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Abstract: In many regions across the world, hepatitis B
virus (HBV) infection is still endemic and the transmis-
sion rate is much greater than majority of the known
epidemic diseases. Numerous mathematical models (uti-
lizing various differential operators) have been put forth
over the past 20 years to understand the transmission
mechanism of HBV in various nations and geographical
areas. In this manuscript, an epidemic model with var-
ious novelties for capturing the dynamic of HBV while
utilizing Caputo-Fabrizio fractional differential operator
with asymptomatic carriers and vaccination effects is
introduced. Initially, the model is formulated by using
the ordinary derivative, and afterward, the fractional dif-
ferential operator is applied to transform the model into
arbitrary-ordered derivative. A few basic mathematical
properties for the proposed integer-ordered model is pre-
sented. The existence of solution to the problem and its
uniqueness of the fractional order model are established
by transforming the problem into integral equations and
then applying the standard results of fixed point theory.
For boundedness and positivity of model’ solution is ela-
borated utilizing the techniques of fractional calculus. It
is too much important to validate the theoretical findings
through simulations; therefore, the solution curves of the
model under consideration are displayed by using the
well-known approach called the Mittag-Leffler. To show
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the behavior of the order of the operator on the dynamics
of the disease, various graphical illustrations are pre-
sented at the end of the manuscript. By comparing the
findings of the present study with the available literature,
it is observed that fractional derivative is better to use
than integer-order operator for capturing the realistic
scenario of the disease.

Keywords: fractional HBV epidemic model, CF-fractional
derivative, asymptomatic carriers, numerical simulation

1 Introduction

Worldwide there are approximately 350 million of popu-
lation members suffering from the chronic hepatitis B
virus (HBV) [1], and 25-40% of these are ultimately
facing chronic liver, hepatocellular carcinoma, and cir-
rhosis [2]. Due to these and many other reasons, the HBV
infection is becoming a major problem related to public
health around the world. An infected person in the
chronic phase typically has a serum load of 2 x 10! to
3 x 10%, according to the study [3]. If we assume that the
mean liver’ mass is 1.5 kg, then a liver in the human body
would normally contain the same amount of cells. We
have to employ the conventional rate of incidence instead
of the bilinear rate due to the enormous numbers. The
time lag associated with the formation of HB virus is only
1-2 days [4], which is significantly smaller than 6-12
months (the life-span of a normal hepatocyte) or even
more than that [5].

From a mathematical standpoint, some intriguing
findings come from epidemic modeling, specifically in
the prevention and control of infectious diseases. Din
et al. [5] developed and analyzed a stochastic hepatitis
B model considering the transmission coefficient’s time
delay and the cytotoxic T lymphocyte immune response
class. Based on the analysis of the model, the authors
proved that the extinction of HBV is possible by quite
high noise levels. The Caputo—Fabrizio (CF) fractional deri-
vative with non-singular kernel was used in ref. [6] to
create the model of the hepatitis B virus, and an iterative
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strategy is suggested for solving the model. Khan et al. [7]
used the tools of fractional derivatives and modeled the
issue of climate change. For a detailed study of the
dynamic behavior of COVID-19 via fractional operators,
the readers are suggested to see refs. [8-10] and references
cited therein. Lu [11] used the techniques of stochastic dif-
ferential equations and studied the Susceptible-Infectious—
Recovered—Susceptible model both with and without
distributed time-delay and presented stability condi-
tions for the elimination of the infection out of the com-
munity. In the literature, a wide range of models
for describing the dynamics of epidemic diseases with
numerous features have been formulated and analyzed
[9-11]. In human viral illnesses, the elements of sto-
chastic perturbations (like precipitation, temperature,
and many others) have a significant effect on the inci-
dence with which a disease spread. By considering these
factors in the development of a model will allow us to
study models without stochasticity. The environmental
variability that influences the dynamics of biological
models will be incorporated into the models due to the
inclusion of this stochastic fluctuation. The environ-
ment’s effect on parameters or the system’s random
noises are the examples of variable influences [11,12].
Additionally, stochastic modeling is more realistic and offers
an extra quantity of flexibility compared to deterministic
models. Stochastic processes with white noises (or Brownian
motions) have a large literature, and ref. [13] provides a
detailed examination of a stochastic model. Upon thoroughly
studying the literature of stochastic epidemic modeling, one
can note that the stochastic models are much close to reality
compared to their deterministic counterparts.

Epidemic models with fractional order derivatives are
more appropriate for capturing the dynamics of compli-
cated and cross behavior problems due to the availability
of the options from a wide range order of the derivatives.
Calculus of fractional orders has been used to provide
understanding of the spectrum between the integer orders
[14-16]. Differential operator with arbitrary order is much
better than integer order since it produces a few interesting
and nice results about the dynamical behavior of the
problems under consideration. As a result, real-world pro-
blem and particularly the biological issues can be effec-
tively studied by using the fractional order derivative. This
means we have a wide range of options in stochastic
models compared to the classical compartmental models.
In recent years, scientists have a keen interest in dealing
with fractional derivatives rather than traditional differen-
tiation. In this regard, researchers have done sophisticated
work on the existence and uniqueness theory of such
differential equations, stability, and approximating the
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solutions of fractional equation. The dynamics of various
physical problems have been described by differential or
fractional integral equations, such as model of micro-
organism, a logistic model, and dengue problem, which
are the foundation model for modeling the biological situa-
tions. Rashid et al. [17] used the Antagana—-Baleanu frac-
tional operator and the Laplace transformation and derived
numerous semi-theoretical solution of the fourth-order time
fractional Boussinesq equation in different spaces. Ganji
and Jafari [18] used the Atangana—Baleanu operator, opera-
tional matrices based on shifted Legendre polynomials and
solved a group of non-linear Volterra integro-differential
equations. The modeling of Darcy-Forchheimer hybrid
nano-liquid flow on a porous spinning disk problem via
fractional calculus is solved by Li et al. [19]. By using the
tools of fractional calculus, a few epidemic problems were
formulated and solved in refs. [20,21] and references cited
therein for a detailed analysis. Additionally, by using var-
ious methodologies, the fractional order differential equa-
tions were examined for semi-analytical, analytical, and
approximate solutions. There are a variety of numerical
methods such as Taylor, Euler, predictor—corrector, and
Adams-Bashforth, etc., many transformations for achieving
semi-analytical solutions, and other well-known approaches
[22,23]. Various models with fractional differential operators
have recently been built and examined for the recent pan-
demic COVID-19, see, for example, refs. [24—26]. Interested
readers are advised to see refs. [27,28] and references cited
therein for a rigorous analysis of epidemic models containing
the fractional order derivatives.

In this work, we intend to formulate a novel HBV
model with one of the fractional differential operators
of CF fractional operator. People with HBV infection
can remain symptom-free for 30-180 days and spread
the infection to others, which increases the risk of human
mortality [29,30] and as a result, literature [9,12,27,28] are
of the opinion to include asymptomatic and immuniza-
tion effects into studies related to HBV infection. Thus,
we will include a few biological characteristics of the
diseases, namely, the asymptomatic carriers and the
effect of vaccination. Each model in the literature offers
a unique approach on the dynamics of HBV; however,
this study will explain thoroughly and more rigorously
the effect of asymptomatic carriers and vaccination on
the transmission mechanism of HBV.

Initially, the model is formulated in case of integer-
order derivative and then it is extended to model with
derivatives of arbitrary order by using the CF differential
operator. The objective of this study is to create a public-
health plan that relies on vaccinations and which can
successfully manage HBV disease through mathematical
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modeling. Furthermore, we will explain the role of the
efficacy of vaccine and the prevention of of the disease
from spreading it throughout the country.

The structure of the article is as follows. The model
for fractional HBV transmission is developed in Section 2.
In Section 3, we discuss the preliminary definitions of the
CF derivative. The existence of solution to the model
along with its uniqueness and positivity are demon-
strated in Section 4. Section 5 provides numerical simu-
lation and also compares the simulation for multiple
values of the fractional derivatives. Section 6 contains
the conclusion as well as the future study directions.

2 Fractional HBV model

Time-delay and vaccination analyses are perhaps the
most cost-effective technique for preventing HBV infec-
tion to a significant degree in practical medical therapy.
WHO suggested that in high-endemicity areas, the impactful
HBV vaccination could be used on an individual basis.
Consequently, a number of scientists have formulated and
investigated the deterministic HBV model with vaccination
as a control strategy (see refs. [5,15,18,19]). While formu-
lating the model, we assumed the non-linear incidence
rate beside other characteristics of HBV.

Most recently, Din and Li [31] considered the strategy
of the hepatitis B outbreak with vaccination effects and
they divided the entire population into five disjoint groups:
susceptible/vulnerable S(t), vaccinated compartment V (t),
acutely infected A(t), chronically infected C(t), and recov-
ered R(t). That is, N(t) = S(t) + V(t) + A(t) + C(t) + R(t)
at any given time ¢, which is given by

BO _en - PO v 0 - (1 + s,
VO O DOV

de N
- (n+p)V (L) + uS(),
dA(t) _ BA(MS(Y) N (1 - 5)BA)V (t)
de N N
- At)(ay + a + 1),

)

% = aA®) - COG; + v, + 1),
ROy + waw® - o,

The parameters used in the model are interpreted in
Table 1. Moreover, the vaccine is imperfect and does
not provide sufficient prevention. Thus, after sufficiently
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Table 1: Parameter description

Parameter Description

A Recruitment rate

B Infection rate

n Mortality rate

u Rate at which susceptibles are vaccinated

A Recovery rate of chronic patients

A Mortality rate of chronically infected people

o Rate of acute individuals leads to the chronic class

o, Severely acute infected people’s recovery rate

K Fraction of individual born without efficient
vaccination

p Rate at which vaccinated individuals are getting
vulnerability

long time, individuals in the vaccinated compartment
become infected after contact with the acute individuals.
It could be noted that 0 < 1y < 1 (1; = 1 means perfect vac-
cine, however, 1; = O denotes vaccine with no protection).

For the deterministic system (1), the following analy-
tical findings were obtained by using ref. [31].

Model (1) always has the disease-free equilibrium Eo,
also known as the disease-free equilibrium, having the
following form:

EO = (SO’ V07 AOs CO! RO)
_( Ap +nx) nA(1 - x) + px
@+u+mn’ (+p+mnn

By utilizing the next-generation approach, the reproduc-
tive number symbolized by R is calculated and given by
_ BSo + (1 - 1)BVo

RP=-209" 1 PO
0 N(a, + @ + 17) G)

2

,0,0, 0).

It is very easy to prove that system (1) has the following

dynamical properties:

e The disease free equilibrium Ej is stable for R) < 1 and
unstable for R > 1.

eIf 1<RD, an endemic equilibrium (EE) E, =
(8., V,, A,, C,, R,) exists and this equilibrium is asymp-
totically stable both locally and globally, which biologi-
cally shows the presence of HBV in the community.

To proceed further, we wish to incorporate ABC fractional
differential operator into model (1), which is based on
S(t), V(t), A(t), C(t), and V (t), which takes the form as
follows:

We intend to study and analyze the fractional (differ-
ential operator) version of model (1) by incorporating a
type of CF fractional operator given by:
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Dy (S(1) = KN ~

BSOAD oy

- (@ + n°)S(),

Dy (V (§) = A°(1 - k) + poS(t)

(1 - )B°V (HA(t)

T (p” + OV (V),
N =7+ 17V (1Y) @)
BIS(DA(t) L a- )PV (H)A(t)
N N

- At)(a + af +1°),
Dy (C() = afA®) - (7 + ¥2 + n°)C(),
Dy (R(M) = y7CH) + afA®) - n°R(E).

Dy (A1) =

3 Basic definition

In this part of the manuscript, we will present the essen-
tial definitions requisite knowing of CF fractional-deriva-
tives to be familiar with common representations taken
from refs. [6,25,28].

Definition 1. [6] Let ¢ € H'(0, T),ifn>0>n-1,0 > 0,
and n € N, then the CF and Caputo derivative operators
are defined by

(z - t)p)dz )
1-p

t
CF _ K(o) ,
Dy ()} = ) !(p @) exp(
and

S(t) - CF]S,[{, cope - FSOAQ

V(t)=V(0) + CFC]g,t{Avu - K9 + uoS(t) - a

(1 - 77)B°V (DA(H)

DE GRUYTER

t
°Dg {p()} = mﬁt _zymognydz,  (6)
0

where CF and C stand for Caputo—Fabrizio and Caputo,
respectively.

Definition 2. [6,25] For o € (0, 1), the integral
t

RLyo (o(t)} = ﬁj(t - 2 p(2)dz @)

0

is the Riemann-Liouville and

2

CFyo e —
]0,[{§0(t)} - (2 - 0)K(0)

t
[(1 — o)p(t) + oj<p(z)dz] 8)
0

is the Caputo—Fabreizio—Caputo (CF) integral operator.

4 Existence and uniqueness

We wish to explain the existence of model’ solution as
well as its uniqueness in this section. The standard
results of fixed point theory will be used to prove the
solution’ existence as well as its uniqueness. We trans-
form the developed system into the associated integral
equation system which looks like:

+poV () - (0 + ﬂ”)S(t)} +5(0),

)RV (DA(Y)
N

- (p% + %)V (t)},

At = CFc]&t{ﬂ S(I:I)A(t) N ;

C(t) = I {alA®) - (7 + ¥ + nO)C®)},

- (o +af + HU)A(t)} + A(0),

R(t) = R(0) + YIS {y’C(t) + afA(t) - n°R(t)} + C(0).

By the application of integration in the sense of CF, the above system will take the form

21 - a)

S(t) = 7{1(" J
Ka)(2 - a) N

S(0) +
¢

0

V(o) = 21 - a)

_ BS(HA()

+ 2 '[{KUAU - % +p°V(x) - (u° + rl”)S(x)}dx(

)R’V (DA(Y)

+poV(t) - (U7 + n")S(t)}

1
2 - 0)K(a) ]’

K@ {A”(l k%) + u°S(t) -

N

— (o7 + WV (t)} L v
@)

@-

)RV (X)A(x)

t
1 0(1 _ 0 o _(1
wl{m X%) + pS(y)

o o 20
~ - (o7 W (x)}dx(—(2 ~ a)),
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A~ =9 {ﬁ"S(t)A(t) . (- TBV ©A®)
K(@)

N N - (o +af + n")A(t)} 2

2 LA
_ a)

N

J ﬁ"S(X)A(x) (1 - )B°V (X)A(x)
(2 a)K(a)

— (o +a + n”)A(X)}dX

201 . o
C(t) = C(0) + —K(()(Z ){a TA®M) - COG, +y, + 10} + AX) - +y, +1 )C(X)}dX( K(a ))
g o o g o 1-a
R(t) = _K( ){y C(t) + a7 A(t) - n°R(t)} + —K( 2 I{y C(x) + ay A(x) - R(X)}dX(( a)) + R(0).

Let us assume that 1, b, 5, and I, symbolize the kernels and, respectively, are defined by

LS, )= {xon % FPIV (D) - (O + n”)S(t)},
BV, 0= 200 - k) + sy - LRV ORO o yoyy (t)},

©)

BS(DA® | (1= BV (DA
N N

L(CM), ) = {afA) - (7 + ¥$ + 1))},

LR(®), ) = {y7CH) + afA®) - °R()}.

L(A(Y), t) =

- (o +af + n")A(t)},

Theorem 1. The kernels as symbolized by 1, b, L, l,, and I5 and stated by the aforementioned equations holds the
Lipschitz conditions.

Proof. We suppose that S and S;, V and V;, A and Ay, C and C;, R, and Ry, are the functions of I, L, L, l,, and Is,
therefore, we have

B7(S(t) — Sy (t)A(t)
N

L(S(t), 1) = h(S1(D), 1) + {K"A" - +pV (1) - (U7 + n7)(S(t) - 51(t))},

)R’ (V (1) — Va(t)A(t)
N

LV (1), t) = L(Vx(D), t) + {A"(l - k%) + poS(t) - a = (7 + )V (1) - Vz(t))},

1 -1V ()
N
L(C(), t) = L(Cy(D), ) + {al A(t) — (1 + ¥y + n°)C(t) — C4(D)},
LR(Y), t) = (Ry(D), t) + {y C(t) + a7 A(t) — n°R(t) - Rs(t)}.

By applying the result of Cauchy’s inequality, we have

1L(S(®), ) = L(S1(D), DI

B7(S(t) — Sy(t)A(t)
N

1LV (1), £) — LW, DI
< || A1 - k%) + poS(t) - a

LA), £) = LA3L(W), ©) + {B[’;“’ . @ +af+ rz")}(A(t) ~ AD),

< || K°N° -

F OV (1) - (4 + 1

)RV (1) - W(D)A(t)
N

= (7 + n°)(V () -

I5(AY), ) - B(A(D), O

_|[ps0 | a-wpve
N N

- (o +af + n")}(A(t) - A(D)||,
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IL4(C(2), £) — L(Cy(), Ol < lla7At) - () + ¥y + n)C(E) - Co(B)]],
IR, ) - LR(D), Ol < llyC(L) + agA(t) -

From the above, the following expression could be readily obtained

st = 2= DhEO,0  50
K(0)2 - o) K(a)( 0+2)

j L(Su1(0), )dx,

20 - b(A (1), )
VO =" oc-0  “Koioi2 j &

Vi-1(x), x)dx,

_ 2(1 - &) (By1(0), t)
A= Foe-0 201{(0)(_ f b(An-1(), x)dx,
C(t) — 2(1 - a)lll(cn—l(t)’ t) + 20 j
K(0)2 - 0) Ko)-0+2)J

14(Cp-100), x)dx,

Rt = 201 - LR A0, 6) I
K@@ -o) KoX-0+2 )

I5(Rp—1(x), x)dx.
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(10)

By assuming the difference of successive terms, taking the norm and considering the majorization of the resultant

expression, we obtain
2
10O =118n(t) = Sy,n1(OI < (1 - U)WIIA(Sm(t), ) = h(Sy,n-2(6), DI

20
P
K(0)2 - 0)

t
J[Il(sn—l(x)’ x) = b(Sy,n-2(x), x)]dx ‘ )
0

WLl = IVG(E) — ApnaOll < IV 1(8), £) — B(Vin_o(0), DI - ")(_mzm
t

2 j[b(vnfl(x), %) = (Vo o0), x)]dx ||,
0

+ O——m———
(-0 + 2)K(0o)

2(1 - 0)

1Xn(Oll = |Ax(t) = By na(DI < m

t

j[@(An-l(x), %) — L(Apn 200, 0)ldx
0]

15Ar-1(0), ) = L(Ayp2(1), D

20
=
K(0)2 - 0)

2
IYA(ON = 1Ca(t) = Cyn-a(DN < Ma(Cra(), £) = 1u(Crn-2(6), OIA - U)W

t

2 j[lz,(cnfl(x), %) = Li(Cyp200), ))dx
0

+0————
(-0 + 2)K(0)

2
1Z:(Oll = IRy() = Ryn_1(ON < l5(Rp-1(E), £) — Is(Ry,n_o(2), OIA - U)W

t
TG Z)K(U) jls(R,.fl(x),x) IRy, )]

In the above system

LX) = Adt), Y WiE) = Vi), Y Y(O) = Ca(t), Y Zi(6) = Ro(t), Y Ui(8) = Su(t).

i=0 i=0 i=0 i=0 i=0

As the kernels &, ..., €5 satisfy the Lipschitz conditions, so

(11)

(12)
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IOLOI=18:6) — SOl < L= D18, (6) ~ Spa® + — 2% 1, jnsm(x) — S0 ldx,
0

@-oK@ o (2 - oK (a)

201 - a)

2a
WOl = V() = Vi,n-1(D]] < BlIVa-1() = Vi, n2(O] 2- oK@ a- a)K(a)Tl‘.([”

Vi1(0) = V200l dx,

21 -a) 20

IXn(Ol = 1A(t) = Apn-1(Oll < T Ap-1(E) = Ay n-2(0)] 2 oK@ @ oK@

t
% jnAn-l(x) - A(Olldx, (13)
0

t
IO = 1€a(6) — Cona (Ol < BICuA(0) — Crpa O] -1 DD Je. 0 - cl,nfz(x)udx(zi"‘),
0

2 - )K(a) (2 - o)K(a)
B ~ 1-a) B 2
1Zn(ON = IRA(t) — Ryn-a(OIl < K@ )T7”Rn 1) = Ry (0 2-a + T !lan—l(X) Rl,nfz(X)HdX(i(z ) ) O

Theorem 2. Model (4) possess a solution.

Proof. By using expressions in (12) with recursive schemes lead to the assertions given as

0O < IS + {(W( - a))} {(2%)}

WO <V + 2Bt - a))n} + {(%)}

IX,(01 S 1AO)] + 4251 - a))n} v {(2$)} (14)
Il < ICO)] + | %)} + {(%)}

20 - ) ' 2a0m0t )"
1Z,()] < IRO)| + m) } + {(m) }

Consider that Y; (t),i = 1,..., 5 represent the remaining terms, then for proving that inequalities (14) satisfy model (4),
the following expressions are utilized

S(t) =Yin(t) + Sn(t), V(&) = Ve(0) + Yon(t),  A(D) + Y5,n(t) = An(D),

C(O)=+Yyn(t) + Cu(t), R(E) + Yy n(t) = R(2). (15)
Thus,

S() - 810 = i ) fll(soo Y00)x,

V(O - i) - OO0 jb(voo A0,

A - &y o) - ZECOR -0 2 jle(A(x) %00, 16)

201 - OLRE) - YD)

C(t) = Cpy(t) =
= Cral®) C-ok@ @- )K()

fb.((:(x) Y, (0)dx,

2(1 - a)l5(R(t) - Ys5,4(1)) .
2 - OK(a) Q-

R(t) -~ Ryi(6) = ng @ jls(Roo Y5 ,(0)dx.
0
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By using the Lipschitz conditions along with norm could lead to

W(SH), 1 - a) 1
K(a) 2-a)

< |m,n(t)||{1 + ( 0 -5 20w )}
Q-aK(@) Q-aK(a
LV(), (1 - )
KO2-a0  (

<% ,,(t)||{1 +( 21 - a)p . 2aut )}
5 2 - a)K(a) Q@ - a)K(a)

2L,(A(), )1 - a) -A(0) - ——— Jl3(A(X) x)dx H

S(t) -

t
2a
SO - s lzl(soo, X)dx H

t
2a
H V(t) - T~ K@ !lz(V(x), x)dx H - V(0)

A(t) -

(2 - )K(a) - )K( )

<5 n(f)||{l + ( 25(1 - a) + 2ot )},
, (2 - a)K(a) (2 - K(a)

Ct) - 2L, (C(H), H1 —a) J‘
2 - a)K(a) 2 - a)K(a) )

< O + 21 - o) N 2a7gt

e Q- K@ @Q-aokw)|’

2I:(R(1), ) - a) B J‘
K2 - a) (2 - a)K(a) !

< e (O + 21 - a)1g N 2aTot
= Q2 -k @-aoKa)|

We assume Y = K(a)(2 — a) for the sake of simplicity and by applying lim without bounds, we have

2,(C(x), x)dx H - C(0)

R(t) -

€s(R(x), x)dx H - R(0)

2L(8(t), HA - @)

S(t) = >

+ jll(S(x), x)dx(ZYa) + 8(0),
0

2LV, HA - @)

V(t) = .

+ jlz(V(X), x)dx(%“) +V(0),

2(A0, (1 ~ @)

A(t) = Y

L(A(x), x)dx + A(0),

~<|Q

~<]Q
O C— o'—‘r-* O — ~

cy - 2= DLED. )
Y

1,(C(x), x)dx + C(0),

R(e) - 2RO, 00 - a) |

. Is(R(x), x)dx + R(0),

~<|;Q

which is enough for the conclusion regarding the existence of solution to the model under consideration.

Theorem 3. The proposed model (4) possess a unique solution.

17

(18)
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Proof. On the basis of contradiction basis, let us consider another solution as symbolized by
S, V1), A*(0), C*(0), R*(1)), then

_a+ {h(S(0), t) — h(S*(t), )32(1 - st
S(t) = 87(0) + Y J-{II(S(Y) y) - h(8*(y), y)}dX( - a)K(a))
_ v+ LV, ) - L), D321 - v
V() = Vi(t) + Y j{lz(V(Y) y) = L(V(x), X)}dX( - a)K(a))
" A, ©) - (€D, D121 - @) LA
A(t) = A'(t) + - QK@ e )K( ) J{la(A(X) x) = BA"(0), x)}dx, (19)

{l.(CO), ©) — L(C* (), H)}2(1 —

C(t)=CH(t) + K@@ - a)

. &
'[{14(C(x) x) = 1,(C* (), X)}d"( (2 - )K(a ))

R(t) - R¥(t) = 2(1 — a){-LR*(D), t) + I;(R(1), )} N

Y 2 - a)K(a) ! {I(RCO), x) - IR (), x)}dx.

The majorizing of the above system leads to the system given by

1S, ©) — h(S*@®), DI2A -~ @)

IS() - S*(®)ll = 2 - OK(a) K((X)(z

5 jnll(soo %) - K(S*(0), )ldx,

WV - Vi< TV, 0 - L@, D120 - @)

f ILOVCO, ) — BVAG0, 0ldx,

Y K(a)(2
o1 WA, )~ BT, D20 - @) 2 i
IAG) - Al = R . (z_a)1<(a)J”’3(A(")”‘) LA, 0ldx, 20)
e (D, 0 ~ LE 0, D20 - @) e
Ic) - € (0)l= N * o )jnb.(coo X) = 1,(C00, Oldx,

- LR, H)]12(1 - a)

IR(t) — R*(t)| = lI5(R(E), £) R

2a
+ 2 j I5(RG), %) — IR (), x)dx.
We now use the results stated by Theorems 1 and 2 and obtain

IS(t) - $* (Bl <

2,1 - a) . (Za‘rztd)z "

) , V@) - V)| < 231 ; a)l,bg + (2T4(X¢4t) ’

Y Y Y
2 1- 2 t\ 2 1- 2 t\!
IAG) - A< 2L (2TPLY ey g TP (2000 @
Y Y Y Y
2up,(1 - a 2 t\"
IR(O) - R 22020 (2ol )
Y Y
From the aforementioned assertions, we can note that the result holds for all n, and hence
S(t)=S*(t), V()= V), )
A(t) = A'(t), C(t) =C*(t), R(t) =R*®).
This shows that if a solution to the problem exists, it must be unique. O

For the feasibility and posedness of the system, we are stating and prove the following lemma.
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Figure 1: The visualization of the dynamics of system (4), when o = 0.95. (a) Susceptible individuals, (b) vaccinated individuals, (c) acute
individuals, (d) chronically individuals, and (e) recovered individuals.
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Figure 2: The visualization of the dynamics of system (4), when o = 1.0. (a) Susceptible individuals, (b) vaccinated individuals, (c) acute
individuals, (d) chronically individuals, and (e) recovered individuals.
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Figure 3: The visualization of the dynamics of system (4), when o = 0.90, 0.80, 0.70, 0.60, 0.50. (a) Susceptible individuals, (b) vaccinated
individuals, (c) acute individuals, (d) chronically individuals, and (e) recovered individuals.



DE GRUYTER

Modeling of hepatitis B epidemic model with fractional operator

75

— 1279

150

o
2 5
Q _
<
< &)
40 .
35 1
30 .
25 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 80 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Susceptible Susceptible
(a) (b)
90
85 .
80 .
he]
o
Q 751 .
Q
(&)
(0]
[h4
70+ .
65 .
60 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12 14 16 18 20
Susceptible
(c)

Figure 4: Phase portrait of system (4). (a) The graph represents the phase portrait of the acute and susceptible population. (b) The graph
represents the phase portrait of the acute and susceptible population. (c) The graph represent the phase portrait of the recovered and
susceptible population.

Lemma 1. Assume that (S(t), V (t), A(t), C(t), R(t)) be a Proof. Let us assume that o is the fractional parameter for
solution of the model and let the system be accompanied system (4), then

with non-negative initial population, then (S(t), V (t), A(t),

C(t), R(t)) is non-negative for every t > 0.

o A
- PSORO  pov 0 - e 4 st
(1- 1BV (DA
N
BISA) (1 - BV (DA(t)
N N
D3 (C®) = afA(t) — (y° + y7 + 1°)C(Y),

DS (R(1) = yIC(t) + afA(t) — n°R(®),

D (S(1)) = k°I°

DV (£) = A°(1 - k%) + poS(t) - ©° + OV (©),

(23)

DY (A(t) = — (@ + af + AW,
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Table 2: Parameter values used in simulations

Parameters Value  Source
u 0.030  Allvalues of the parameters are assumed.
A 0.800

p 0.005

y 0.030

B 0.050

n 0.070

K 0.009

A 0.070

0 0.070

n 0.040

5(0) 100.0

V(0) 90.00

19(0) 80.00

15(0) 70.00

R(0) 60.00

where G represents the fractional operator having order
w, so we have

GDg,t(S(t))lx(S(t)) = K°A° > 0,
DYV )lxv @ = A°C1 - k) + poS(t) = 0

’S(H)A
5DE (A wiay = w

: . 24)
, -7V OA® _

N
°Dg (C(t))lxcary = a’A(t) > 0,

D (R®)|xray) = ¥C(t) + afA(t) > 0,

>

where k(&) = {¢£ =0 and S(t), V (t), A(t), C(t), R(t) is in
C(R; x R,)} and & € {S(t), V (t), A(t), C(t), R(t)}. Following
the methodology proposed in [25], we reach to the conclu-
sion that the solution to the model is non-negative for any
positive initial condition and ¢ > 0.

5 Numerical simulations

This section is devoted to the justification and feasibility
of the proposed work through simulations. We will pre-
sent simulations of the fractional HBV epidemic model
(4) by using the standard numerical procedures. We
assume the level of time 20 units, while the epidemic
parameters value are given in Table 2. The various graphs
of the compartments are presented for distinct fractional
parameter value o to describe that the fractional order deri-
vative provide more useful outcomes in describing the
dynamics of infectious diseases. The dynamical behavior

DE GRUYTER

of various compartmental individuals of the epidemic pro-
blem (4) is presented in Figures 1-4.

Figure 1(a)-(e) represents the comparison of models
(1) and (4), which indicates that the the curves obtained
from the ordinary derivatives stabilize itself very quickly.
In contrast, the solution curves obtained from the frac-
tional model show a complex dynamics and the stability
of the curves could be seen in the long run. Figure 2(a)-(e)
represents the dynamics of compartmental population for
the value of o = 1.01 to show the effect of fractional order
on the dynamics of the disease transmission. This means
that the dynamics of both the models with ordinary and
fractional derivatives are the same. In Figure 3(a), the tem-
poral dynamics of the susceptible individuals are described,
which show that an increase or decrease in the value of a
causing the decreasing behavior, which shows that there is
an inverse relation between the susceptible and derivative’
order. Figure 3(b) represents the dynamics of vaccinated
population, which is also inversely proportional to the order
of the derivative. Similarly, the dynamics of acute, chronic,
and recovered individuals are represented in Figure 3(c)—(e),
respectively, which shows that increasing the value of frac-
tional parameter causes the decrease or increase in acute,
chronic while increase or decrease in the recovered popula-
tion. Hence, it could be observed from the numerical study
that the model has a strong relation and notably depends on
the fractional parameter, which is clearly visible in the simu-
lations being presented. Figure 4 represents the phase por-
trait of model (4).

6 Conclusion

The HBV is a potentially fatal liver infection that increases
the risk of liver cancer and cirrhosis significantly, as well
as the likelihood of chronic infection. It is a significant
issue for global health and to decrease its spread, WHO
advises using antiviral prophylaxis from mother to child
besides infant vaccination. Keeping in view the impact
of vaccination on the dynamics and control of HBV, we
formulated a non-integer-order model (based on the CF
derivative) for the HBV transmission with asymptomatic
carriers and vaccination classes. Initially, a base model is
developed by using the ordinary derivatives and the equi-
libria of the same model were studied for the stability
analysis. The essential mathematical properties for the
proposed fractional model were investigated by using
the concept of fractional calculus. The existence and
uniqueness of solution to the model are investigated by
transforming the problem into integral equations and then
applying the standard results of fixed point theory. It is
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was shown that the model’ solution is positive and
bounded for any non-negative initial data and ¢t > 0. The
model was simulated and the effect of the order of frac-
tional derivative was illustrated. The predictions of the
model are also investigated through simulations and
the efficacy of the vaccination strategy was explained.
Simulations suggest that increasing the value of fractional
parameter causes the decrease/increase in acute, chronic
while increase/decrease in the recovered population.
Furthermore, numerical investigation reveals that the
dynamics of the model have a strong dependency on
the fractional parameter. The present work focuses on the
concept of asymptomatic carriers and immunization with
CF derivatives, thus, this work is assumed more useful
than previous studies which are based on integer-order
derivatives.

The findings of the study indicate that vaccination is
the most common technique for reducing the spread of
HBV in the community, and thus timely and properly
implementing the vaccines are very important. Thus, it
is recommended that the government and public-health
authorities should focus on this in order to eliminate HBV
disease out of the community. In addition, the govern-
ment must take steps in educating people of the rural
areas particularly, provision of vaccines, and provision
of proper treatment at the doors, hospitals, and in other
health-care centers.
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