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Abstract: The goal of this research is to consider the
thermal impact on varied convection flow in hybrid nano-
fluids with heat generation over a two-dimensional heated
flat around a stretchable sheet. The flow is considered
steady and incompressible while the stretchable sheet is
assumed an impermeable. Two distinctive nano-level par-
ticles are considered, namely copper (Cu) and silver (Ag)
with ethylene glycol base fluid. The boundary layer was
generated on a stretchable sheet surface by mixed convec-
tion flow in hybrid nanofluids. Ideally, the sink and source
are thermal reservoirs of internal thermal capacities. This
means you can extract or reject heat from them without
changing their temperature. To make a study of thermo-
dynamic systems like heat engines and refrigerator sys-
tems, the governing equations were solved numerically
with Keller-box methodology depending on the implicit
finite-difference technique. Research findings were worked
with the parameters of mixed convection, Prandtl number,
nanoparticle volume fraction, through various non-dimen-
sional parameters, and heat generation. Especially for
thermal generation enhancement, the fluidity and thermal
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dispersal get elevated. Even though the flowing behavior
and the thermal dispersal of hybridity fluids with the com-
binations of Cu and Ag nanoparticles were similar, their
values are distinct, which reflect in graphical displays. The
hybrid nanofluidity gets improved with the volume varia-
tion of nanoparticles if the ¢ value is 0.01 < ¢ < 0.05 and
if the flow profile value decreases ¢,, where 0.01 < ¢,
< 0.05 as the dispersal of temperature enhances when
the nanoparticle nanofluid constraint is improved.

Keywords: hybrid nanofluid, heat generating, nanoparti-
cles, non-permeable stretchable sheet, mixed convection

Nomenclature

a,b constants

Ag silver

c material parameter

Cu copper

Co heat capacitance (J/K)
non-dimensional rapidity

k thermal conductance (W/m K)

Pr Prandtl quantity

Qo heat generating (sinking) (J)

Q source of heat

S suction

T temperature (K)

u,v rapidity components (m/s)

X,y Cartesian coordinates (m)

Greek symbols

G +400¢ . a thermal diffusivity (m?/s)
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U dynamic viscid (Pa s)

p density (kg/m3)

] kinematic viscid (m?/s)

¢ volume of nanoparticle
by volume of hybrid nanoparticle
0} copper nanomolecule size
¢, silver nanomolecule size
Subscripts

0 initial condition

w wall

0 free condition

f fluid

nf nanofluid

hnf hybridity nanofluid

1 Introduction

Complicated phenomena modeling to comprehend the
fundamental physics between them is a developing and
helpful tool for academics, scientists, and engineers.
Numerous significant empirical relationships have been
undertaken and proposed in order to model the nature of
complicated phenomena originating in physical sciences.
Ideally, the sink and source are thermal reservoirs of
internal thermal capacities. This means you can extract
or reject heat from them without changing their tempera-
ture. Practically, such a device does not exist; these are
just concepts to study thermodynamic systems such as
heat engines and refrigerator systems. If the reservoir
continuously supplies heat energy to the system, it is a
source, whereas if the reservoir continuously absorbs
heat energy from the system, it is a sink.

Energy saving is a crucial concern in several sophis-
ticated industrial and technological applications using
heat transfer technologies. Conservative fluids, such as
polymeric solution, biological fluids, glycols, water, tri-
ethylene refrigerants, ethylene, oils, and lubricants, have
been used as heat transfer fluids for many decades. In
several engineering disciplines, such as polymer extru-
sions, rapidly cooling, glass blowing, refrigeration of
microelectronics, deep drawing, and extinction in metal-
works, the survey of flowing and heat transference over a
stretchable sheet has been in high demand during the
last few years. Crane [1] initiated the exploration of the
boundary layer flow across stretched materials. Ever
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since, previous scholars [2,3] have come forth to contri-
bute to work on various areas of flowing and heat transfer
issues requiring stretched materials.

The primary issue for current science and technology
is to improve the heat transfer rate of traditional base
fluids - to increase thermal performing and refrigera-
tion systems such as refrigeration circuits boarding, heat
transfer, and automobile refrigerating systems with the
highest thermal efficacy, temperature lessening, detailed
functioning capability, and tinned span. Because of this,
researchers and scientists were drawn to investigate the
heat transport characteristics of fine materials in compar-
ison to traditional base fluids. Likewise, nanomaterials are
a distinct form of fluid that contain a combination of solid
nanoparticles with sizes of 100 nm or less and standard
base fluids. Metallic solids such as Cu, Al, Ag, and Au,
non-metallic solids (SiO,, Al,O3, carbides, and nanotubes),
and metallic liquids are all present in such liquids (sodium
alginate). Water, paraffin, motor oil, benzene, ethylene,
and tri-ethylene glycol are examples of ordinary base
liquids. Due to their better thermal conductivity than
base liquids, nanomaterials are utilized as improved cool-
ants in processors and nuclear reactors, pharmacological
treatments, safer operations, lubrication, heat exchange,
and micro-channel passive heatsinks. Similar liquids are
also generally utilized in a variety of electrical appliances
used in military sectors, cars, and converters, as well as in
the construction of waste heat removal equipment. Because
of their high heat transfer capabilities, such liquids are used
in a collection of production implementations, comprising
chemicals and substances, oil and gas, nutrition/food
safety, newspaper and printers, and transports. In the
flowing analysis, Hamilton and Crosser [4] and Maxwell
[5] mathematically built their formulations explaining
rheological properties while taking the structure of the
nanomaterials into consideration. It was ironic that Choi
[6] was the first to perform experimental research and
expose to society the improved thermal conducting of
fluids using nanomaterials. Khan and Pop [7] went on to
design the boundary layer flowing of nanoliquids across
a stretched plane. Mabood et al. [8] discovered that in
the absence and existence of magnetization, Al,Os—water
nanofluid contributes to a larger impetus bounder layer
than Cu-water nanofluid. Hayat et al. [9] studied the
non-linear radioactive heating influences of Ag and Cu
nanomolecules in conjunction with combined convection
using water as the base liquid. In their work, they discov-
ered that adding an irradiation variable decreases the mean
absorbing factor, which increases the heat transference
rate, resulting in increased cooling in both Cu-H,0 and
Ag—H,0 nanoliquids [10]. In their work, Du and Tang [11]
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investigated the photosensitive characteristics of plasmonic
nanoliquids that contain Au nanomolecules of various forms,
volumes, phase ratio, and concentricities. Furthermore, the
study by Du and Tang [12] investigated the effects of particle
aggregation, particle diameter, and particle fractional size on
the absorbance values of nanoliquids in their work. There are
some recent research articles on nanofluid under various
physical situations [13-15].

Nanofluids play a significant role in heat transmis-
sion mechanisms because of their observable properties
that may be reformed as desired. Furthermore, nano-
fluids have received a lot of interest due to their broad
use in sectors including paper, pharmaceuticals, and
medicine. To improve the heat transference abilities of
nanoliquids, investigators developed a novel kind of
nanoliquid known as a hybridized nanoliquid. Hybrid
nanofluids are a relatively new idea that offers several
advantages over regular nanofluids. While selecting the
optimum nanomolecule combination, an aggregation ana-
lysis of the nanomolecules is required. The main challenge
in the field of hybridized nanofluids is the instability of
hybridized nanomolecules in base fluids. Anjali Devi and
Devi [16,17] began early-stage numerical hybrid nanofluid
research in the bounder-layer characterization. Eid and
Nafe [18] later investigated the heat source and slip effects
of the hybridized nanofluid in magnetohydrodynamics
(MHD) setting. Following them, various study data were
published to support the advantages of hybridized nano-
fluids in a variety of situations [19-21]. The dispersal of
many nanomaterials inside the base liquid results in hybri-
dized nanofluids. These nanomolecules improve the thermal
properties of the liquid. Hybridity nanoliquids are used to
achieve the desired rate of heat transport and nanomolecule
numbers. These liquids have a variety of thermal manage-
ment applications, including naval constructions, healthcare,
micro-fluidics, defense, transportations, and construction.
Eastman et al. [22] investigated the thermal conductance
of fluids modified by Cu and carbon nanotubes in con-
ventional liquid and without them. Suresh et al. [23]
investigated the experimental fabrication of a hybridized
nanofluid including CuO and Al nanomolecules. Suresh
et al. [24] investigated the thermal characteristics of nanoli-
quid Al,O;—Cu/water. Sarkar et al. [25] examined hybridized
nanomaterial inspection and production. Hassan et al. [26]
investigated the heat transmission of hybridized nanomater-
ials including Cu—Ag/H,0 nanomolecules. Dinarv and Pop
[27] investigated nanostructured materials’ rotational con-
vection via a cone. Acharya [28] investigated a hybrid nano-
fluid over a square enclosure having variously shaped
multiple heated obstacles. Acharya [29] investigated the
hydrothermal and entropy aspects of buoyancy-driven
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MHD hybridity nanoliquid flowing inside an octagonal
area. Acharya and Chamkha [30] investigated Al,Os—water-
based hybrid flow through parallel fins surrounded by a
partially heated hexagonal cavity.

Khan et al. [31] investigated the effect of three distinct
nanomolecules on the flowing of the Cattaneo—Christov
heating flux prototype across an exponentially plate.
Waini et al. [32] investigated the heat transference of a
hybridized nanoliquid flowing on a stretchable plate with
a regular shearing flux. Ahmad and Nadeem [33] investi-
gated the entropy production and temperature-dependent
viscid of single walled carbon nanotubes—multi-walled
carbon nanotubes hybridized nanofluid flowing. Lund
et al. [34] probed the combined solution and stableness
assessment of hybridity nanoliquid using a diminishing
plate effect of viscidness dissipative flowing. Waini et al.
[35] investigated the constant flowing of a hybridized
nanoliquid in the existence of porousness media throughout
a vibrating thin needle. According to Mozafari et al. [36], the
size-centering process necessitates a dependency on the rate
of growth on the size of nanomolecules and the saturation of
the compounds on the nanomolecule surfaces. Many studies
have explored the characteristics [37-39].

To the best of the authors’ awareness, no research
attempts were made to examine the thermal source (sink)
effects of mixed, convectively flowing hybridized nanofluid
passes over the impermeable stretchable sheet. With this
confidence, the authors numerically worked using the
Keller-box methodology, which is dependent on the
implicit finite difference technique with Cu and Ag sus-
pensions. Figure 1 presents the scheme diagram of the
flowing representation.

cl

T Boundary layers

Stretching Sheet

Figure 1: Flow system diagram.
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2 Mathematical formulation

First, the mathematical models were developed by deriving
from the conservation equation of mass, momentum, and
energy. From this, the continuity equation, motion equa-
tion, and energy equation were obtained [3,9].

ou ov
— + —= =0,
x oy M
_ _ e
ﬁa_u + Va_u = —Ue due + m a_u
ox oy dx  ppe\ OX2 @
. (pB)hnf(T T,
Phnf
_oT _oT o°T Qo =
— tV - |=«& — |t (T-T.), @3
( ox ay ) hnf( oy 2) (b, nnt 3

and the following are the associated boundary conditions
for presenting the flow [9].

i=0,v=vwx),T=0 at y=0, (4)
id-u,x), ToT,x)=To+Tx as y—oo. (5

where ref. [19]

Mg = M1 = @) = )22, (6)
Phnt = $101 + o0, + (1 = )y, 7)
Bunt = $1B1 + DB, + (1= dp)Bg, (8)

ket
Qpnf = (pCp)hnf ’ (9)

(pCp)hnf = ¢1(pcp)1 + ¢2(pcp)2 +(1- ¢h)(PCp)fa (10)
x ¢1k1 + ¢zk2
¢

h

+ 2k + 2(¢p,kq + Prko) — 2¢hkf}
(11)

-1

+ 2kg — (il + Prlo) + (1~ ¢h)kf} ,

where ¢, = ¢, + ¢,. Now introducing non-dimensional
variables, we obtain [3,9]

Uw(x) = bx,
Ue(X) = ax,
Viw(x) = = Javss,
u = axf'(n),
v =—Javs f(n),

T-T,

0(n) = ,
Q) T

a
n= Y,
\ vt

Ta(x) = T, + Tox.

! (12)
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In this equation, a and b are constants, s is the suc-
tion parameter, and T, is the constant characteristic
temperature.

Eg. (1) is thus met exactly by the specified similarity
transformation in Eq. (12). We obtain the following com-
bined non-linearly ordinary differential equations by put-
ting similarity conversion in Eq. (12) into expressions in
Egs. (2) and (3).

¢ m 4)
1-(fY+f +22 a0 = 0, 13
) +ff+¢b(f)+¢b (13)
! 1 " 1
fo + —¢,0" + —Q6 =0, (14)

Pr ba

where A denotes the mixed convection constraint, Pr
symbolizes the Prandtl quantity, and Q signifies the
source of heat constraint.

Concerning the boundary constraints,

f=sf"=0,
6=0 at y=0,
fl>106-1 as y— oo.

(15)

The parameters Pr, A, Q, s, and ¢ can be expressed in
the following equations:

pro Lty G g S Toan?,
Qr Pg Re? K ”
Q-= Qo ,SZVW(X),C:B’
a(pcp)hnf avs a
where
o} —M—(l—q[) — )25
a~ M - 1 2 s (17)

n 1
9y = 2 = (@, + $p) + (1= Do (18)
Py Pr

w1
% (p/ii;ff = o g BP0+ (- b, (19)
(pCp)hnf 1
= = C C
T A A
+ (1 - (l)h)(pcp)fa
¢, = k]}:_;f - %{@ + 2ke + 2l + ¢,ko) — 2¢hkf}
h
L@
y {‘1’1"1;")2"2 + 2k = (ks + o) + (1 - ¢h)kf} :
h
_ _ Onnf
¢g - (pCp)hnf. (22)



DE GRUYTER

Table 1: Nanofluid thermophysical materials

Coefficient in physics EG (base fluid) Cu Ag

G, (kg/m3) 2,417 385 235

p (kg/m3) 110.7 8,933 10,500
k (W/m K) 0.252 400 429

B x 10_5(%) 65 1.67 1.89

Hybrid nanofluids are a very new concept. The com-
position of multi-variant dispersed nano-level particles in
the base fluids. The nanoparticles used in this investiga-
tion are Cu and Ag. Each nanoparticle has a thermal
capacity value (Cp), weight density (p), thermal conduc-
tivity (k), and thermal expansion coefficient () as shown
in Table 1.

3 Keller-box second-order
convergent scheme

Available numerical strategies for obtaining non-similar
solutions to the presented issue include the characteris-
tics method, firing technique, explicit and implicit finite
differences method, finite element and volume methodolo-
gies, and implicit box structures. The box approach pro-
vided by Keller [40] is used in this work and is implemented
in the MATLAB program. The Keller-box approach is uncon-
ditional, stabilized, and accurate to the second order. The
work of Vajravelu and Prasad [41] contains information on
how to implement the Keller-box technique. The author
believes that explaining the conventional numerical scheme
is beyond the scope of the current research and that the
intricacies are not of interest to the readers. Figure 2 pro-
vides a schematic representation.
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Table 2: Comparison concerning the evaluates of —6’(0) with Pr,
with established Q = 0 and ¢/¢, = 0

Pr Ref. [42] Ref. [43] Present

72 x 1072 0.80876122 0.80876181 0.80876181
1x 10° 1.00000000 1.00000000 1.00000000
3 x 10° 1.92357431 1.92357420 1.92357420
7 x 10° 3.07314679 3.07314651 3.07314651
10 x 10° 3.72055436 3.72055429 3.72055429

The reliability of the current scheme’s outcomes is
evaluated by comparing them to the existing literature
[42,43]. The friction factors are calculated with variations
in the Prandtl number in Table 2.

Das et al. [42] used the RK Fehlberg approach to solve
the unsteadiness of dominant formulas. Jamshed et al.
[43] used the Keller-box approach to solve the present
system. When compared to other approaches, Keller-box
methodology gives a more precise and reliable answer.

4 Results and discussion

Figure 3 demonstrates the estimation of fluid velocity
increments from f' = 0 to (f = 1). The measurement of
the mixed convection constraint is unlikely to be extended,
the velocity will rise at that point. This is because when
there is noticeable buoyancy on free convection, mixed con-
vection happens. Subsequently, on the off chance that the
estimation of the mixed convection constraints is amplified,
at that point, the buoyancy force will increase. As buoyancy
develops, at that point, the flow velocity increases.

Figure 4 demonstrates that the thermal effects of the
fluid flow diminish from 6 = 1 to 8 = O as the estimation
of n increments. On the off chance that the estimation of
the mixed convection constraint is elevated, at that

Yes

Figure 2: Diagram of clarifying Keller-box scheme.
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Fm)

Figure 3: Flow behaviors (f’) for the mixed convection constraint
variation (A).

point, the heat will diminish. In this investigation, the
mixed convection constraint (A) is inversely propor-
tional to the heat source constraint (Q), which is numeri-

cally defined by Q = U(;)‘Cl'%' The higher the mixed
00 p/hn!

convection value (A), there is a deceleration in the thermal
source (Q). This favors the thermal transferring process of
hybrid nanofluids, and it reflects in the reduction of the
thermal state in the system for a lower heat source.
Figure 5 shows a fluid flow rate decrease as the Prandtl
number value increases. Mathematically, the Prandtl number
is the proportion of viscosity to the diffusivity of fluid heat

1f S —r ——
— [CWEG]™
0.3} “'[Cu-Ag/EG]h .
- 0.6
N
D A=0.5, 0.8, 1
0.4}
0.2}
0 L 1
0 2 4 6 8
M

Figure 4: Thermal dispersal (6) for the mixed convection constraint
variation (7).
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Figure 5: Flow behaviors (f') for the Prandtl number (Pr) variation.

Pr = ;—i) As the amount of Prandtl number rises, the kine-

matic viscosity reduces, and the liquid increases in terms of
reducing the fluid flow rate. Figure 6 shows that the higher
the amount of the Prandtl, the quicker the temperature falls.
This is due to the growing Prandtl number; the thermal con-
ductivity then decreases so that the surface of the sheet
develops temperature quicker than the fluid.

Figure 7 establishes that the velocity distribution of
the fractional size of nanomolecules rises for the varying
¢,, as it increases. The values of ¢y, (0.01 < ¢, < 0.05)
are going down if the value of ¢, is reduced which is
decreased the velocity profile variation due to the hybrid-
nanofluids viscosity impact. The higher the y value, the
higher the fluid’s viscosity. The larger the fluid’s viscosity,
the higher the friction between the fluid particles, which

1 L
— [CWEG]™
0.3/ -~ [Cu-AgEG]" 1
0.6
IS
= Pr=5 1015
0.4}
0.2}
0 L 1 1
0 2 4 6 8

M

Figure 6: Thermal dispersal (9) for the Prandtl number (Pr) variation.
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-—-[Cu-AgEG]"| |

0.8}

0.6}

4 ¢,=0.01,0.03,0.05
0.2} /
- !

Figure 7: Flow behaviors (f') for the fractional volume variation (¢)
for normal fluid and (¢,) for the hybrid version of fluid.

triggers the stream velocity to increase while the varying
¢, is increased by 0.1 < ¢, < 0.15 and the velocity declines
if the ¢, value is set to 0.01 < ¢, < 0.05.

Figure 8 illustrates that the thermal state drops from
0 = 1to 0 = 0 as the significance of 1 rises. If the value of
the volume of the portion is greater, then the temperature
will automatically rise. This phenomenon is because of
an increment in the concentration of hybrid nanofluids
with a higher value of ¢. So, if there is friction amid the
nanoparticles inside, then the fluid tends to heat which
sets the perfect platform for the thermal state of the
flowing fluid to rise.

— [CWEG]™

3 - == [Cu-AgEG]" |
0.6 ]
£
3

0.4} |

6,6, =0.01,0.03,0.05
0.2 ]

0 2 4 6 8
M

Figure 8: Thermal dispersal (8) for the fractional volume variation
(¢) for normal fluid and (¢,) for the hybrid version of fluid.
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Figure 9: Flow behaviors (f) for the thermal source constraint
variation (Q).

1t
osl — [CWEG]™
-~ [Cu-AgEG]"
- 0.6} -
=z 0=0.11,0.33,0.55
0.4¢ .
0.2 1
0 1 1 1
0 2 4 6 8

Figure 10: Thermal dispersal (0) for the thermal source constraint
variation (Q).

As the nanoparticles’ friction is getting quicker for
the raising Q variant values, the fluidity of flowing hybrid
nanofluids gets boosted via the surface which can be
evident in Figure 9. Figure 10 confirms that the tempera-
ture improves as the Q value rises. This is because the
original heat source Qq is increased. For the growing
value of Qg, the heat produced by the hybrid nanofluids
is also higher, thus the fluid temperature rises.

5 Conclusion

The outcomes from the investigation are that the fluidity
gets enhanced and the thermal dispersal gets reduced as
the mixed convection constraint rises. Both the flow
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behavior and thermal dispersal decline for higher varia-
tion of Prandtl numbers. The hybrid nanofluid flowing
gets improved with the volume variation of nanoparticles
when 0.01 < ¢ < 0.05 and while the flow speed profile
with 0.01 < ¢, < 0.05 is decreased. The dispersal of tem-
perature enhances when the nanoparticles volume con-
straint in nanofluid are improved. The improving of the
heat source boosts the flow velocity and thus raises the
heat transport efficiency of the hybrid nanofluid flow in
the system. The future scope of this work could be the
analysis of various hybrid combinations of fluids that
pass over numerous shapes under different circumstances.
Further, the present methodology might be utilized in sev-
eral real and mechanical difficulties [44-49].
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