h

h

r

r

h

h

h h h h

r

r

h

h

h h h

h r h h h h h

r h h h h

r h h h h h h

r h h h h

t J

r

t J

h h h h

h h h

h h

1 1
1

1 2

1 2 1 1

1 2

1 2
1 1

1 2
1 1

1 2
1

1 2
1

1 8 2 3
1

1
1

(19)

where ( )= + +M ϖ b ϖ b νh1 1 7 2 3 . ( )L t S, h1 holds the
Lipschitz property with condition M1. Furthermore, we
obtain contraction if < <M0 11 . Using the aforementioned
approach, we can determine

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

‖ ( ) ( )‖ ‖ ‖

− ≤ −
− ≤ −

− ≤ −

− ≤ −
− ≤ −
− ≤ −
− ≤ −

L t E L t E M E E

L t I L t I M I I

L t Q L t Q M Q Q

L t R L t R M R R

L t S L t S M S S

L t E L t E M E R

L t I L t I M I I

, , ,

, , ,

, , ,

, , ,

, , ,

, , ,

, , ,

h h h h

h h h h

h h h h

h h h h

r r r r

r r r r

r r r r

2 2
1

2
1

3 3
1

3
1

4 4
1

4
1

5 5
1

5
1

6 6
1

6
1

7 7
1

7
1

8 8
1

8
1

where =M P2 1, =M P3 2, =M P4 3, =M νh5 , ( )= +M ϖ b νr r6 8 ,
=m P7 4, and =M νr8 .
When =t tn, =n 1, 2,… , we can have the recursive

form for system (15):

( )
( )

( )

( ) ( )
( )( )

( )
( )

( )

( ) ( )
( )( )

( )
( )

( )

( ) ( )
( )( )
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( )

( )
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( )( )
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( )

( )

( ) ( )
( )( )

( )
( )

( )

( ) ( )
( )( )
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( )

( )

( ) ( )
( )( )
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( )

( ) ( )
( )( )

∫

∫

∫

∫

∫

∫

∫

∫

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
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⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

=
−

+ −

=
−

+ −

=
−

+ −

=
−

+ −

=
−

+ −

=
−

+ −

=
−

+ −

=
−

+ −

−

−
−

−

−
−

−

−
−

−

−
−

−

−
−

−

−
−

−

−
−

−

−
−

S t
σ

G σ
L t W

σ

G σ σ
L k W t x x

E t
σ

G σ
L t W

σ

G σ σ
L k W t x x

I t
σ

G σ
L t W

σ

G σ σ
L k W t x x

Q t
σ

G σ
L t W

σ

G σ σ
L k W t x x

R t
σ

G σ
L t W

σ

G σ σ
L k W t x x

S t
σ

G σ
L t W

σ

G σ σ
L k W t x x

E t
σ

G σ
L t W

σ

G σ σ
L k W t x x

I t
σ

G σ
L t W

σ

G σ σ
L k W t x x

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

1
,

Γ
, d ,

h

n
n

t

n
σ

h

n
n

t

n
σ

h

n
n

t

n
σ

h

n
n

t

n
σ

h

n
n

t

n
σ

r

n
n

t

n
σ

r

n
n

t

n
σ

r

n
n

t

n
σ

1 1

0

1 1
1

2 1

0

2 1
1

3 1

0

3 1
1

4 1

0

4 1
1

5 1

0

5 1
1

6 1

0

6 1
1

7 1

0

7 1
1

8 1

0

8 1
1

(20)

where the initial conditions are shown in Eq. (4). The dif-
ference among the successive terms in Eq. (20) is
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( ) ( ) ( )

( )
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( )
( ( ) ( ))
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σ
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σ
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σ
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Γ
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1
, ,

Γ
, , d ,

1
, ,

Γ
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1
, ,

Γ
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1
, ,

Γ
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1
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Γ
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1
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Γ
, , d ,

1
, ,

Γ
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n

h

n

h

n

h

n

t

h

n

h
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n

h

n

h

n

h

n

t

h

n

h
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n

h

n

h

n

h

n

t

h

n

h
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n

h

n

h

n

h

n

t

h

n

h
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n

h

n

h

n

h

n

t

h

n

h
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n

r

n

r

n

r

n

t

r

n

r
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n

r

n

r

n

r

n

t

r

n

r
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n

r

n

r

n
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n

t

r

n

r
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1
1

1
1

1
2

0

1
1

1
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2
1

2
1

2
2

0

2
1

2
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3
1

3
1

3
2

0

3
1

3
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4
1

4
1

4
2

0

4
1

4
2 1

5
1

5
1

5
2

0

5
1

5
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6
1

6
1

6
2

0

6
1
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7
1

7
1

7
2
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7
1

7
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8
1

8
1

8
2

0

8
1
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(21)

Taking norm of Eq. (21), and consider their first equation

∥ ( )∥ ∥ ( ) ( )∥

( )
∥( ( ) ( ))∥

( ) ( )
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σ
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σ
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σ
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Γ
, , d

1

Γ
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1
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n

h

n

h

n

h

n

τ

h

n

h
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n

h

n

τ

h

n

h
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n

σ

1
1

1
1
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2

0

1
1
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1
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(22)

We have the following:

∥ ( )∥ ∥ ( )∥( )≤ −B t M G B t ,n n1 1 1 1 (23)

where
( ) ( ) ( )

= +−
G .

σ

G σ

t

G σ σ

1

Γ

σ

With the same method, we obtain the following for the rest of equations:
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∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

( )

( )

( )

( )

( )

( )
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≤
≤
≤
≤
≤
≤
≤

−

−

−

−

−

−
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B t M G B t
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B t M G B t
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n n
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2 2 2 1
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5 5 5 1
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7 7 7 1

8 8 8 1

(24)

□

Theorem 2. The fractional monkeypox infection model (7)can
have a solution if we can find K0 that can satisfy the inequality

( ) ( ) ( )
⎜ ⎟
⎛
⎝

−
+ ⎞

⎠
=

σ

G σ

K

G σ σ
M i

1

Γ
, 1, 2,… 8.

σ

i

0

Proof. Using Eqs. (23) and (24), we have

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥

∥ ( )∥ ∥ ( )∥
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( )

≤
≤
≤
≤
≤
≤
≤
≤
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−
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,

,

,

,

,

,

.

n n

n n

n n

n n

n n

n n

n n

n n

1 1 1 1

2 2 2 1

3 3 3 1

4 4 4 1

5 5 5 1

6 6 6 1

7 7 7 1

8 8 8 1

(25)

The existence of the model solution is confirmed by
Theorem 1, and now we shall show that the functions

( ) ( )S t I t,…,h r show the solutions to Eq. (7). Assume that the
following hold:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )
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⎪
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R t R R t b t

S t S S t b t

E t E E t b t
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n
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n
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n
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n
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n
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n
n

r r r

n
n

1

2

3

4

5

6

7
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(26)

It follows from Eq. (26) that

∥ ( )∥
( )

∥( ( ) ( ))∥

( ) ( )
∥( ( )

( ))∥( )

( )
∥ ∥

( ) ( )
∥

∥
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≤
−
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≤
−
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−

−
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−

−
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σ
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σ

G σ σ
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σ

G σ
M S S

σ

G σ σ
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S
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, ,

Γ
,
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1

Γ

.

n h

n

h

n

σ

h

n

h

n σ

h

n

h

n

n

h

n

h

n

1 1 1
1

0

1

1
1 1

1
1

1

1

(27)

We have the following after repeating the process:

∥ ( )∥ [ ] ∥ ∥≤ −+ −
b t G M S S ,n

n n

h

n

h

n n
1

1
1

1 (28)

when =t K
σ

0 , we obtain

∥ ( )∥
( ) ( ) ( )

∥ ∥

∥ ( )∥

≤ ⎡
⎣⎢

−
+ ⎤

⎦⎥
−

→

+
−

b t
σ

G σ

M

G σ σ
M S S

b t

1

Γ
,

0.

n

σ n

n

h

n

h

n n

n

1

0

1

1

1

1

(29)

Using limit on both sides of Eq. (29), we obtain

<GM 1.1 (30)

In similar way, it can be shown that ‖ ‖ →b 0n2 ,
‖ ‖ ‖ ‖→ →b b0,…, 0n n3 8 ,

< =GM i1, 1, 2,…, 8.i (31)

Theorems 1 and 2 ensure the existence of the monkeypox
infection fractional model (7) using the fixed point the-
orem. Now, in the following theorem, we shall show the
uniqueness. □

Theorem 3. (Solution uniqueness) The fractional system (7)
possesses a unique solution provided that

< =GM i1, 1, 2,…, 8.i (32)

Proof. Consider that Sh

1, Eh

1, Ih

1, Q
h

1, Rh

1, Sr

1, Er

1, and Ir

1, are
another set of solutions of system (7), then

( ) ( )
( )

( ( ) ( ))

( ) ( )
( ( )

( ))( )

∫

− =
−

−

+

− − −

S t S t
σ

G σ
L t S L t S

σ

G σ σ
L t S

L t S t x x

1
, ,

Γ
,

, d .

h h h h

t

h

h
σ

1
1 1

1

0

1

1
1 1

(33)

Applying the norm on both sides of Eq. (33), we have

‖ ( ) ( )‖
( )

‖ ( ) ( )‖

( ) ( )
∣ ( ) ( )∣

− ≤
−

−

+ −

S t S t
σ

G σ
M S t S t

t

G σ σ
M S t S t

1

Γ
.

h h h h

σ

h h

1
1

1

1
1

(34)

Since ( )− >M G1 01 , we obtain ‖ ( ) ( )‖− =S t S t 0h h

1 . So,
( ) ( )=S t S th h

1 . Repeating the aforementioned process, we
can have ( ) ( )=E t E th h

1 ,…, ( ) ( )=I t I tr r

1 . □

4 Equilibria and their analysis

We shall investigate the equilibrium points such as the dis-
ease-free (DFE) and the endemic equilibrium (EE) associated
with the model (7) in the present portion. The DFE of the
system (7) shall be denoted by Δ0, and is obtained as follows:
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= =

= = =

= =

= =

D S D E

D I D R

D R D S

D E D I

0, 0,

0 0, 0,

0, 0,

0, 0.

t

σ

h t

σ

h

t

σ

h t

σ

h

t

σ

h t

σ

r

t

σ

r t

σ

r

ABC

0

ABC

0

ABC

0

ABC

0

ABC

0

ABC

0

ABC

0

ABC

0

So, we obtain

( )

⎜ ⎟

=

= ⎛
⎝

⎞
⎠

S S

ν ν

Δ , 0, 0, 0, 0, , 0, 0

Ψ
, 0, 0, 0, 0,

Ψ
, 0, 0 .

h r

h

h

r

r

0
0 0

The DFE Δ0 is useful in the computation of the threshold
quantity, say �0. The well-known method described in the
study by Van den Driessche and Watmough [27] will be
used to obtain �0 for the system (7). We have the matrices

=

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

⎛

⎝

⎜
⎜
⎜

−

−

⎞

⎠

⎟
⎟
⎟

F

ϖ
S ϖ

S

ϖ

V

P

η P

P

κ ν

0 0

0 0 0 0

0 0 0

0 0 0 0

, and

0 0 0

0 0

0 0 0

0 0

,

h

r

r

r r

2

0
1

0

1

1 2

4

where ( )= + +P ν η ηh1 1 2
, ( )= + +P ν ε ψh2 1 , =P3

( )+ +ν ε ϕh 2 , and ( )= +P ν κr r4 . While using ( )−ρ FV 1 , we
can obtain the basic reproduction number �0 for the frac-
tional system (7), which is provided by

�

� � �{ }

=
⎧
⎨
⎩

⎫
⎬
⎭

=

ϖ η

P P

ϖ κ

P ν
max , ,

max , .

r r

r

0

2 1

1 2 4

0 1 2

(35)

We shall present the following theorem to show the locally
asymptotically stable (LAS) of model (7).

Theorem 4. The monkeypox fractional system (7) at Δ0 is
LAS if � < 11 and [ ]∈σ 0, 1 , and all the associated eigenva-
lues λk for =k 1,…, 8 hold

∣ ( ( ))∣ >λ k
σπ

arg
2

.

Proof. The following Jacobian matrix is obtained at the
monkeypox-free equilibrium Δ0:

( ) =

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

− − −

−

−
−

−
− −

−
−

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

J

ν ϖ
ν ϖ

ν

P ϖ
ν ϖ

ν

η P

η P

ψ ϕ ν

ν ϖ

P ϖ

κ ν

Δ

0 0 0 0 0
Ψ

Ψ

0 0 0 0 0
Ψ

Ψ

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

.

h

r h

h r

r h

h r

h

r r

r

r r

0

2

1

1 2

1

1 2

2 3

4

In ( )J Δ0 , we have the eigenvalues that clearly have a nega-
tive real part: ( )− + + − − −ν ε ϕ ν ν ν, , ,h h h r2 . The following
characteristics equation will be used to determine the final
four eigenvalues:

+ + + + =λ f λ f λ f λ f 0,4

1

3

2

2

3 4
(36)

where

� �

� �

� �

( ) ( ) ( )( )

( ) ( ) ( )( )

( )( )

= + + +
= − + − + + +
= + − + − +
= − −

f P P P ν

f P P P η P P ν P

f P P P ν P P ν P

f P P P ν

,

1 1 ,

1 1 ,

1 1 .

r

r r

r r

r

1 1 2 4

2 1 2 1 4 2 1 2 4

3 1 2 4 2 1 2 1 4

4 4 1 2 1 2

The coefficients f
j
, where =j 2, 3, 4, in Eq. (36) shall be

shown to be positive. >f 0
1

while f
k
, where =j 2, 3, 4

can be positive if � < 10 . Furthermore, to obtain eigenva-
lues with negative real parts, the coefficients >f 0

j
must

satisfy the Routh–Hurtwiz criteria. For Eq. (36), it is
required to prove � = > +f f f f f f

1 2 3 3

2

1

2

4
. This condition is

satisfied as follows:

� � �

�

� � �

( )( )[ ( ( )( )

( ) ( ))]

( )( )[ ( ) ]

= + + + − +

+ − +
+ + + − + >

P P P ν P P P P ν

P ν P ν

P P P ν P ν P

1

1

1 0,

r r

r r

r r

1 2 4 1 3 2 2

2
1 4

4 2 4

1 2 4 1 4 2 2 1

2

where

� �

� � � �

� � � �

( ) ( )

( )( ) ( ) ( )

( )( ) ( )

= + + − +
= − + + − + −
= − + + −

P P ν P ν P

P P η P ν P

P ν P ν

1 ,

1 1 1 ,

1 2 1 .

r r

r r

r r

1 2 4 4 2 2

2

2 2 1 4 4 2 2

2
1

2

3 1 4

2 2
4 1 2

The condition � > 0 ensures that the polynomial of order
four will give four eigenvalues with negative real parts.
Hence, the monkeypox model (3) under equilibrium Δ0 is
LAS if � < 10 . □
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4.1 Endemic equilibria and backward
bifurcation

The EE of the monkeypox model (3) is denoted by Δ1,
( )= S E I Q R S E IΔ *, *, *, *, *, *, *, *

h h h h h r r r1 , and is calculated as
follows:

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

=
+

=

=

=

=
+

=
+

=

=

S
ν

E
S

P

I
η E

P

Q
η E

P

R
ψI ϕQ

ν

S
χ ν

E
χ S

P

I
E κ

ν

*
Ψ

Γ*
,

*
Γ* *

,

*
*

,

*
*

,

*

* *

,

*
Ψ

*
,

*
* *

,

*
*

,

h

h

h

h

h

h

h

h

h

h

h h

h

r

r

r

r

r

r

r r

r

1

1

2

2

3

4

(37)

Using Eq. (37) into Γ*,

= +

=

ϖ I

N

ϖ I

N

χ
ϖ I

N

Γ*
*

*

*

*
,

*
*

*
,

r

r

h

h

r r

r

1 2

we obtain

( )
=

+ +
χ

χ ϖ κ

P χ ν χ κ
*

*

* *
.

r r

r r4

Furthermore, we put χ* into expression Γ* and finally
obtain the following result:

+ + =a a aΓ* Γ* 0,1
2

2 3

where

�

�

( ( ) ( ( ) ))

[ ( ) ( )]( )

[ ( ( ) ) ]

( )

= + + + +
= + + + −

+ − + −
= −

a ϖ P P η ν ψ P η ν ϕ P ν

a ϖ P ν P η ν η ψ P η ν ϕ

P ν P ϖ P P ϖ κ ϖ P ν ϖ η ϖ P

a ϖ P P P P ν ν

,

1

,

1 .

r h h h

r h h

h r r r r

h r

1 4 3 1 2 2 3

2 1 4 3 1 1 2 2 2

3 2 1 4 1 1 4 2 1 4

3 1 1 2 3 4 2

The existence of the unique endemic equilibria and the
possible existence of the backward bifurcation in system
(7) are summarized in the following theorem.

Theorem 5. The fractional system (7) has:
(i) When <a 03 iff � > 12 , we obtain unique EE;

(ii) When <a 02 and =a 03 , or − =a a a4 02

2
1 3 , we obtain

unique EE;
(iii) When >a 03 , <a 02 , and − >a a a4 02

2
1 3 , we obtain two

endemic equilibria.

The case (i) of Theorem (5) gives a clear indication of
the unique EE for the fractional system (7) if � > 12 . For
backward bifurcation, case (iii) has enough conditions. In
the procedure to obtain the result for the backward bifur-
cation, in Eq. (7), we choose − =a a a4 02

2
1 3 and then solve

for the critical values of �2, denoted by �
c

2, given by

� = −
a

a ϖ P P P P ν ν
1

4
.

c

h r

2

2

2

1 1 1 2 3 4

The backward bifurcation would occur for the values of �2,
such that � �< < 1

c

2 2 . The bifurcation diagram is shown in
Figure 1 by considering the values of the parameters
shown in the numerical section, except =ϖ 0.0007028r ,

=η 0.606
1

, and =κ 0.000399r . With the list of parameter
values, we obtain � = <0.5404 12 .

4.2 Globally asymptotically stable (GAS) of EE

The GAS of the fractional system (7) will be carried out
here. The following is given for (7) at EE:

( ) ( )

( ) ( )

⎧

⎨
⎪

⎩
⎪

= + =
= =

= + =
=

t S ν S t S P E

η E P I η E P Q

χ t S ν S χ t S P E

κ E ν I

Ψ Γ* * *, Γ * * *,

* *, * *,

Ψ * * *, * * *,

* *.

h h h h h h

h h h h

r r r r r r

r r r r

1

1 2 2 3

4

(38)

Figure 1: Backward bifurcation in monkeypox model.

10  Muhammad Altaf Khan et al.



We will use the result in Eq. (38) later in the proof of the following theorem:

Theorem 6. The fractional system (7) is GAS if � > 10 .

Proof. We consider the Lyapunov function as follows:

�( )

⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎟ ⎟

⎟

⎜ ⎜

⎜

⎟ ⎟ ⎟⎜ ⎜ ⎜

⎟ ⎟

⎟

⎜ ⎜

⎜

=
⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

+
⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

+
⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

+
⎛

⎝
⎜ − −

⎛
⎝

⎞
⎠

⎞

⎠
⎟ +

⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

+
⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

+
⎛
⎝

− − ⎛
⎝

⎞
⎠
⎞
⎠

t S S S
S

S
E E E

E

E

ϖ I S

η E
I I I

I

I

ϖ I S

η E
Q Q Q

Q

Q
S S S

S

S
E E E

E

E

ϖ I S

κ E
I I I

I

I

* *ln
*

* *ln
*

* *

*
* *ln

*

* *

*
* *ln

*
* *ln

*
* *ln

*

* *

*
* *ln

*
.

h h h

h

h

h h h

h

h

h h

h

h h

h

h

r h

h

h h h

h

h

r r r

r

r

r r r

r

r

r r r

r r

r r r

r

r

2

1

1

2

(39)

We obtain the following while taking the time derivative of Eq. (39):

� ⎟⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

= ⎛
⎝ − ⎞

⎠
+ ⎛

⎝ − ⎞
⎠

+ ⎛
⎝ − ⎞

⎠
+

⎛
⎝

−
⎞
⎠

+ ⎛
⎝ − ⎞

⎠ + ⎛
⎝ − ⎞

⎠ + ⎛
⎝ − ⎞

⎠

D
S

S
D S

E

E
D E

ϖ I S

η E

I

I
D I

ϖ I S

η E

Q

Q
D Q

S

S
D S

E

E
D E

ϖ I S

κ E

I

I
D I

1
*

1
* * *

*
1

* * *

*
1

*

1
*

1
* * *

*
1

*
.

t

σ h

h
t

σ

h

h

h
t

σ

h

h h

h

h

h
t

σ

h

r h

h

h

h

t

σ

h

r

r
t

σ

r

r

r
t

σ

r

r r r

r r

r

r
t

σ

r

ABC

0

ABC

0

ABC

0

2

1

ABC

0

1

2

ABC

0

ABC

0

ABC

0

ABC

0

(40)

Direct calculation of the terms in Eq. (40) are obtained as follows:

[ ( ) ]

[( ) ( ) ] ⎟

⎟ ⎟

⎟ ⎟

⎜

⎜ ⎜

⎜ ⎜

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛
⎝ − ⎞

⎠
= ⎛

⎝ − ⎞
⎠
⎡
⎣⎢

− ⎛
⎝ + ⎞

⎠
−

⎤
⎦⎥

≤ ⎛
⎝ − ⎞

⎠
− + −

≤ ⎛
⎝ − ⎞

⎠
+ + − + − ≤ ⎛

⎝
− − ⎞

⎠

+ ⎛
⎝

− − + ⎞
⎠

+ ⎛
⎝

− − + ⎞
⎠

≤ ⎛
⎝

− − + ⎞
⎠

+ ⎛
⎝

− − + ⎞
⎠

S

S
D S

S

S

ϖ I

N

ϖ I

N
S ν S

S

S
ϖ I ϖ I S ν S

S

S
ϖ I ϖ I S ν S ϖ I ϖ I S ν S ν S

S

S

S

S

ϖ I S
S

S

I S

I S

I

I
ϖ I S

S

S

I S

I S

I

I

ϖ I S
S

S

I S

I S

I

I
ϖ I S

S

S

I S

I S

I

I

1
*

1
*

Ψ , 1
*

Ψ ,

1
*

* * * * , * 2
*

*

* * 1
*

* * *
* * 1

*

* * *
,

* * 1
*

* * *
* * 1

*

* * *
,

h

h
t

σ

h

h

h

h

r

r

h

h

h h h

h

h

h r h h h h

h

h

r h h h h r h h h h h h

h

h

h

h

r h

h

h

r h

r h

r

r

h h

h

h

h h

h h

h

h

r h

h

h

r h

r h

r

r

h h

h

h

h h

h h

h

h

ABC

0

1 2

1 2

1 2 1 2

1 2

1 2

(41)

[( ) ]

( ) ( )

⎟ ⎟⎜ ⎜

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛
⎝ − ⎞

⎠
= ⎛

⎝ − ⎞
⎠

+ −

= ⎛
⎝ − ⎞

⎠
⎡
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+ − + ⎤
⎦⎥

= ⎛
⎝

− + − ⎞
⎠

+ ⎛
⎝

− + − ⎞
⎠

E

E
D E

E

E
ϖ I ϖ I S P E

E

E
ϖ I ϖ I S ϖ I ϖ I S

E

E

ϖ I S
E

E

I S

I S

I S E

I S E
ϖ I S

E

E

I S

I S

I S E

I S E

1
*

1
*

,

1
*

* * *
*

,

* * 1
* * *

*

* *
* * 1

* * *

*

* *
,

h

h
t

σ

h

h

h

r h h h

h

h

r h h r h h

h

h

r h

h

h

r h

r h

r h h

r h h

h h

h

h

h h

h h

h h h

h h h

ABC

0 1 2 1

1 2 1 2

1 2

(42)

[ ]

⎟⎜

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛
⎝ − ⎞

⎠
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⎝ − ⎞
⎠

−

= ⎛
⎝ − ⎞

⎠
⎡
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⎦⎥
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⎝

− − + ⎞
⎠
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η E

I
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η E

I
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E

I

I
E

E

I
I

ϖ I E
I

I

E I

E I

E

E
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*
1

* * *

*
1

*
,

* *

*
1

* *

*
,
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*

*
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,

h h

h

h
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t

σ

h

h h
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h
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h h
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h

h
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h
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h
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h

h
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h
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1
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2
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2

2

(43)
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Using Eqs. (41)–(47) in Eq. (40), and after some simplification, we achieve the following:
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The following are nonnegative due to the property of arithmetic geometric mean:
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(49)

So, the subset for � ≤D 0
t

σABC

0
is Δ1 which is invariant and largest. Thus, the EE Δ1 is GAS if � > 10 . □

5 Numerical scheme

In this section, we present the numerical algorithm for the numerical solution of the monkeypox fractional model (7).
This method is based on the Atangana–Baleanu fractional derivative for the numerical solution of the fractional-order
models. We follow the procedure given in the study by Toufik and Atangana [28] and derive the algorithm first in the
general case and later for our model equations. Let us consider the following nonlinear fractional differential equations:

f( ) ( ( ))

( )

⎧
⎨
⎩

=
=

D χ t t χ t

χ χ

, ,

0 .

t

σABC

0

0

(50)

We arrive at the following equation, after utilizing the fundamental theorem of FC:
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f f( ) ( )
( )

( )
( ( ))

( ) ( )
( ( ))( )∫= +

−
+ − −χ t χ

σ

G σ
t χ t

σ

σ G σ
x χ x t x x0

1
,

Γ
, d .

t

σ

0

1 (51)

At = +t tj 1, and further approximating the function f( ( ))x χ x, and simplifying, we finally obtain

f
f f

( )
( )

( )
( ( ))

( )

( ( ))

( )

( ( ))

( )
∑= +

−
+

⎧
⎨
⎩ +

−
+

⎫
⎬
⎭+

=

− −
χ χ

σ

G σ
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σ

G σ

h t χ t

σ
B

h t χ t

α
B0

1
,

,

Γ 2

,

Γ 2
,

j j j

m

j σ
m m

j m

σ
m m

j m1

0

,

1 1 1

,

2 (52)

where

Figure 2: The graph shows the human population. (a–d) denote susceptible, exposed, infected, and quarantined population, respectively.
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[( ) ( ) ( ) ( )]

[( ) ( ) ( )]
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B j m j m σ j m j m σ

B j m j m j m σ

1 2 2 2 ,

1 1 .
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j m
σ σ
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2 1
(53)

We shall adapt the scheme shown in Eqs. (52)–(54), apply it to the fractional model (7), and obtain:
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Figure 3: Numerical result of the recovered human and the rodents compartments when =σ 1, 0.99, 0.98, 0.97. Subgraph (a) shows the recovered
human population, while (b–d), respectively, show the susceptible, exposed, and infected rodent population.
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(54)

where

Figure 4: Numerical results of the human compartments when =σ 0.96 and =ϖ 0.000041552, 0.000031552, 0.000021552, 0.0000115521 , whereas (a–c)
show exposed, infected, and quarantined people, respectively.
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Figure 5: Numerical result of the human compartments when =σ 0.96 and =ϖ 0.000041552, 0.000031552, 0.000021552, 0.0000115521 , whereas (a–c)
show, the exposed, infected, and quarantined individuals, respectively.
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5.1 Numerical simulation

Here, we numerically analyze the fractional-order system
(7) using the parameter values given in the study by Alle-

hiany et al. [24] as follows: ( )= ×ν NΨ 0h h h , = ×νh

1

76.4 365
,

=ϖ 0.0000415521 , =ϖ 0.63072 , =η 0.0306
1

, =η 0.0571
2

,
=ε 0.33561 , =ε 0.041492 , =ψ 0.0369, =ϕ 0.02951,

( )= ×ν NΨ 0r r r , ( )= ∕ ×ν 1 5 365r , =ϖ 0.1028r , and
=κ 0.0799r . The time unit is considered in days. We simu-

late the model using the fractional scheme shown in above
section and present the graphical results. The stability and
convergence of the fractional-order σ for its many values
on the dynamics of human and rodent populations are

shown in Figures 2 and 3. The solution behaviors of the
human and rodent compartments show that the results are
converge and stable for the proposed values of σ .

Figure 4 shows the behavior of the human compart-
ments when ϖ1 is varied and =σ 0.96 is fixed. From
graphical result, we can see that there is decrease in the
cases when varying ϖ1. By follows the guidelines such as,
eliminating the shelter, food sources, and water for the
rodents, a better decrease in the future cases will be
observed.

Figure 5 describes the dynamics of human compart-
ments with the variation in the contact parameter ϖ2 and

=σ 0.96 fixed. Decreasing the contact between human to

Figure 6: Variation in η
1
and =σ 0.96 fixed, and its impact on the population. Subgraphs (a–c) show the exposed, infected, and quarantined people,

respectively.
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human, the number of monkeypox infected cases are
decreased. Rapid case identification and surveillance are
crucial for epidemic containment. Intimate contact with
ill patients is the big risk that generate the infected cases
in the disease outbreak. Healthcare workers and family
members are more at risk for infection. While treating
individuals with a monkeypox virus infection that has
been suspected or confirmed, or when handling specimens
from such patients, health workers should adhere to the
prescribed infection control methods.

The parameter η
1
and its impact on the human com-

partment is shown in Figure 6. Decreasing the parameter
η

1
, the number of infected humans decreased. An infected

person with the monkeypox virus shall be isolated and also
their close contact with other healthy people shall be mini-
mized in order to control the infection spread further in
the human population.

The parameter η
2
that causes humans to be quarantined

when it is identified that they have a risk of being infected is
shown in Figure 7. The result in Figure 7 indicates that the

Figure 7: Variation in η
2
and =σ 0.96 fixed, and their impact on population. Subgraphs (a–c) show, respectively, the exposed, infected, and the

quarantined people.
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number of exposed, infected, and quarantined population
decreased when the quarantine rate increased.

6 Conclusion

In this work, a fractional model in the Atangana–Baleanu
derivative is proposed and obtained the dynamics of the
monkeypox disease with the real data in the USA. We formu-
lated the model for the monkeypox infection in Atangana–
Baleanu derivative. The existence and uniqueness of the
system are explored briefly. The local asymptotical result for
the fractional system was obtained and discussed. We pre-
sented the LAS of the fractional system for � < 10 . The
endemic equilibria and their existence for fractional system
were presented. The backward bifurcation analysis for frac-
tional system was explored. The GAS for endemic case has
been shown when � > 10 .

The values of the parameters obtained from the real
data in the study by Allehiany et al. [24] are used to per-
form the numerical simulation for the fractional system.
We solved the fractional system and presented the results
graphically. The findings suggest that minimizing interac-
tion between rats and people by removing their access to
food, water, and shelter, among other things, will reduce
infection cases. Furthermore, by routinely disposing
waste within or outside the house, the risk of rats can be
reduced. It is also possible to reduce human-to-human
transmission to reduce the number of cases in the future.
Avoid handling any clothing, linens, blankets, or other
items that have come into contact with an infected person
or animal. Divvy up the healthy people from the mon-
keypox victims. Wash your hands with soap and water
thoroughly after coming into touch with any infected indi-
viduals or animals. Stay away from any animals that could
have the infection.
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