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Abstract: Using the finite difference time domain (FDTD)
method based on the eight-element Dirac equation, we found
that a stable Dirac field wave packet with low velocity can be
created without explicit consideration of Zitterbewegung (the
rapid oscillatory motion of elementary particles), which is
difficult in one-dimensional simulations. Furthermore, we
successfully simulated the formation process of atomic orbi-
tals for the first time without any physical approximations by
calculating the eight-element Dirac field propagation in the
central electric force potential. Initially, a small unstable
orbital appears, which rapidly grows and results in a large
stable orbital with a radius equal to the Bohr radius divided
by the atomic number, as given by the solution of the
Schrödinger equation. The FDTD calculation based on the
conventional four-element Dirac equation cannot produce
such reasonable orbitals owing to the spatial asymmetry of
the ×4 4 Dirac matrices. This method has the potential to be
used for transient analyses of not only atomic or molecular
orbitals but also interactions among elementary particles.

Keywords: Dirac equation,Maxwell’s equations, FDTDmethod,
Zitterbewegung, atomic orbital

1 Introduction

Transient analyses of spatial distributions of atomic and
molecular orbitals are crucial for understanding chemical
reactions. Experimental investigations of molecular orbitals
and their time-dependent spatial distributions have been
conducted using Penning ionization electron spectroscopy

[1–10], photoelectron spectroscopy with angular distribution
[11–15], and electron momentum spectroscopy [16–21]. By
contrast, theoretical studies of molecular orbitals have pri-
marily focused on the Schrödinger equation [22–30]. Consid-
ering that the orbital spatial distributions change rapidly
occurring on a timescale comparable to the orbital length
divided by the speed of light, it is essential to solve the Dirac
equation instead of the Schrödinger equation for more accu-
rate analyses of the time-dependent spatial distributions of
atomic and molecular orbitals. The finite difference time
domain (FDTD) method [31,32], which can be used for transient
analysis of electromagnetic fields, could also be used for ana-
lyzing the Dirac field [33,34] as the Dirac equation is almost
equivalent to Maxwell’s equations, except for electron charge
and mass [35,36]. In this study, we demonstrate that the FDTD
method based on the eight-element Dirac equation successfully
calculates the time-dependent Dirac field. Moreover, it reveals
the first-ever simulation of the formation process of atomic
orbitals, starting from the initial state of a free electron and
an atomic nucleus without any physical approximations. This
is achieved by calculating the eight-element Dirac field propa-
gation in the central electric force potential.

2 Eight-element Dirac equation

The Dirac equation is given by:

( )∂ − =i γ mc ψℏ 0,μ
μ (1)

where ℏ is the Planck constant, ψ is a wave function vector
consisting of four components, m is the mass, c is the light
speed in free space, and γμ are the gamma matrices that
satisfy the following equation [37–40]:
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For example, gamma matrices are given by:
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These matrices have spatial asymmetry, which means that
only one or two of γ1, γ2, and γ3 include imaginary num-
bers. Since it is difficult to calculate the propagation of the
Dirac fields by the FDTD method in the aforementioned
case as shown later, the Dirac equation should be extended
to consist of spatially symmetric matrices as follows.
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where γ̄ 1, γ̄ 2, and γ̄ 3 are the real number matrices and γ̄ μ

( =μ 0, 1, 2, 3, 4) satisfy
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where γ̄ μ cannot be represented by ×4 4 matrices. Eqs. (4)
and (5) give the Klein-Gordon equation:
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where □ is d’Alembertian defined by ≡ ∂ − ∇□ 0

2 2. To
obtain γ̄ μ, we introduce the following spatially symmetric
delta matrices:
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Now, we define matrices ( )=γ μ¯ 0, 1, 2, 3μ and γ̄ 4 as:
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where I4 is the ×4 4 unit matrix. Since ( )=γ μ¯ 0, 1, 2, 3, 4μ

satisfy Eq. (5), we obtain the eight-element Dirac equation
of Eq. (4). When we introduce the four-element wave func-
tions ψ

A
and ψ

B
, which satisfy
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Eq. (4) is rewritten as:
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Then, we obtain
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When † means the Hermite conjugate, we obtain
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Here, we define four current Cμ as follows:
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Then, Eqs. (11)–(13) give
∂ =C 0.μ

μ (14)

Now, we define ψ̄
† as:

≡ψ ψ γ¯ ¯ .
† † 0 (15)

Then, we obtain

=C ψ γ ψ¯ ¯ .μ μ† (16)

Therefore, C0 and Ck can be regarded as probability den-
sity and probability current density, respectively.

Next, we consider spin. When we introduce +ψ and −ψ as

≡ + ≡ −+ −ψ ψ ψ ψ ψ ψ, ,
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Eq. (11) is rewritten as:
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Under vector potential A and scalar one ϕ, we should sub-
stitute ∂ + ∕ieA cℏk k for ∂k and ∂ − ∕ieϕ cℏ0 for ∂0 in the
equations. When we assume that E is the total energy and
the time dependence of the wave functions is ( )− ∕iEtexp ℏ ,
we could substitute − ∕iE cℏ for ∂0 as:
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Considering the nonrelativistic condition, E is given as:

= +E E mc ,NR
2 (20)

where ENR is the nonrelativistic energy. When we assume
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Therefore, the second term of the right side of the afore-
mentioned equation shows the magnetic moment − ∕i mcℏ 2 .
When we define sk as:
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Therefore, s is a spin operator with a spin quantum
number of 1/2. Eq. (22) can be regarded as the wave equa-
tion of a particle with a spin quantum number of 1/2 under
vector potential A and scalar one ϕ.

3 Dirac field propagation analysis
by FDTD method

The FDTD method is one of the simplest methods for tran-
sient analysis of field propagation, because it can give field
spatial distribution dependence on time by only substi-
tuting a pair of field vectors each other to discretized equa-
tions starting from a given initial state. Since the Dirac equa-
tion is quite similar to Maxwell’s equations, the Dirac field
propagation could be calculated by the FDTDmethod, which
is popularly used for propagation analysis of electromag-
netic field. We compared the calculation results of the
FDTDmethod based on the 1D-like two-element, the conven-
tional four-element, and the extended eight-element Dirac
equations. Figure 1 shows the analyzed structure consisting
of a cube with a side length L, where the origin exists at the
center of the cube. The Dirac field wave packet is created by

the vibration of the top surface of the structure. We adopt
the following wave function as the initial wave packet of the
Dirac field, which has finite values in the whole region and
satisfies the Klein–Gordon equation:

( ) ( )
=

′ − ′
′

ψ
kr iωt

kr

sin exp
, (25)

where ′r and ′t satisfy the following equations of Lorentz
transformation using the wave packet moving velocity v
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k and ω are wave number and angular frequency, respec-
tively, and satisfy
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3.1 Discretization for the two- and four-
element Dirac equation

The four-element Dirac equation of Eq. (1) is rewritten as:
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Here, ψμ is written by the sum of real and imaginary
parts as:

= +ψ ψ iψ ,μ

r
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μ (29)
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Figure 1: Analyzed structure.
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where ψ
r

μ and ψ
i

μ are the real functions of space-time. The
aforementioned equations are discretized by the FDTDmethod,
assuming that i j k, , , and n of ψ

r i j k n

μ

: , , ,
and ψ

i i j k n

μ

: , , ,
denote the

grid address along x y z, , , and time axes, respectively. The
aforementioned functions are defined at the position in
the cell of the FDTD method as shown in Figure 2(a), where
the real and imaginary parts are defined at different positions
and the element positions are spatially asymmetric. The dis-
cretized equations of Eq. (28) are
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where △x , △y, △z, and △t denote the grid spaces of x y z, , ,
and time axes, respectively, and
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Whenwe consider the one-dimensional analysis of the Dirac
field propagation along z-axis, assuming ∂ = ∂ =ψ ψ 0μ μ

1 2 ,
Eq. (28) is rewritten as:
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Figure 2: Definition position of the Dirac field elements in the cell of the
FDTD method. (a) The four-element Dirac field and (b) the eight-element
Dirac field, where the white, red, blue, and green circles denote ψ0, ψ1,
ψ2, and ψ3, respectively.
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Since we can define the real and imaginary parts at the
same position in this case, we obtain the discretized one-
dimensional Dirac field as follows:
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The one-dimensional Dirac field propagation along z-axis
can be calculated by the two elements, the pair ofψ0 andψ2

or that of ψ1 and ψ3, because the upper two and lower two
equations of Eqs. (34) and (35) are independent.

3.2 Discretization for the eight-element
Dirac equation

As same as the four-element case, we can obtain discre-
tized equations for the eight-element Dirac field −ψ
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and +ψ
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defined at the positions in Figure 2(b), where

the real and imaginary parts can be defined at the same
position and the element positions are spatially symmetric.
The discretized equations of Eq. (18) are
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3.3 Comparison among the two-, four-, and
eight-element Dirac field propagation

Figure 3 shows the wave packet shape dependence on the
propagation time for the two-, four-, and eight-element
fields in the cube of =L 10 pm. Figure 4(a) shows that
the moving distance of the wave packet peak is equal to
the product of the wave packet velocity and the propaga-
tion time in the four- and eight-element cases, although the
wave packet speed by 1D-like calculation in the two-element
case is equal to the light speed in free space. We found that
explicit consideration of Zitterbewegung [41,42] is unnecessary
for the three-dimensional calculation. As shown in Figure 4(b),
the wave packet peak intensity decreases with increasing pro-
pagation time in the four-element case, although it is almost
constant except early period in the eight-element case. The
instability of the four-element Dirac field propagation seems
to be caused by the asymmetric definition position of the field
elements shown in Figure 2(a).

4 Simulation for formation process
of atomic orbitals

In the electric central force potential = ∕ϕ Ze πε r4 0 gener-
ated by an atomic nucleus with its atomic number of Z , the
eight-element Dirac equations are given by:

Simulation for formation process of atomic orbitals  5



Figure 3: Time dependence of the Dirac field intensity distribution. (a), (b), (c), and (d) are the two-element field at =t 0.01, 0.02, 0.03, and 0.04 as, (e),
(f), (g), and (h) are the four-element field at =t 0.01, 0.02, 0.03, and 0.04 as, (i), (j), (k), and (l) are the eight-element field at =t 0.01, 0.02, 0.03, and 0.04
as, respectively.
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Figure 4: Comparison among the two-, four-, and eight-element Dirac field propagation with =β 0.5, (a) peak z-coordinate dependence on time and
(b) peak intensity dependence on time, where the blue, green, and red lines show the two-, four-, and eight-element fields, respectively, and the
broken black line denotes the theoretical value.

Figure 5: Time dependence of the eight-element Dirac field intensity in the potential of ∕Ze πε r4 0 with =Z 50 for (a) t = 0.03 as, (b) t = 0.0325 as, and
(c) t = 0.035 as, and (d) the initial orbital radius dependence on ∕Z1 .
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Figure 6: Time dependence of the eight-element Dirac field intensity in the potential of ∕Ze πε r4 0 , with =Z 50. (a) t = 0.045 as, (b) t = 0.05 as, (c) t =
0.055 as, (d) t = 0.06 as, (e) t = 0.065 as, (f) t = 0.07 as, (g) t = 0.08 as, (h) t = 0.09 as, (i) t = 0.12 as, (j) t = 0.145 as, (k) t = 0.17 as, and (l) t = 0.2 as.
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and
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In the discretized equations of Eqs. (36) and (38), mc is
replaced with ± ∕mc eϕ c. We calculated the eight-element
Dirac field propagation in the cube of =L 10 pm based on
the aforementioned equations and assuming an injected
electron velocity parameter β of 0.5. Figure 5(a)–(c) show
the log-scale intensity on xz-plane at early propagation times
of 0.03 as, 0.0325 as and 0.035 as. We found that after =t 0.03

as, a cone-shaped peak appears at the origin and rapidly
grows with increasing propagation time, while the injected
wave packet peak intensity simultaneously decreases. During
this phase, the cone-shaped wave function surrounding the
origin is proportional to ( )− ∕r rexp init , where rinit denotes the
initial orbital radius. As shown in Figure 5(d), rinit is inver-
sely proportional to the atomic number Z and considerably
smaller than the analytical value of ∕r ZB provided by the
Schrödinger equation, where rB denotes the Bohr radius.
This is explained by the following equations as derived
from Eq. (39):
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Assuming that the time-dependent wave function is pro-
portional to ( )− ∕ −r r iωtexp init , Eq. (41) gives the terms of

( )− ∕ −−r r r iωtexpn
init for =n 0, 1, 2. The term corresponding

to =n 0 provides

− − + =
ω

c r

m c1

ℏ
0.

2

2
init

2

2 2

2
(42)

Therefore, if rinit is smaller than ∕ ≈ℏ mc 0.39 pm, ω2 becomes
negative, resulting in an imaginary ω value. This implies that
the absolute value of the wave function ( )− ∕ −r r iωtexp init

will exponentially increase over time, eventually leading to
an overflow of peak intensity. To prevent this overflow, we
imposed a limit of 103 for the absolute value of each wave
function element within the spherical region of <r 0.5 pm.

Figure 6 shows the log-scale Dirac field intensity as
a function of the propagation time on xz-plane in the
cube of =L 20 pm, considering the aforementioned limit.

At =t 0.05 as, a small cone-shaped orbital appears; similar
to that observed in Figure 5, the radius of the orbital
expands with time after 0.055 as. Beyond t = 0.09 as, the
high-intensity region of the wave function extends across
the entire calculation structure, with the orbital shape sta-
bilizing after =t 0.17 as in the region of >r 3 pm. At the
final moment of =t 0.2 as, the outer part of the wave func-
tion appears to be proportional to ( )− ∕r rexp final , where rfinal

denotes the radius of the final orbital. In Figure 7, the solid
line illustrates rfinal dependence on ∕Z1 , while the broken
line represents the = ∕r r ZBfinal . Considering that 1s atomic
orbitals are known to be proportional to ( )− ∕Zr rexp B [43],
our calculations can be considered accurate, as rfinal closely
aligns with the theoretical value provided by the Schrö-
dinger equation.

5 Conclusion

The transient analysis of the Dirac fields has been success-
fully implemented using the FDTD method based on the
eight-element Dirac equation, which includes dual four-
element wave functions and five spatially symmetric 8 × 8
matrices. We found that a stable three-dimensional Dirac
field wave packet with low velocity can be created without
explicitly considering Zitterbewegung, which is difficult in
one-dimensional analysis. Furthermore, we achieved the
first-ever simulation of the formation process of atomic
orbitals starting from the initial state of a free electron
and an atomic nucleus, using the eight-element Dirac
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Figure 7: Final orbital radius dependence on ∕Z1 . The solid line shows
the calculation value by the FDTD method based on the eight-element
Dirac equation, and the broken line denotes = ∕r r ZBfinal obtained by the
analytical solution of the Schrödinger equation.
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equation without any physical approximations. Initially, a
small unstable orbital appears, which rapidly grows and
results in a large stable orbital with a radius equal to the
Bohr radius divided by the atomic number, as given by the
solution of the Schrödinger equation. The FDTD calculation
based on the conventional four-element Dirac equation
cannot produce such reasonable orbitals because of the
spatial asymmetry of the ×4 4 Dirac matrices. This method
has the potential to be used for transient analyses of not
only atomic or molecular orbitals but also interactions
among elementary particles.
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