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Abstract: We propose to realize bipartite and tripartite
entanglements transfer in a cavity magnomechanical system
consisting of a microwave cavity with an yttrium iron garnet
(YIG) sphere and a silicon-nitride membrane in it. The initial
magnon-YIG phonon entanglement and photon-membrane
phonon entanglement caused by the magnetostrictive inter-
action and the optomechanical interaction can be effectively
transferred to magnon-membrane phonon entanglement
and photon-YIG phonon entanglement. Photon—magnon—-YIG
phonon and photon-magnon—-membrane phonon entan-
glements can also be realized in the system. These two
types of tripartite entanglements can be easily transferred
from one type to the other by adjusting the detuning or
dissipation ratio. Moreover, the bipartite and tripartite
entanglements and their transfer are all robust against
temperature. Furthermore, by introducing supermodes
formed by the photon and magnon modes, we find that the
entanglement between the two mechanical modes can be
obtained under the condition of an extremely low tem-
perature. And the effective detuning region of the YIG
phonon-membrane phonon entanglement is complemen-
tary to the detuning regions of other bipartite entangle-
ments. Our results indicate that the combination of cavity
magnomechanical and optomechanical systems could pro-
vide more flexible controllability of bipartite and tripartite
entanglements and their transfer and could serve as a
potential quantum interface among microwave, magnon,
and mechanical systems.
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1 Introduction

Magnons, the quanta of spin waves, can be used in the
novel wave-based computing technologies with the advan-
tages of low dissipation of energy, much smaller footprints
[1,2], etc. With very high spin density and uniquely low
magnetic damping, yttrium iron garnet (YIG) becomes a
promising magnon system candidate for quantum informa-
tion processing [2,3]. In the quantum regime, strong cou-
pling of the Kittle mode in a YIG sphere to a microwave
mode has been achieved both at cryogenic and room tem-
peratures [4—6], and ultrastrong coupling is also demon-
strated [7]. Furthermore, coherent in situ control on the
magnon-photon coupling [8], and indirect coupling
between the separated cavity mode and magnon mode
[9] are put forward. By analogy with cavity optomecha-
nics [10], cavity magnomechanics is reported, where the
phonon-magnon interaction resulting from the magnetos-
trictive forces is studied [11]. The magnon Kerr effect as
a result of the magnetocrystalline anisotropy in YIG is
experimentally demonstrated and theoretically analyzed
in a cavity-magnon system [12,13]. The hybrid cavity—
magnon system provides more controllable degrees of
freedom and helps us investigate various properties of
the compound system, such as magnon-polariton bist-
ability [14], magnon-induced nonreciprocity [15], magnon
blockade due to qubit-magnon coupling [16,17], photon—
phonon—-magnon simultaneous blockade effect [18], magnon
blockade in a parity-time-symmetric-like cavity magnome-
chanical system [19], sub-Poissonian statistics of magnons
resulting from Kerr effect [20], efc.

Entanglement [21] is considered to be a crucial
resource for quantum communication and information
processing. Entanglement can be achieved in many sys-
tems, such as entanglement between a cavity mode and a
movable mirror [22], between an exciton and a mechanical
mode [23], between two mechanical oscillators [24], and
so on. The cavity-magnon system provides a good plat-
form for the study of entanglement among optical modes,
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magnon modes, mechanical modes, atoms, etc. Entangle-
ments between magnon modes, between magnon mode
and photon mode, can be generated via activating Kerr
nonlinear effect [25,26]. With the help of the squeezed
microwave field generated by the parametric amplifier
[27], or the help of or an artificial atom [28], effective
entanglement between magnon modes can also be generated.
It is also found that based on the magnetic dipole interaction
and the magnetostrictive interaction, the magnon—photon—
phonon tripartite entanglement can be achieved [29]. Entan-
glement transfer [30-32] among various modes means that
one entanglement tends to decrease while the other tends to
increase. The purpose of entanglement transfer is to achieve
the transfer of source entanglement to target entanglement or
near-entanglement to long-range entanglement. The scheme
to realize the perfect transfer between different entanglements
in a parity-time-symmetric-like cavity magnomechanical
system was proposed in 2021 [33].

A hybrid cavity-magnon system can contain many
different modes, such as photon modes, magnon modes,
phonon modes, and atoms, simultaneously, which pro-
vides a good platform for the hybrid quantum informa-
tion processing system with magnon as the medium [34].
Based on a hybrid cavity-magnon system, we try to find
bipartite and tripartite entanglements between different
modes. We focus on the entanglements between the
modes without direct interactions and analyze the under-
lying physical mechanism of the creation of entangle-
ments and entanglement transfer in the system.

2 The model

The system considered in this article is shown in Figure 1.
In a hybrid cavity—-magnomechanical system, a YIG sphere
and a mechanical membrane are located in a microwave
cavity. The frequency of the magnon mode in the YIG
sphere can be tuned by an external bias magnetic field
By, i.e., wy, = ¥By, where ¥ is the gyromagnetic ratio. The
YIG sphere also supports phonon mode resulting from the
geometry deformation of the YIG sphere, which is induced
by the magnon excitation. We consider a microwave field
that drives the YIG sphere directly, and the driving mag-
netic field, the bias magnetic field, and the magnetic field
of cavity mode are perpendicular to each other at the site
of the YIG sphere. Three kinds of direct couplings exist in
this system, the photon-magnon coupling resulting from
the magnetic dipole interaction between the cavity mode
and the magnon mode, the magnon-YIG phonon coupling
induced by the magnetostrictive interaction in the YIG
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Figure 1: Schematic diagram of the system. A YIG sphere and a
mechanical membrane are placed inside a microwave cavity. The
YIG sphere is magnetized by a bias magnetic field By. The cavity
photons are coupled to the magnons in the YIG sphere via magnetic
dipole interaction, and to the phonons in the mechanical membrane
via optomechanical interaction. There also exists magnon-phonon
coupling induced by magnetostrictive interaction in the YIG sphere.

sphere, and the photon-membrane phonon coupling via
optomechanical interaction. The Hamiltonian of the system
H consists of free Hamiltonian Hy, interaction Hamiltonian
Hi¢, and Hamiltonian Hy describing the external driving of
the magnon mode as follows:

H/h = Hy + Hyy + Hy. 1)

Ho = wec'c + wmmim + L2(g.2 + pa2)
2 @

w
+ Tb(sz + pp?).
Hipe = gom(cm* +c'm) + gmameQa + gobCfCQb- 3)
Hy = iQm(e*iV"dtm’r - e"‘”dtm). (4)

Here, c' (c) and m" (m) are the creation (annihilation)
operators of the cavity mode (at frequency w.) and the
magnon mode (at frequency wy). q. (pa) and g, (pp) are
the dimensionless position (momentum) operators of the
YIG mechanical mode (at frequency w,) and the mem-
brane mechanical mode (at frequency wy,). These operators
satisfy the commutation relations [c, c] = 1, [m, m'] = 1,
[qas Pa] = 1, and [gp, Pp] = 1. Goms Sma» and gop are the
photon—-magnon coupling rate, single-magnon magnome-
chanical coupling rate, and single-photon optomechanical
coupling rate, respectively. Eq. (4) denotes the magnon
mode that is driven by a microwave field at frequency wq
with driving strength Q.

In the frame rotating with Hy/k = waclc + wgm'm,
the Langevin equations describing the dynamics of the
system are given as follows:
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¢ =—[Kc + i(Ac + Zopgn)]C — i8omM + /2K Cin,
m=—[kpn + i(Am + 8nada)IM — i8omC + Om

+ mminy
Ga = WaPa, ®)
Pa=~WaGa ~ VyDa — SmaM'M + &,
dp = Wp Py,

Pb=-wnGb ~ VuPb ~ &onC'C + &,

where k. and x;, are dissipation rates of the cavity and
magnon modes, y, and y, are the damping rates of the
YIG mechanical mode, and membrane mechanical mode,
Ac = we — wg, and Ap = Wy — Wa. Cin, Min, &,, and &,
which all have zero mean values, are the input noise
operators for the cavity mode, magnon mode, YIG mechan-
ical mode and membrane mechanical mode. Assuming
each mechanical mode in the system is with good quality
factor, the non-zero correlation functions of the input noise
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om = —(Ky + i1Ap)0M — g, ,Gasm — ig,,,Ms0qa

)]
— i8,m0C + /2K M,

6Ga = Wa0p,, (10)
8Da = —Va0Pa — WabGa — ZaMsOM' — g m*6m + &, (11)
64y = wybpy, (12)

8Py = —Vp0Pp — Wpbqn — ZepCsOCT — opCs¥6C + &, (13)

The steady-state entanglement in the system can be
analyzed from the dynamics of the quadrature fluctuations
of the operators, which are defined as follows: 6X; =

(81" + 81)/ 2, 6Y = i(6I" - 6I)/ V2, Xjn =(In" + n) /2,
Yin = iln" — In) /N2, I = {c, m}. Egs. (8)—(13) can be rewritten
as U(t) = AU(t) + N(t), where UT = (6X., 6Y;, 6Xpm,
6Ym, 6Ga, 6pa, 6qy,  Opy), NT :(\/Z_KCXcin: \/Z_KcYcin,

N 26m Xmin, +/2Km Ymin, 0, &,, 0, ¢,), and the drift matrix A
is given by Eq. (14).

—Ke Ac + Zongbs 0 Som 0 0 2g,Im(c) 0

—(Ac + 8opdns) —Ke —Zom 0 0 -+/2g,Re(cs) ©

0 Som ~Km Am + 8mabas \/Egmalm(ms) 0 0 0

A= ~8om 0 (D + gmaCIas) —Knm —\/jgmaRe(ms) 0 0 0 14)

0 0 0 0 W, 0 0

0 0 - \/EgmaRe(mS) - \/jgmalm(ms) —W, —Ya 0 0

0 0 0 0 0 0 Wy

| - V2g,pRe(cs) —2ggIm(cs) 0 0 0 ~wy Vb |

operators are

(Ea(Oha"(¢)) = [ni(wy) + 1]6(¢ - 1),
(B (OLn(t") = my(wn)b(t - t),

EOEE) + EWIEWD) 12 = yl2m(@y) + 118 - t), (7)

where I = {c, m}, ] = {a, b}, and ng(ws) = [exp(%) - 151!
(S = I, J) are the equilibrium mean thermal photon, magnon,
and phonon number.

In the strongly driving regime, the Langevin equa-
tions in Eq. (5) can be linearized by decomposing each
operator as the sum of its steady-state value and a small
fluctuation, i.e., O = Os + 60 (O = ¢, m, qa, Pa, qb, Pb)- The
steady-state values of the operators can be obtained by
setting Eq. (5) to zero and calculating from the algebraic
equations. The linearized Langevin equations are given as
follows:

(6)

O¢ = —(Kc + iA)dc — ig,,6m — 8,1, qns0C — i18,,Cs0qn

(8)
+ 4/2K¢Cin,

On the condition of the Gaussian property of the input
noises and the linearized Langevin equations, the steady
state of the quantum fluctuations in the system is a
Gaussian state and fully characterized by a 8 x 8 covar-
iance matrix V with V; =(Uj(co)Uj(co) + Uj(co)Ui(00)) /2.
When the system is stable, the covariance matrix V satisfies
the Lyapunov equation AV + VAT = —D [22]. The elements
of matrix D are obtained using the correlations of the
noise operators, D;6(t — t') = (N,(ON;(t') + N;(t")Ni(t)) / 2.
Here, D =diag[x.(2n. + 1), x.(2nc + 1), xn(ny + 1), Km
(2nm + 1), 0, ,(2n, + 1), 0, y,(2np + 1)].

We adopt the logarithmic negativity [35,36] EN to
measure the bipartite entanglement of the system, which
is given as follows:

EN = max[0, —-In2u_]. (15)

Here, u. = mineiglig,V, ¢, = ee%zlioy, 0y is the y-Pauli matrix,
Vi = PipwPyp2, vy is the 4 x 4 submatrix related only to the
two target modes, and the matrix Py, = diag{l, -1, 1, 1}.
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The residual contangle is adopted to investigate tri-
partite entanglement of the system. The quantification of
tripartite entanglement is given by the minimum residual
contangle [22,37].

%;mncab _ min[mglab, mglcb’ ml:lca]’
%;nmmab — min[m;nlab, mglmb’ %flma]’
m‘rrnincma _ min[mglma, mTIca’ mglcm],

mf{mncmb — min[iﬁi""b, %Tlcb, m?\cm],

(16)

where ™" is a genuine three-way property of any three-
mode Gaussian state [29], iﬂﬂj" = Ciljk - Ci\j - Cjjk 2 0
@, j, k = ¢, m, a, b) with C), (v contains one or two modes)
the squared logarithmic negativity.

3 Bipartite and tripartite
entanglements in the system

Based on the experimental reachable parameters [10,11,29,33],
we plot the bipartite entanglements versus detuning A, in
Figure 2(a)-(f). The stability of the system is guaranteed by
numerically calculating the eigenvalues of the drift matrix A.
When the real parts of all the eigenvalues of matrix A are
negative, the system is stable. Here, EN,, denotes the photon—
membrane phonon entanglement, EN,, the magnon-YIG
phonon entanglement, and ENp;, the magnon-membrane
phonon entanglement. The entanglements between the
photon mode and the magnon mode EN,,, between the
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membrane phonon and the YIG phonon mode EN,y,, between
the photon mode and the YIG phonon mode EN_, are almost
zero with the parameters given in Figure 2. As shown in
Figure 2(a), when the coupling strength (g,,,) between the
cavity mode and the magnon mode is small (smaller than the
magnon dissipation rates k, and the cavity dissipation rate
K¢), entanglement only appears in the magnon-YIG phonon
subsystem, which is due to the direct nonlinear magnetos-
trictive interaction in the magnon-YIG phonon subsystem. In
Figure 2(b), g,,, tises to the same order of magnitude of xy
and g, > km, K¢, entanglements appear both in the photon—
membrane subsystem and magnon-YIG phonon subsystem.
The photon number in the cavity is enhanced by the beam-
splitter interaction between the photon mode and the
magnon mode, which is shown in the first term in Eq. (3),
and then the direct nonlinearity optomechanical interaction
is used to generate the entanglement between the photon
mode and the membrane phonon mode. With the increase
of the photon—-magnon coupling rate, g,.,, the entanglement,
ENpy, in the magnon-membrane subsystem appears and
increases gradually. Meanwhile, ENy,, decreases gradually,
which means the initial entanglement in the magnon-YIG
phonon subsystem partially transfers to the magnon-
membrane subsystem in which no direct interaction exists.
When g,,, increases to 2w,, the initial entanglement in
the magnon-YIG phonon subsystem is transferred totally
to the magnon—-membrane subsystem, and one can switch
the entanglement in cavity-membrane subsystem to the
entanglement in magnon-membrane subsystem by tuning
A, as shown in Figure 2(f).

—_ EN EN ———EN
cb ma mb
0.6 0.4 0.2
(a) (b) () |
0.4 %
& 0.2 0.1
0.2 \
‘-
\'
0 : 0 0 >
0 2 4 0 2 4 0 2 4
0.2 0.2 0.4
(d) , (e) [ (f)
! i |
! i I
5 0.1 i 0.1 i 021\
n it | !
i ' i I ]
i i ' \ I i
0 0 0 :
0 2 4 0 2 4 0 2 4

Figure 2: Bipartite entanglements ENy, ENma, ENpp versus detuning Ap, with (a) g, = 0.05w,, (b) gor = 0.5w,, (€) Gy = Wa, (d) Gy = 1.5W,,
(€) Gom = 1.6w3, (f) gy, = 2w,. Other parameters are: A = Ay, wq/2m =9 GHz, K /21T = Ky /2 = 1 MHz, w, /21 = wy /21 = 10 MHz,
Y, =¥ = 100 Hz, g,../ 21 = 0.4 Hz, g,, = 2g,,,, P = 17.5 mW, T = 10 mK.
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Figure 3: Plot of bipartite entanglement (a) ENcp, (b) ENma, (€) ENca, (d) ENyp, versus detunings A, and A.. The other parameters are the same

as in Figure 2(f) except for w, = 1.3w,.

To find the optimal detunings for different bipartite
entanglements, in Figure 3, we show the bipartite entan-
glements versus A, and A.. The frequencies of the two
mechanical oscillators are set to be different, which is
helpful to analyze the entanglements in different subsys-
tems. Weak entanglement between the photon mode and
the magnon mode exists; however EN,,, is too small and
not shown here. The entanglement between the two
mechanical oscillators is almost 0. The effective entangle-
ments EN, and ENp,, are mainly located in the regions of
Ac > 0 and Ay, > 0, respectively. As shown in Figure 3(b),
the two effective entanglement regions of EN,, are as
follows: Ay =~ w, and A. < 0, Ay = 2w, and A. > 0. The
two main effective entanglement regions of ENg, are
as follows: A. = wy and Ay < 0, A¢ = 2wy and Ay, > O,
as shown in Figure 3(a). In the first effective region of
magnon-YIG phonon entanglement, the magnetostric-
tive interaction significantly cools the YIG mechanical
mode and the entanglement between these two modes
is generated due to the nonlinear coupling. Similarly, in
the first effective entanglement region of photon-mem-
brane phonon subsystem, the optomechanical interac-
tion cools the membrane mechanical mode, and the
entanglement is simultaneously generated. In the region
Ac. > 0and Ay, > 0, due to the side-band cooling effects of
the magnetostrictive interaction and the optomechanical
interaction, this region is favorable for both EN, and
EN,. Since both the YIG mechanical mode and the mem-
brane mechanical mode need to be cooled, in this region,
the optimal detuning for ENy,, shifts to Ay, = 2w,, and the

optimal detuning for ENg, shifts to A, = 2wp. When
A. < 0, the optomechanical interaction will heat the mem-
brane mechanical oscillator, which will destroy the initial
entanglement between the photon mode and the mem-
brane phonon mode. Similarly, the initial magnon-YIG
phonon entanglement will be destroyed if A, < O due to
the heating of YIG mechanical mode. In these regions,
effective cross entanglements in photon-YIG phonon sub-
system and magnon-membrane phonon subsystem are
obtained instead, as shown in Figure 3(c) and (d). Espe-
cially, the maximum value of ENy,, locates at Ay, =~ —w,,
where the magnon mode is resonant with the red sideband
(Wm = wWq — W,). At this detuning, the initial magnon-YIG
phonon entanglement transfers totally to the magnon-
membrane phonon entanglement, i.e., ENy,, disappears
totally and ENp,;, reaches its maximum value. This means
the local entanglement in magnon-YIG phonon subsystem
arising from the initial nonlinear coupling can be trans-
ferred to distant entanglement between the magnon mode
and the membrane phonon mode via tuning A, and A..
As shown in Figure 4, effective tripartite entangle-
ments exist in the cavity—-magnon-YIG phonon subsystem
and the cavity-magnon-membrane phonon subsystem.
Figure 4(a) and (b) show that, when the two mechanical
modes are of the same frequency (i.e., w, = wy) and the
cavity mode resonates with the magnon mode (A, = Ay),
one can switch tripartite entanglement between cavity—
magnon-YIG phonon subsystem and cavity—magnon—
membrane phonon subsystem by adjusting g, and k.
As shown in Figure 4(a), when the optomechanical
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Figure 4: Minimum residual contangle ERT"‘ versus detuning Ay with gyp = Gpa» Km = 0.1K¢, Wp = Wa, Ac = A in (@), Gop = 2Gmas Km = 11K,
Wy = Wy, A = Ay in (b) and g, = Gras Km = 0.1Kc, Wy = 1.3w,, A = Ap + Wy in (c). Other parameters are the same as in Figure 2 except

for g, = 1.5w,.

coupling strength g, equals the magnomechanical cou-
pling strength g, . and the dissipation rate of the magnon
mode K, is smaller than that of the cavity mode x., the
tripartite entanglement mainly exists in the cavity—-mag-
non-YIG phonon subsystem due to the direct driving of
magnon mode. In Figure 4(b), because g, is larger than
8ma» and km > k., the number of photons obtained by
the magnon-photon beam splitter interaction is increased,
the entanglement EN, and the indirect interaction between
magnon mode and membrane phonon mode are thus
enhanced. Therefore, the tripartite entanglement mainly
exists in the cavity-magnon-membrane phonon sub-
system. In Figure 4(c), the conditions, g, = g,, and
Km < K¢, facilitate us to obtain the tripartite entangle-
ment in the cavity-magnon-YIG phonon subsystem.
Interestingly, at the same time, we distinguish the fre-
quencies of the YIG mechanical mode and the mem-
brane mechanical mode, and make A. = Ay, + wy, (i.e.,
w. — Wy = Wy), which will lead to the interaction effect
of c'mb + cm'b', and thus, the tripartite entanglement in
the cavity-magnon-membrane phonon subsystem is
enhanced. Therefore, as shown in Figure 4(c), one can
obtain tripartite entanglements both in the cavity—mag-
non-YIG phonon subsystem and cavity-magnon—-mem-
brane phonon subsystem, which can be easily switched
by adjusting the detuning Ay,.

4 Calculating with supermodes

To further analyze the entanglements in the strong photo-
n-magnon coupling regime and explore the entanglement
between the YIG phonon mode and the membrane phonon

mode, we introduce two supermodes ¢, = (c £ m) /N2
[38], which are the maximum hybridized modes between
the photon and magnon modes. Assuming the cavity mode
resonates with the magnon mode, ie., A = A. = Ay, the
Hamiltonian in Eq. (1) to (4) is rewritten as follows:

Hy= (8 + 8m)®'¢, + (A - 8o '@ + wad'a

+ wpb'b,

17

Hy =100 + 0’0 - ¢'p - gea +a)/y2

+ M@0 + @' + 9o + e (18)
+b)/V2,
Hi=iOn@'-¢ -9+ ¢@)/V2, (19)

where 1, = g1./2, My, = 8op /2, a’ (a) and b' (b) are the
creation (annihilation) operators of the YIG phonon mode
and the membrane phonon mode, (a' + a)/2 = qa,
i(a" - a)/v2 =p., (b'+Db)/V2 =g, and i(b" - b)/
V2 = pp. In the frame rotating with H{, choosing w, =
wy = 28, and applying the rotating-wave approximation,
we obtain the effect interaction Hamiltonian Hiy

Hine = 1,00 a/N2 - n99%a* V2

(20)
+ M@ b /N2 + npe b /2.

The interaction Hamiltonian reads a parametric down-
conversion interaction, that is, one excitation in supermode
@, will be accompanied by one annihilation in supermode
¢ and one annihilation in YIG mechanical mode (or mem-
brane mechanical mode). The interaction between supermode
¢ and phonon mode a (b) describes a parametric-type inter-
action which can generate the entanglement between super-
mode ¢ and phonon mode a (b). The Langevin equations
reads as follows:
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@, = ~[i(A + &) + V1@, + in@a /N2 — inypb /2

(21)
+ Qn /N2 + 2y 9,
@ = —[i(d - gow) + V1@ + in,@a' /2 — inyp b /2 )
= Qn/V2 + 2y @y,
a=-(iw, +y)a+inee /N2 + 2yan,  (23)
b = —(iwy + y)b - @@ /N2 + [2y,bin,  (24)
where y = (K¢ + Km)/2, Piin = (Cin + min)/\/i» Pin =
(Cin — Myn)/ V2. Similar to Section 2, the Langevin equa-

tions in Egs. (21)—(24) can be linearized and then rewritten
using corresponding quadrature operators as U(t) =
AU(t) + N(t) with T = (86X, 64, 8Xy_, 8%, 6Xa, 6Ya,
0Xp, 6Yp), and NT :(\/ZX(/Him \/z—yY(pHn, @ti—in’
\/Zygo—in’ 2anain’ 2Ya Yain, \/ﬁxbim \/2_)/bein)- The
drift matrix A is given by Eq. (25), where 7, = n,/~/2,
and 7, =, /2.
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since the interaction between YIG mechanical mode a and
the supermode ¢ is the same as that between the mem-
brane mechanical mode b and the supermode ¢, the
entanglement between ¢ and a is almost the same as
that between ¢ and b, and the two entanglement curves
ENs;, and ENg;, are completely coincident. When
8ob > 8ma> ENsap is obviously stronger than EN;;,, as shown
in Figure 5(c)-(f). Interestingly, entanglement also
appears between the two mechanical modes a and b
without direct interaction. Figure 5(c)—(f) shows that
when g, > gn., the increase and decrease of EN,, are
almost opposite to those in other subsystems. Entangle-
ments in other subsystems transfer to YIG phonon-mem-
brane phonon subsystem within a specific detuning range.
Taking Figure 5(c) as an example, as the detuning A
increases from 0.5w, to 1.3w,, the bipartite entanglements
EN;y,, ENsy,, and ENgs, disappear gradually, while the
entanglement EN,, increases gradually. When A exceeds
1.3w,, the entanglement EN,, drops sharply to 0, and the

-y A+ &om fyIm(bs) — fj,Im(as)
—(A + gom) -y i Re(as) — 7, Re(bs)
f,Im(as) — 1pIm(bs) 7, Re(bs) - 7,Re(as) -y
i ,Re(as) - 1j,Re(bs) fj,Im(as) — 7, Im(bs) —(A - gom)
.Im(¢.) -1,Re(@) -1,Im(¢g,)
.Re(@,) ,Im(¢.) M.Re(g,o)
—1pIm(e.) -M,Re(@.) pIm(e,o)
-M,Re(@.) -MpIm(e.) -M,Re(@,)

fMyRe(bs) - f,Re(as) -1,Im(p,) -f,Re(py) fjlm(e,)
_ﬁalm((p—s) _ﬁbRe(gp—s) ﬁblm((P—s)

fpIm(bs) - f,Im(as) 7,Re(q,)

A - gom -,Im(p, ) 7,Re(q,) 7Im(p,) -A,Re(p,)
-y M.Re(p,) 1,Im(p) -fRe(p,) -f,Im(p,)
fi,Re(@,.) Y Wa 0 0 )
.Im(¢,) ~W, Y 0 0
-f,Re(@,,) 0 0 Y Wy
-1,Im(¢, ) 0 0 ~Wy )

The logarithmic negativities EN as a function of
detuning for different optomechanical coupling strengths
and dissipation rates are shown in Figure 5. Bipartite
entanglements of supermode(g,)-supermode(g ), super-
mode(@ )-YIG phonon(a), supermode(@ )-membrane
phonon(b), and YIG phonon(a)-membrane phonon(b)
are mainly present within a finite interval of values of
A. No entanglement between supermode(g) and YIG
phonon(a) or between supermode(p,) and membrane
phonon(b) is available, as expected. As shown in Figure
5@) and (b), when the optomechanical coupling strength
equals the magnomechanical coupling strength (g, = 8a)>

5 - (25)
fi,Re(@ )

entanglements EN,,, ENsy,, and EN;s, increase rapidly.
In fact, when g, is greater (within two orders of magni-
tude) than or equal to g,.,, one can obtain bipartite
entanglements in supermode ¢ -membrane phonon,
supermode ¢ -YIG phonon, and YIG phonon-membrane
phonon subsystems. When g, is two orders of magni-
tude larger than g, ,, one can only obtain entanglements
of ENgs, and ENgy, in the system. Moreover, even when
the photon—-magnon coupling rate is in the weak cou-
pling regime (y > g,,,), we can still obtain bipartite
entanglements in these subsystems. For example,
Figure 5(b) shows that there are effective bipartite
entanglements EN;,, and ENg;, with the photon-magnon
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Figure 5: Bipartite entanglements EN versus detuning A with g, = ..., ¥ /2m =1 MHz in (@), g, = Gma» ¥ /21 = 6 MHz in (b), g,p, = 2,
y/2m =3 MHz in (¢), gy = 2Gmna» ¥ /21 = 3.5 MHz in (d), g, = 31> ¥ /21 = 3.5 MHz in (e) and g, = 49,,,, ¥/2m = 5 MHz in (f). The sub-
script s1(s2) denotes supermode ¢, (¢ ). Other parameters are the same as in Figure 2 exceptforg,, = w,/2,T = 0.05 mK, and P = 39.5mW.

coupling rate g, /2m = (w,/2)/2n = 5 MHz and the dis-
sipation rate y /2m = 6 MHz.

Figure 6 shows the minimum residual contangle
RMN of the system with the parameters corresponding
to Figure 5. Tripartite entanglements appear in three
groups of modes: {g,a, b}, {@, ¢, b}, and {@, ¢, a},
and no tripartite entanglement in {¢, a, b} is found.
Figure 6 demonstrates that the tripartite entanglements
in the three groups of modes can be adjusted by changing
the ratio of g, to g,,,, the dissipation rates x,, and ., or
the detuning A. When g, = g,.., the characteristics of the
two mechanical modes are almost identical, R™"122 and

RMns1s? are the same, and the two curves are completely

coincident, as shown in Figure 6(a) and (b). When g, > gpa»
the tripartite entanglement SR™"S5% is obviously stronger
than SRMINSIS2 a5 shown in Figure 6(c) to ().

5 Discussion of experimental
feasibility
The hybrid magnomechanical and optomechanical cavity

system can be implemented using a three-dimensional
cavity containing a YIG sphere and a silicon-nitride

R %mins132b o SEEmins132&1 §Rmins1ab §RminsZab
0.008 - D002
©)
|
c k / \
€ T
= 0.004 0.01 it ‘
g LA
74
0 i\ o L= 3 A
0. 1 0.5 1 1.5
0.02 0.04
(e) (f) _
' I,\. /'// \\
= oot fi it 002t i
vl N i
0 A 05 ===
0.5 1 1.5 0.5 1 1.5 2
Alw A/wa

Figure 6: Minimum residual contangle ER’,"‘" versus detuning A. The parameters are the same as in Figure 5 except fory /2m = 2 MHz in (b).
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%mincmb

Figure 7: Bipartite entanglements ENpa, ENmb, ENca, ENey, and tripartite entanglements S3Mineme symincma yergy s T with g, = 1.4wa, gy, km and
A, for them are g, = [1, 2, 1, 2, 2, 1]g,,,, km = [0.3, 12, 0.3, 12, 12, 0.3]«x,, A = [2.32, 2.17, 2.32, 2.17, 2.17, 2.32]w, respectively. Other

parameters are the same as in Figure 2.

membrane [11,16,39,40]. The Kerr term Km'mm'm is
ignored in the Hamiltonian, which is caused by the magne-
tocrystalline anisotropy of YIG sphere with K being the Kerr
coefficient. Therefore, the condition K [(M)]? <« Q, should
be met. In fact, the Kerr coefficient (K = pokany? / (M?V)) is
inversely proportional to the volume (V) of the YIG sphere,
where kan, ¥, M, and p, are the first-order anisotropy
constant, the gyromagnetic ratio, the saturation magneti-
zation, and the vacuum permeability, respectively. For a
1-mm dimeter YIG sphere, the Kerr coefficient is approxi-
mately K /2 =~ 1071° Hz [11-13]. In the low-lying excita-
tion limit, we obtain Qn = /5NJBo/4 where N is the
total spin number of the YIG sphere, y/2m = 28 GHZT,
By = /2Py, /(R</mic) with P the driven power, and R the
radius of the YIG sphere. The total spin number N(=pV) of
a 250-um diameter YIG sphere is about 3.45 x 10'® with the

0.3
(@)
——EN

0.2 s1s2

EN

0.1

300

0.3

0.2

EN

0.1

0.2
T(mK)

0.4 0.6

%min

EN

-

spin density p = 4.22 x 10m=3. By taking the pump
power P = 17.5 mW on the 250-um diameter YIG sphere,
we obtain Qp =10 Hz and Qp = 1.5 x 10" Hz, with
P =39.5 mW. For the parameters in the above figures,
the value of |(M)| falls within the range of 3.5 x 106
to 1.27 x 107. Thus, for a 250-um diameter YIG sphere,
K /2m = 6.4 x 10 Hz, K |(m)P? < 8.24 x 108 « Q. The
condition of low-lying excitations, (m'm) < 5N, is also
well satisfied.

When the magnetic dipole interaction between the
cavity mode and the magnon mode is larger than the
frequency of the mechanical oscillator, it is easy to obtain
bipartite entanglements ENp,, ENpyp, ENe, and ENg.
These entanglements still survive when the temperature
reaches 100 mk, as shown in Figure 7. The tripartite
entanglements RM™P and R|MNMA gre also effective at

0.4
(b)
ENst
0.2
0
0 0.5 1 1.5 2
0.04 ;
I (d)_ _____ §Rmins152b
.\\, _ _ _ ¢pminsis2a
0.02 ~. R
‘\\. gpmins2ab
=~ .\'\~\
0 .
0 0.5 1
T(mK)

Figure 8: Bipartite and tripartite entanglements versus T. g, km and A for ENgsy, ENgyb, ENsza, ENyy, SRTINS1S2P | ggminsis2agpmins2ab 5pq
9op = 11,2,1,2,4,1,2]g,, y/2m=[1,3.5,1,3.5,5,1, 3.5] MHz, A = [0.74, 1.27, 1.05, 1.25, 1.52, 1.05, 0.86]w,. Other parameters are the

same as in Figure 5.
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temperatures higher than 100 mK. Moreover, when the
temperature reaches 100 mK, the entanglement and entan-
glement transfer effects in Figures 2 and 4 change little and
remain very well. By introducing the supermodes formed
by the cavity mode and the magnon mode, the entangle-
ment between the two mechanical oscillators can be
obtained under the condition that the optomechanical
interaction strength is equal to or slightly larger than the
magnomechanical coupling strength (g, < g, < 108,,)-
When g, is two orders of magnitude larger than g, ,, there
are only effective ENg5, and ENgy, left in the system. The
drawback is that the entanglement related to the mechan-
ical oscillator in the system is very sensitive to thermal
noise. Under the condition of g, < w,, obtaining entan-
glements in the system has strict requirements on tem-
perature. As shown in Figure 8, the entanglement between
the two supermodes is robust to temperature and can exist
in an environment with temperatures higher than 200 mK.
However, effective ENg,, ENyp, and tripartite entangle-
ments in the system only exist with temperatures lower
than 1 mK.

6 Conclusion

In summary, we have investigated in detail the bipartite
and tripartite stationary continuous-variable entanglements
in a hybrid cavity system containing a YIG sphere and
membrane mechanical oscillator. Stationary magnon-YIG
phonon entanglement and photon-membrane phonon
entanglement are established owing to the magnetos-
trictive interaction and the optomechanical interaction.
With experimentally reachable parameters, these initial
entanglements can be transferred to magnon-membrane
phonon and photon-YIG phonon entanglements. The system
also exhibits genuine tripartite photon-magnon-YIG
phonon and photon-magnon—-membrane phonon entan-
glements. One can easily switch between these tripartite
entanglements by adjusting the detuning. By introducing
the supermodes formed by the cavity mode and magnon
mode, the two mechanical modes interact with the super-
modes simultaneously, and the entanglement between the
two mechanical oscillators can be obtained under the con-
dition that the optomechanical interaction strength is
equal to or slightly larger than the magnomechanical cou-
pling strength. Our scheme could provide a potential role
for bipartite and tripartite entanglements transfer among
different modes in hybrid physical platforms.
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