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Abstract: The ultra-stable optical reference cavity (USORC)
is a key element for a variety of applications. In this work,
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based on the orthogonal experimental design method, we
study the vibration sensitivity optimization of a classical
USORC with a 100 mm length. According to a test of 4 levels
and 3 factors, the Ly (4°) orthogonal table is established to
design orthogonal experiments. The vibration sensitivities
under different parameters are simulated and analyzed. The
vibration sensitivities in three directions of the USORC are
used as three single-object values, and the normalized sum
of the three vibration sensitivities is selected as comprehen-
sive object values. Through the range analysis of the object
values, the influence degrees of the parameters on the three
single objects and the comprehensive object are determined.
The optimal parameter combination schemes are obtained
by using the comprehensive balance method and the com-
prehensive evaluation method, respectively. Based on the
corresponding fractional frequency stability of ultra-stable
lasers, the final optimal parameter combination scheme
A1B3C3 is determined and verified. This work is the first
to use an orthogonal experimental design method to opti-
mize vibration sensitivities, providing an approach to vibra-
tion sensitivities optimization and is also beneficial for the
vibration sensitivity design of a transportable USORC.

Keywords: ultra-stable optical reference cavity, optimiza-
tion, vibration sensitivity, orthogonal experimental design,
ultra-stable laser

1 Introduction

Ultra-stable lasers have important applications, such as high-
precision spectroscopy, gravitational redshift measurement,
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relativistic test, gravitational wave detection, and coherent
communication [1-6]. Currently, ultra-stable lasers are often
achieved by using the Pound-Drever-Hall method based on
an ultra-stable optical reference cavity (USORC) [7-15]. A
USORC is the reference of the laser frequency, so the stability
of the optical length of USORCs primarily determines the
fractional frequency stability of ultra-stable lasers [7-10].

The main factors affecting the stability of the optical
length of USORCs include vibration [9-24], temperature
[25,26], and thermal noise [27-30], where the latter two
can be well solved by controlling temperature and increasing
USORC’s length. In general, the index to assess the impact of
vibration on the stability of the optical length of USORCs is
vibration sensitivity [7-10]. In order to reduce this impact, the
finite element method plays an important role [7-9]. Bene-
fiting from this, the vibration sensitivity of USORC is reduced
from 10~%/g to 10""/g by the passive method [7-11,13-15,17-19].
Furthermore, the fractional frequency stability of state-of-the-
art laboratory ultra-stable lasers [25,26] and transportable
ultra-stable laser systems [14,19,22,23] approach an order of
magnitude of 107 in 1s and an order of magnitude of 10 in
1s, respectively.

However, in order to design the USORC with low vibra-
tion sensitivity, a large number of numerical simulations
are often required to obtain a better combination of para-
meters, and it is difficult to compare the influence degree
of parameters on vibration sensitivity under the same condi-
tions. In addition, with the improvement of ultra-stable laser
performance requirements, it has changed from focusing
mainly on vibration sensitivity in the vertical direction in
the past to paying attention to the three directions (X-axis,
Y-axis, and Z-axis). In this case, it is obviously very difficult to
obtain the optimal parameter combination of the lowest
vibration sensitivity in the three directions only by the com-
monly used single-factor and single-object analysis and calcu-
lation, as well as the commonly used observation method.
The orthogonal experimental design method [31] can greatly
reduce the number of tests without reducing the test feasi-
bility. Through range analysis, the influence degree of each
factor on the object can be obtained, and the optimal para-
meter combination required for the multi-object can be deter-
mined. The orthogonal experimental design method can be
used to optimize the USORC’s parameters to achieve the least
vibration sensitivity, but as far as we know, related research
has not been reported.

In this work, based on the orthogonal experimental
design method with multi-object, we optimize the para-
meters of a classic cylindrical USORC with a 100 mm length
to achieve the minimum effect induced by the vibration
sensitivity. According to the vibration characteristics of the
USORGC, the finite element model of quasi-static mechanics
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is established to simulate and calculate the vibration sen-
sitivities. The Ly (4%) orthogonal table is adopted to design
the orthogonal experiment based on a test of 4 levels and 3
factors including the position Zc of the support point in the
Z-axis direction, the support point position Yp in the Y-axis
direction, and the support pad area Ps. We simulate and
analyze the vibration sensitivities under the three para-
meters. The vibration sensitivities in three directions are
determined as three single-object values, and the normal-
ized sum of the three vibration sensitivities is the comprehen-
sive object value. Based on the range analysis, we analyze and
discuss the influence degree of the three parameters on the
object values. The optimal parameter combination schemes
are obtained by using the comprehensive balance method
and the comprehensive evaluation method, respectively.
According to the corresponding fractional frequency stabi-
lity of the ultra-stable laser, the final optimal parameter
combination scheme A1B3C3 (Zc = 3mm, Yp = 10 mm, and
Ps = 3mm) is determined and verified by the finite element
method. This work provides a method of vibration sensitiv-
ities optimization for USORCs and is also beneficial for the
vibration sensitivity design of a transportable USORC, which
is affected by more factors.

This article is structured as follows: We present the
design of the cylindrical USORC with a 100 mm length in
Section 2. In Section 3, we design an orthogonal experiment
including the determination of test indexes, design vari-
ables, orthogonal experimental table, and test results. Opti-
mization of vibration sensitivity based on a comprehensive
balance method and a comprehensive evaluation method
is provided in Section 4. The final optimization results are
determined in Section 4.3. The conclusions are summar-
ized in Section 5.

2 Design of the USORC

In this work, we consider the cylindrical USORC designed
by Millo et al. [7], which is widely used in related fields. The
geometric model of the USORC is shown in Figure 1, which
is supported by four square pads with a thickness of 1 mm.
Both the length and diameter of the USORC are 100 mm.
The diameter of the optical channel along the Y-axis is
10 mm. There are two mirrors with a diameter of 254 mm
and a thickness of 6.3 mm. The venting hole with a 6 mm
diameter is drilled in the upper half along the Z-axis. The
position of the four support pads requires extensive calcula-
tion simulations to design the USORC with the lowest vibra-
tion sensitivity. Two square “cutouts” are machined along
the Y-axis of the cylindrical spacer to provide the contact
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Figure 1: Geometric model of the cylindrical USORC [7]. Black triangles are used to indicate each of the four support points. (a) Front view and

(b) side view.

planes for these support points. The four support pads are
symmetrically distributed across the spacer and are all
located on the same horizontal plane. To have the least
vibration sensitivity, the USORC should ideally be a perfect
cylinder supported at the horizontal midplane XY, with con-
tact points placed on the surface of the USORC. Because the
cavity and support points are entirely symmetrical, vibra-
tion will not result in mirror translations. Mirror translation
owing to vertical vibration is no longer guaranteed by the
symmetry as a result of the cutouts disrupting the cavity
symmetry about the XY plane. For some cutout designs,
the simulation can, however, be used to determine a specific
location for the support points to achieve the least vibration
sensitivity. The cuts for the support points are positioned as
follows [7]: Xc with respect to the YZ plane and Zc with
respect to the XY plane. The distance from the USORC’s
end along the Y-axis is indicated by Yp.

3 Test design

3.1 Simulation analysis model

The cylindrical USORC is analyzed by a quasi-static mechan-
ical model, which is commonly used in the vibration sen-
sitivity analysis [7-10,17-19]. The USORC is regarded as a
single elastic body in the finite element analysis model. In
the elastic limit, simulation deformations are determined.
Elastic deformations of the USORC cause a cavity length
change when the cavity is loaded by vibration acceleration.
As shown in Table 1, the mechanical characteristics of
the ultra-low expansion (ULE) glass have been used in

simulation models. In order to save computational time, a
quarter model is used in the calculation of vibration sensi-
tivity along the Z-axis direction, and two half models are
used in the analysis of vibration sensitivities along the X-
axis and the Y-axis direction vibration. The geometry of the
USORC is meshed with tetrahedral elements, where each
tetrahedral element has 4 nodes and the side length of
each tetrahedral element is about 1.5 mm. When calculating
the vibration sensitivity, the USORC is subjected to 1g of
vibration acceleration. The calculation method of vibration
sensitivity is based on the definition of Chen et al. [8].

3.2 Determination of test indexes

Vibration sensitivity (including X-axis, Y-axis, and Z-axis) is
the key index of USORC. For the same material and the
same shape of the USORC, different parameters have dif-
ferent influence rules on vibration sensitivities. The vibra-
tion sensitivities will eventually affect the stability of the
ultra-stable laser. In this work, vibration sensitivities along
three directions (S;, Sy, and Sy) and the normalized sum (S)
of the three vibration sensitivities are selected as three
single-object values and comprehensive object values,
respectively.

Table 1: Material properties of the USORC [7]

Material Elastic Poisson Density
properties modulus (GPa) ratio (kg/m3)
ULE 67.6 0.17 2,210
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3.3 Design variables and values

For the USORC in this work, the main parameters affecting
the vibration sensitivities include the position of the sup-
port point in the Z-axis direction (Zc), the position of the
support point in the X-axis direction (Xc), the position of
the support point in the Y-axis direction (Yp), and the sup-
port pad area (Ps), which affect the USORC vibration sensi-
tivities to varying degrees. In the optimization process of
these parameters, the range of design variables is very
important, which not only affects whether the selected
range has an optimal solution or a suboptimal solution
but also affects the search efficiency of the optimization
process. Referring to the study by Millo et al. [7], the posi-
tion of the support point in the X-axis direction (Xc) is
47mm. In order to meet the requirements of minimum
vibration sensitivities and better parameters, the range
of design variables in Table 2 is adopted. There are three

Table 2: Factors and levels of orthogonal test

Level Position of support Position of support Support
point in the Z-axis  point in the Y-axis  pad area
direction direction
A B Cc
Zc (mm) Yp (mm) Ps (mm?)

1 3 2 1

2 5 6 2

3 7 10 3

4 9 14 4

Table 3: Orthogonal table of experiment Ly (4%) and simulation test data
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design variables, the position of the support point in the Z-
axis direction (Zc), the position of the support point in the
Y-axis direction (Yp), and the support pad area (Ps), each of
which is divided into four levels. A, B, and C denote Zc, Yp,
and Ps, respectively.

3.4 Orthogonal experimental table and test
results

The test of all different combinations of test conditions is
called a comprehensive test. In this test, the full-scale test
contains 64 different combinations of tests, to be conducted
one by one, which is obviously time-consuming and unne-
cessary. This work is a test of 3 factors and 4 levels. We
select Ly (4% orthogonal table to design an orthogonal
experiment, and only 16 tests are needed, which is 75%
less than the comprehensive test. In the test, the vibration
sensitivity values under the combination of different para-
meters are obtained. The test scheme and test results are
shown in Table 3. S, Sy, and S, present the absolute values
of vibration sensitivities along three directions, Z-axis, X-
axis, and Y-axis. The normalized sum of vibration sensitiv-
ities in three directions is represented by S, which is also
the comprehensive object value. Generally, the vibration in
the Z-axis direction is dominant in the laboratory environ-
ment [32-35]. Therefore, in the normalization process, it is
assumed that S, accounts for 80% and the other two items
each account for 10%.

Number A B c S, Sy Sy s
Zc (mm) Yp (mm) Ps (mm?) 107"%g 107%/g 107"%/g

1 3 2 1 5.04 7.10 218 55.16
2 3 6 2 172 3.91 6.04 18.14
3 3 10 3 0.12 9.29 10.37 1.70
4 3 14 4 1.81 2.82 0.71 18.65
5 5 2 2 6.23 31.01 414 7278
6 5 6 1 1.38 4.51 0.70 14.22
7 5 10 4 0.93 6.23 26.32 10.92
8 5 14 3 2.89 4.05 21.57 31.90
9 7 2 3 7.37 27.02 6.15 84.73
10 7 6 4 1.61 2.80 162.56 25.01
n 7 10 1 1.38 14.65 40.16 1817
12 7 14 2 4.29 57.32 4.66 56.22
13 9 2 4 6.62 41.56 49.22 81.40
14 9 6 3 1.57 16.12 189.49 28.44
15 9 10 2 2.36 17.41 375 27.56
16 9 14 1 5.18 32,52 9.57 61.76
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Table 4: Results of the ranges analysis of S,

Mean values and Factors
ranges of level scores

A B C
L4 8.69 25.26 12.98
Ly 11.43 6.28 14.6
L34 14.65 4.79 11.95
Lgq 15.73 14.17 10.97
Liam 217 6.32 3.25
Lyam 2.86 1.57 3.65
L34.m 3.66 1.20 2.99
Laam 3.93 3.54 274
D, 1.76 5.12 0.91

4 Optimization of vibration
sensitivity

To obtain the optimal parameter combination of minimum
vibration sensitivities, a comprehensive balance method
and a comprehensive evaluation method are adopted for
the optimization of vibration sensitivity in this work. The
optimization process is as follows: First, the optimal combi-
nations of three single objects are obtained by range ana-
lysis, and then the global optimal combination is selected by
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the comprehensive balance method. Second, through the
range analysis of the normalization S, the optimal combina-
tion of parameters is determined. According to the compar-
ison of the corresponding fractional frequency stability of
the ultra-stable laser based on the optimal parameter com-
bination schemes (including the comprehensive balance
method and comprehensive evaluation method), the final
optimal parameter combination scheme is obtained.

4.1 Comprehensive balance method

The three vibration sensitivities (S;, Sy, and Sy) are calcu-
lated and analyzed by single index one by one. For each
vibration sensitivity index, the optimal combination of
three design parameters is given. According to the impor-
tance of each vibration sensitivity index and the primary
and secondary factors in each index, the overall optimal
combination is finally determined. In this work, we use the
range method to analyze the data to obtain the relationship
between various factors and indicators.

Through the calculation and analysis of the range of
the vibration sensitivity, the influence of various para-
meters on the vibration sensitivity S, of the USORC is

(b) 22 T T T
20 Sx|
N@ls - -
'TS
16t .
=
é
14 - 4
12— . :

A B C

Factors

(©) —

80 -

3
<
T

Range (10_12/g)

=)
<
T

50

B C

Factors

Figure 2: Range of the vibration sensitivity. (a) The Z-axis direction.

(b) The X-axis direction. (c) The Y-axis direction.
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obtained. The position Yp of the support point in the Y-axis
direction has the greatest influence on vibration sensitivity
S;, and the support pad area Ps has the least influence on
vibration sensitivity S;, namely, B > A > C. The results are
shown in Table 4 and Figure 2(a). In Table 4, L4, Ly, L34,
and L, denote the sums of the vibration sensitivity S, for
four levels, respectively. Liqian Loaas Lazans, and Lygp
represent the means of L4, Ly4, L34, and L4 4, respectively.
The range of the vibration sensitivity S, is denoted by D;.
According to the requirements of the USORC, the smaller
the vibration sensitivity S, the better. The optimized com-
bination of various parameters is A1B3C4, that is, the posi-
tion Zc of the support point in the Z-axis direction is 3 mm,
the position Yp of the support point in the Y-axis direction
is 10 mm, the support pad area Ps is 4 mm?

As shown in Table 5 and Figure 2(b), the impact of
different parameters on the vibration sensitivity Sy of the
USORC is determined through the computation and exam-
ination of the vibration sensitivity range. In Table 5, the
sums of the vibration sensitivity Sy for four levels are
expressed as Lij, Loy Lsp and Ly, respectively. The
mean values of Ly, Ly,, L3y, and Ly, are represented by
Lo Lo Laoan and Ly, yy, correspondingly. D, repre-
sents the range of the vibration sensitivity Sy. The support
point’s position Zc in the Z-axis direction has the biggest
impact on vibration sensitivity S, while the support pad
area Ps has the least vibration sensitivity Sy, with A>B > C
as the order of importance. The USORC requires that the
vibration sensitivity Sy should be as low as possible. The
optimal combination of different parameters is A1B2C4,
which means that the support point’s position Zc in the
Z-axis direction is 3 mm, its position in the Y-axis direction
is 6 mm, and the support pad area Ps is 4 mm?.

As seen in Table 6 and Figure 2(c), the computation
and analysis of the vibration sensitivity range are used to
determine the effects of various factors on the USORC’s

Table 5: Results of the ranges analysis of S
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Table 6: Results of the ranges analysis of S,,
Means and ranges Factors
of level scores

A B c
L3 19.3 61.69 52.61
L3 52.73 358.79 18.59
L33 213.53 80.6 227.58
Lys 252.03 36.51 238.81
Lizwy 4.83 15.42 13.15
Lysm 13.18 89.70 4.65
L33y 53.38 20.15 56.90
Lazm 63.01 9.13 59.70
D3 58.18 80.57 55.05

vibration sensitivity Sy. The sums of the vibration sensi-
tivity Sy are represented as Ly.3, Ly.3, L33, and L, 5 in Table 5,
correspondingly, for four levels. Ly 3.5 Lo ap L33 ar and Lyzpy,
respectively, indicate the means of Ly 3, Ly 3, L33, and Ly3. The
range of the vibration sensitivity S, is represented by Ds.
The most influence on vibration sensitivity S, comes from
the support point’s position Yp along the Y-axis, while the
least influence comes from the support pad area Ps, with B
> A > C being the order of significance. The vibration sensi-
tivity Sy should meet the USORC’s requirements for minimum
values. The ideal arrangement of the various parameters is
A1BAC2, which specifies that the support point’s position Zc
in the Z-axis direction, its position Yp in the Y-axis direction,
and the support pad area Ps are 3mm, 14 mm, and 2 mm?,
respectively.

In the vibration sensitivity analysis, the primary and
secondary relationships of the three factors on the three
indicators are: the vibration sensitivity S, along the Z-axis
direction: B > A > C; the vibration sensitivity S, along the X-
axis direction: A > B > C; the vibration sensitivity S, along
the Y-axis direction: B > A > C. The three optimal schemes:
The optimal scheme with the lowest vibration sensitivity S,

Table 7: Results of the ranges analysis of the comprehensive evaluation

Mean values and Factors Mean values and Factors
ranges of level scores ranges of level scores

A B c A B C
L1 23.12 106.69 58.78 Ly 93.65 294.07 149.31
Lyo 45.8 2734 109.65 L, 129.82 85.81 1747
L3, 101.79 47.58 56.48 L3 184.13 58.35 146.77
Lyo 107.61 96.71 53.41 Ly 199.16 168.53 135.98
Liam 5.78 26.67 14.70 Lim 2341 73.52 37.33
Lyom 11.45 6.84 27.41 Loy 32.46 21.45 43.68
L3om 25.45 11.90 14.12 Lyy 46.03 14.59 36.69
Laom 26.90 24.18 13.35 Lawm 49.79 4213 34.00
D, 2112 19.83 14.06 D 26.38 58.93 9.68
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Table 8: Fractional frequency stability of the ultra-stable laser based on the above optimal schemes

Number A B C S; Sx Sy Relative frequency
Zc (mm) Yp (mm) Ps (mm?) 107"%g 107"%/g 107"%/g stability
MB3C1 3 10 1 0.16 9.45 50.31 3.02x 107"
MB3C3 3 10 3 0.12 9.29 10.37 139 x 107"
AMB3C4 3 10 4 0.30 4.45 1.71 3.01x 107"
UY(mm) UY(mm) ©) UY(mm)
I 3.73¢-006 I 5.84¢-006 I 3.51e-005
1.30e-006 1.93e-006 2.34e-005
-1.12e-006 -1.99¢-006 1.17e-005

I -3.55e-006

I -5.90e-006

I 0.00e+000

Figure 3: The USORC’s displacement in the optical axis when the A1B3C3 is selected as the optimal combination. Note that the undeformed USORC is
displayed in gray. (a) 19 acceleration along the Z-axis direction. (b) 1g acceleration along the X-axis direction. (c) 1 g acceleration along the Y-axis

direction.

as the evaluation objective is A1B3C4; the optimal solution
with the minimal vibration sensitivity S, as the evaluation
object is A1B2C4; and the optimal solution with the least
vibration sensitivity S, is A1B4C2. Al is in all the three
optimal schemes, so Al is first determined. Factor B has a
great influence on all three vibration sensitivities, and it
has the greatest influence on the vibration sensitivities S,
and S, which should be analyzed first. Compared with the
other two indicators, S, is the most important indicator, so
to ensure that it is the lowest first, B3 is selected. C4
appears in the optimal combination of the two optimal
schemes, so C4 is selected. Finally, A1B3C4 is determined
as the optimal combination by the comprehensive balance
method.

4.2 Comprehensive evaluation method

Table 7 demonstrates how the computation and analysis of
the comprehensive object values range are utilized to
ascertain the influence of different parameters on the
USORC’s comprehensive object S. The S for the four levels
are denoted in Table 7 as Ly, Ly, L3, and L4, respectively.
The means of Ly, L,, L3, and L, are represented by Ly, Lo
L3, and Ly, correspondingly. D represents the range of
the comprehensive object S. The support point’s position

along the Y-axis, Yp, has the greatest impact on the overall
object S, while the support pad area, Ps, has the least
impact. B> A > Cis the order of significance. The minimum
values of the USORC must be satisfied by the comprehen-
sive object S. The effect of C1, 3, and C4 on comprehensive
object S is basically the consistency. Eventually, A1B3Cl,
A1B3C3, and A1B3C4 are selected.

4.3 Optimization results

In order to obtain the final optimal scheme, we use the
fractional frequency stability of the ultra-stable laser as
the criterion indicator. The frequency relative variation
in the laser due to the vibration sensitivity of a USORC
can be expressed as follows [19,32]:

1
Av 2

2V ()

>

Y (Six @)

i=x,y,z

where v is the laser frequency, and Av is the laser fre-
quency change. We denote S; as the sensitivities of the
USORC length to vibration acceleration along the X-axis,
Y-axis, or Z-axis.

Most laboratory environments have vibrations of approxi-
mately 1pg (or even lower) [32-35], so it is assumed that the
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vibration along the Z-axis direction is 1pg and the vibration
along the horizontal direction (X-axis and Y-axis) is 0.5 ug.
According to Eq. (1), the fractional frequency stabilities of the
ultra-stable laser based on the above optimal schemes are
shown in Table 8.

According to Table 8, it is easy to understand that the
A1B3(C3 is the optimal scheme, and the corresponding
fractional frequency stability of the ultra-stable laser is
1.39 x 107". When the A1B3(3 is selected as the optimal
combination, the USORC’s displacement in the optical axis
is shown in Figure 3.

5 Conclusion

The vibration sensitivity is one of the core performance
indicators of USORCs. To get wonderful performances of
ultra-stable lasers, the vibration sensitivity is required to
be as low as possible. In this work, taking a classical USORC
with a 100 mm length as an example, we optimize its vibra-
tion sensitivities by using the orthogonal experimental
design method with multi-object. Based on a test of 3 fac-
tors (including the position Zc of the support point in the
Z-axis direction, the position Yp of the support point in the
Y-axis direction, and the support pad area Ps) and 4 levels,
the Ly (4% orthogonal table is selected to design an ortho-
gonal experiment. The vibration sensitivities under three
important parameters are simulated and analyzed by the
finite element method. We select the vibration sensitivity in
three directions (X-axis, Y-axis, and Z-axis) as three single-
object, and the comprehensive object value is the normal-
ized sum of the three vibration sensitivities. According to
the range analysis of the single-object value and the com-
prehensive object value, the influence degree of the three
parameters on the object values is determined. The optimal
parameter combination schemes are obtained by using the
comprehensive balance method and the comprehensive
evaluation method. By comparing the corresponding frac-
tional frequency stability of the ultra-stable laser based on
the above optimal parameter combination schemes, the
final optimal parameter combination scheme is A1B3C3
(Zc = 3mm, Yp = 10 mm, and Ps = 3 mm?), which is also
verified by the finite element method. As far as we know,
this is the first time to use the orthogonal experimental
design method with multi-object on vibration sensitivity
optimization of UROSC and verify its effectiveness. This
work aims to provide a reference for vibration sensitivities
optimization of an USORC, especially a transportable USORC
affected by more factors, such as a squeezing force, a length-
to-diameter ratio, and weight.
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