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Abstract: This article is directed to analyze the transfer of
mass and heat in a generalized Maxwell fluid flow unstea-
dily on a vertical flat plate oscillating in its respective plane
and heated exponentially. It explains the transfer of mass
and heat using a non-integer order derivative usually called
a fractional derivative. It is a generalization of the classical
derivatives of the famous Maxwell’s equation to fractional
non-integer order derivatives used for one-dimensional
flow of fluids. The definition given by Caputo–Fabrizio
for the fractional derivative is used for solving the pro-
blem mathematically. The Laplace transform method is
used for finding the exact analytical solution to a problem
by applying it to a set of non-integer order differential
equations that are dimensionless in nature. These equa-
tions contain concentration, temperature, and velocity
equations with specific initial and boundary conditions.
Solutions of the three equations are graphically represented
to visualize the effects of various parameters, such as the
radiation parameter (Nr), the thermal Grashof number, the
fractional parameter (α), the mass Grashof number, Prandtl
effective number, Schmidt number, Prandtl number, the
chemical reaction ( )η2 , mass, and the temperature during
fluid flow.

Keywords: Maxwell fluid, chemical reaction, radiation,
exponential heating

Nomenclature

[ ]− −C L MT θp
2 1 1 specific heat when pressure is constant

[ ]−g LT 2 acceleration due to gravity
Gm Grashof number for mass
Gr Grashof number for thermal

[ ]− −k MLT θ3 1 thermal conductivity
Nr radiation parameter
Pr Prandtl number
Preff effective Prandtl number

[ ]− −τ ML T1 2 shear stress
[ ]T K temperature

[ ]t T time coordinates

∞

T fluid temperature far away from the plate
Tw fluid temperature at the plate

[ ]−U LT0
1 constant velocity

[ ]−u LT 1 velocity
[ ]y L space coordinates
[ ]−β LC

3 coefficient of volumetric expansion
of mass

[ ]−β θT
1 coefficient of volumetric expansion of

thermal
λ Maxwell fluid parameter in dimension-

less form
λ1 Maxwell fluid parameter in dimen-

sional form
[ ]− −μ ML T1 1 dynamic viscosity

η2 parameter of chemical reaction
[ ]−ρ L T2 1 density

1 Introduction

The non-Newtonian fluid models (rate-type Maxwell model)
have received great attention recently. Non-Newtonianmodels
have three main groups, including differential-, rate-, and
integral-type models. From a research point of view, the
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most practical models are rate-type models, as they can
predict both the effects of memory and elasticity. Maxwell
developed the first rate-type viscoelastic model, which is
still very important. The first rate-type model was intro-
duced by Maxwell, which predicts the viscoelastic proper-
ties of air. The rate-type Maxwell model is a simple rate
model used to predict the viscoelastic behavior of fluids
having both the properties of elasticity and viscosity [1].
The simplest subcategory of rate-type models is the Max-
well model, which is fixed to the effects of stress relaxation
[2]. The Maxwell model is the first elementary rate-type
fluid model; therefore, it has more importance in compar-
ison to non-Newtonian and Newtonian fluid models. Espe-
cially even now, it is used generally to report the reactions
of several polymeric (consisting of high-molecular weight
polymers) fluids. But still, the Maxwell fluid rate-type
models have also few restrictions. These models cannot
explain the relation of shear stress and the rate at which
fluid is sheared in a common shearing motion of fluids
properly. Because of fewer complications and restrictions,
the Maxwell rate-type fluid model is studied ceaselessly
[3]. Derivatives are used extensively for the mathematical
modeling of concrete problems. Specifically, fractional
derivatives are more suitable for some real problems than
classical derivatives [4]. The viscoelastic behavior of mate-
rials has been described by using fractional calculus. The
fractional calculus successfully describes the viscoelastic
properties of substances. The first who described the appli-
cation of non-integer order fractional derivatives to visco-
elasticity was Andrew Germant [5]. All the earlier rate-type
Maxwell fluid problems were modeled without the consid-
eration of mass and heat transfer analysis by using the
definition of classical, integer order derivatives. The transfer
of mass by diffusion and convective heat transfer has many
technological and industrial uses. The basic purpose of this
effort is to generalize the earlier studies of the application of
the non-integer classical derivatives to Maxwell fluid model
to fractional order derivatives using a radiation source at the
boundary [3]. The generalization is carried out by using the
definitions and approaches of fractional order derivatives
[6–13]. Based on the consequences of the old definitions of
fractional order derivatives, Michele Caputo and Mauro
Fabrizio proposed a modified definition whose kernel is
without singularities (having exponential kernel) for the
fractional derivatives called the Caputo–Fabrizio (CF) frac-
tional derivative [14,15]. It was found that the problems
based on the CF derivative are more appropriate to be
solved by the method of Laplace transformation. Khan
and Shah in ref. [16] used the CF fractional derivatives for
the problem of the transfer of heat in a second-grade fluid,

and the exact analytical solution to the considered problem
was obtained by using the method of Laplace transforma-
tion. Ali et al. in ref. [17] analyzed the unforced convection
in magnetic hydrodynamic flow of the model of generalized
Walters’-B fluid using the CF fractional derivative. Imran
et al. in ref. [18] studied the natural convection unsteady
flow of Maxwell fluid on an infinite vertical flat plate that is
exponentially accelerated by using fractional order deriva-
tive. Moreover, they also considered the magnetohydro-
dynamic flow, Newtonian heating effects, the slip boundary
condition, and a radiation source. A comparisonwas carried
out to analyze the effects of the presence of Newtonian
heating on the Maxwell fluid’s unsteady flow near a flat
vertical plate. The Caputo and CF time fractional derivatives
are used for making the physical model for Maxwell fluid in
the problem solution [19]. A comparison is carried out to
analyze the Newtonian heating effect on the magnetic
hydrodynamic unsteady flow of Maxwell fluid flowing close
to the vertical flat plate. The Maxwell fluid model is pre-
sented for integer order derivatives and fractional-time deri-
vatives introduced by Atangana and Baleanu (AB), Michele
Caputo and Mauro Fabrizio (CF derivative), and Michele
Caputo (Caputo derivative) [20]. A comparison is carried
out to analyze the Maxwell model of a nanofluid with sus-
pended nanoparticles in ethylene glycol by using new
approach of fractional order differentiations. The equations
that govern the Maxwell model of the nanofluid for tem-
perature and velocity are converted to fractional form in
terms of the fractional differential operator, i.e., the AB
and CF fractional operators [21]. in ref. [21], the Brinkman
nanoliquid problem is solved with the help of a CF deriva-
tive of fractional order. Ahmad et al. in ref. [22] used the
definition of CF with the Laplace transformation method
and achieved the exact analytical solution to the velocity
equation. In ref. [23], the analysis of mass and heat transfer
is carried out in the Maxwell fluid flowing close to a plate
that is vertical. In ref. [24], the analysis of the natural (free)
convection in the Maxwell fluid flowing unsteadily because
of an infinite flat plate is carried out by using the two
modern definitions of fractional order derivatives, i.e., CF,
the differential operator defined by Caputo–Fabrizio, and
AB, the fractional operator given by AB. A comparison of
CF and Caputo nonintegral order derivative is carried out by
applying it to the free convection uniform flow of heat in a
Maxwell fluid under the effect of a radiation source [25].
Heat transfer in a fluid of second grade is analyzed by using
the definition of fractional order CF derivative [26]. The
authors analytically investigated a specific fluid model of
the Brinkman fluid known as the free convection Brinkman
fluid model of fractional order with the help of Caputo’s
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fractional operator in ref. [27]. The authors studied the
unsteady pulsatile fractional flow of blood (Maxwell fluid)
flowing across a vertical stenosed artery with Cattaneo heat
flux and body acceleration in ref. [28]. They analyzed the
incompressible viscous fluid flow with free convection sub-
jected to Newtonian heating by using a fractional model
and obtained an exact solution for the problem in ref.
[29]. The authors obtained a semi-analytical and numerical
solution for the flow of the fluid across a micro-channel in a
homogenous porous medium with electroosmotic effects.
The fluid they considered is fractional Oldroyd-B fluid [30].

The main aim of the article is to analyze the heat–
mass transfer in a generalized Maxwell fluid (GMF)
flowing on the surface of a vertical infinite plate with a
chemical reaction under the effect of exponential heating
at the boundary by using a CF derivative. The vertical
infinite plate has oscillating velocity in its respective
plane. The boundary conditions with exponential heating
and radiation effects are also analyzed. The mathematical
modeling of the problem is done with the help of the
modern definition of fractional operator of differentia-
tion presented by Michele Caputo and Mauro Fabrizio.
The exact analytical solution has been achieved by
using Laplace transformation on the dimensionless
equations of the problem with suitable initial and
boundary conditions.

2 Mathematical representation

Take into account the incompressible free convection
unsteadily flowing GMF through the surface of a flat ver-
tical plate oscillating in its respective plane. Initially,
when time is zero, i.e., t = 0, and temperature is constant,
T∞, fluid and plate are both stationary. After some time,
the plate through which the fluid is moving is exposed
to sinusoidal (waveform) oscillations at another time

=

+t 0 . The fluid’s velocity upon the wall is represented
as ( )=V U H t eιωt

0 when time =

+t 0 . According to =V
( ) ( )U H t e ιωt ι

0 , the plate oscillation begins in its plane
(y = 0), whereU0 is a constant of velocity in the upright
direction of flow, H(t) is the Heaviside step function, the
unit vector is i, and the plate oscillating frequency is ω
[3]. The temperature is increased to a value Tw (constant)
at time =

+t 0 . The equations that govern the flow of
GMF associated with thermal radiation, mixed convec-
tion heat transfer, shear stress, and mass transfer are as
follows:
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where T is fluid temperature, ρ is constant density of
fluid, ( )u y t, is velocity, ν is kinematic viscosity, βT is
thermal expansion (volumetric) coefficient, βc is mass
expansion (volumetric) coefficient, g is gravity (accelera-
tion),Cp is heat capacity (when pressure is constant), and
k is thermal conductivity.

The boundary and initial conditions for the problem
are presented as:
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The dimensionless quantities used in the dimensionless
analysis of the problem are
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By using the dimensionless quantities given in Eq. (6) in
Eqs. (1)–(4), we have
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wherePreff is effective Prandtl number, Gr is thermal Grashof
number, Pr is Prandtl number, Gm is mass Grashof number,
Nr is radiation parameter, η2 is dimensionless parameter of
chemical reaction, and Sc is Schmidt number.

After dimensionless analysis, the conditions (boundary
and initial) are as follows:
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The time derivatives are changed to CF time fractional
derivatives, whose order is α ∈ (0, 1), in order to introduce
a time fractional derivative model. So Eqs. (7)–(10) are
shown as follows:
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where the modified definition of the time fractional (non-
integer order) derivative given by CF is as follows:
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The Laplace transform of the CF time fractional derivative
is given as follows:
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2 Problem solution

To solve the problem analytically and find the exact (not
approximate) solution to the considered problem, the

method of Laplace transformation is applied to mass, tem-
perature, and velocity equations. As the velocity equation
is dependent on the concentration and temperature equa-
tions, in order to find the solution to the velocity equation,
the solutions to the temperature and concentration classes
will be our first preference.

2.1 Temperature field solution

By the use of Laplace transformation to Eq. (9) with con-
ditions (boundary and initial) from Eq. (11), we obtain
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By applying the Laplace inverse transformation, we have
arrived at a result, i.e.,
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where ( ) ( )−φ y t Pr γ αγ ψ y t γ αγ b, , , and , , Pr , ,1 eff 2 eff by
using appendices Eqs. (D1) and (D2).

2.2 Concentration field solution

By applying the Laplace transformation method to Eq.
(10) and with the conditions given in Eq. (11), we obtain
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By using the appropriate conditions, the solution to the
concentration equation is
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Eq. (20) represents the analytical exact (not approximate)
solution of the concentration (mass) class after making
use of the method of Laplace transformation. Eq. (21)
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represents the analytical exact (not approximate) con-
centration class solution after taking the Laplace inverse
transform and by using the definition of convolution and
Appendix (D6) as follows:

( ) ( )= ×C y t ϑ y t η γ αγ, 1 , , , Sc, .2 (21)

2.3 Velocity field solution

By the use of Laplace transform to Eq. (7) and put through
the conditions in Eq. (11), we have
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The solution to the problem after taking the Laplace
transform is given as follows:
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The exact solution obtained from the inverse Laplace transform of

Eq. (22) is given as follows:
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2.4 Nusselt number

When we partially differentiate Eq. (17) with respect to
the variable y, we obtain the Nusselt number that is given
as follows:
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2.5 Sherwood number

When we partially differentiate Eq. (21)with respect to the
variable y, we obtain the Sherwood number that is given
as follows:
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2.6 Skin friction

When we partially differentiate Eq. (22) with respect to
the variable y, we obtain the skin friction that is given as
follows:

Figure 1: Temperature profiles (dimensionless) of a fractional parameter α at different times.
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Figure 3: Preff (effective Prandtl number) profiles of temperature (dimensionless) at different times.

Figure 4: Concentration profiles of parameter η2 at different times.

Figure 2: Temperature profiles (dimensionless) of Pr (Prandtl number) at different t.
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Figure 5: Concentration profiles of Schmidt number Sc at different times.

Figure 6: Dimensionless velocity profiles of the cosine oscillation of the plate for the variations in α at Nr = 3, Pr = 5, Sc = 13, η2 = 10, Gm = 15,
Gr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 7: Dimensionless velocity profiles of the sine oscillation for the variation of α at Nr = 3, Pr = 5, Sc = 13, η2 = 10, Gm = 15, Gr = 3, λ = 0.9,
ω = 2.5, and varying t.
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Figure 8: Dimensionless velocity profiles of the cosine oscillation for variation Prandtl number at α = 0.4, Gr = 13, Gm = 5, Sc = 10, η2 = 10,
Nr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 9: Dimensionless velocity profiles of the sine oscillation for variation of Prandtl number Pr at α = 0.4, Gr = 13, Gm = 5, Sc = 10, η2 = 10,
Nr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 10: Dimensionless velocity profiles of the cosine oscillation for different Preff values at α = 0.2, Gr = 13, Gm = 5, Sc = 10, η2 = 10, Nr = 3,
λ = 0.9, ω = 2.5, and varying t.
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Figure 11: Dimensionless velocity profiles of the sine oscillation for variation of Prandtl effective number Preff at α = 0.2, Gr = 13, Gm = 5,
Sc = 10, η2 = 10, Nr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 12: Dimensionless velocity profiles of the cosine oscillation for variation of mass Grashof number Gm at Pr = 25, α = 0.2, Gr = 13,
Gm = 5, Sc = 3, η2 = 10, Nr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 13: Dimensionless velocity profiles of the sine oscillation for variation of mass Grashof number Gm at Pr = 25, α = 0.2, ω = 2.5, Gr = 13,
Gm = 5, Sc = 3, λ = 0.9, η2 = 10, Nr = 3, and varying t.
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3 Graphical results and
discussions

The analysis of heat and mass transfer in a GMF, which
includes the unsteady fluid flow across a flat vertical
plate’s surface that oscillates in its respective plane due
to chemical reactions and exponential heating, has been
explored. The fractional-order CF differential equations
for dimensionless temperature, concentration, and velocity
are examined. Moreover, the Laplace transform is used to
get accurate (not approximate) solutions. Preff, Pr, and α
values for dimensionless concentration, temperature, and

velocity profiles were shown in order to physically illustrate
the solution to the problem under various assumptions of
multiple dimensionless physical parameters, respectively.
The temperature profiles in relation to the space variable y
are represented in Figures 1–3. The graphs of several para-
meters, including Preff plots showing the effective Prandtl
number, the Prandtl number, and α, are plotted for dif-
ferent time values. Figure 1 depicts the impact of tempera-
ture profiles for various fractional parameter values at
different dates. Figure 1 shows that temperature acceler-
ates for a larger value of the fractional parameter,
whereas temperature and Prandtl number have an

Figure 14: Dimensionless velocity profiles of the cosine oscillation for variation of thermal Grashof number Gr at Pr = 10, α = 0.8, Gr = 13,
Gm = 15, Sc = 3, η2 = 6, Nr = 3, λ = 0.9, ω = 2.5, and varying t.

Figure 15: Dimensionless velocity profiles of the sine oscillation for variation of thermal Grashof number Gr at Pr = 10, α = 0.8, Gr = 13,
Gm = 15, Sc = 3, η2 = 6, Nr = 3, λ = 0.9, ω = 2.5, and varying t.
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inverse relation in Figure 2. As we know, the Prandtl
number is the ratio of the momentum diffusivity to the
thermal diffusivity, so when the Prandtl number increases,
the thermal conductivity decreases. Due to which the tem-
perature of the fluid decreases. Figure 3 indicates that the
temperature decelerates with greater Preff values. Figures 4
and 5 address concentration profiles against the space
variable y with the addition of the effect of variation of
parameter η2 (dimensionless parameter for chemical reac-
tions) and Sc, respectively, at different values of time. The
concentration decelerates with greater values of the para-
meter η2 in Figure 4. Figure 5 indicates that concentration

decreases with greater values of the Schmidt number.
There is an inverse relation between Sc and mass diffusion
rate due to the fact that the Schmidt number is the ratio of
the momentum diffusivity to the mass diffusivity. So when
the Schmidt number increases, the concentration decreases.
Figures 6–21 represent the velocity profiles against the
space variable y, which correspond to the sine (which oscil-
lates between −1 and 1) or cosine (which oscillates between
−1 and 1) oscillation of the oscillating plate.

Figures 6 and 7 show the velocity profiles for varia-
tions of fractional parameters with both oscillations of the
oscillating plate (cosine and sine oscillations, respectively,

Figure 16: Dimensionless velocity profiles of the cosine oscillation for variation of η2 for Pr = 33, α = 0.001, Gr = 8.9, Gm = 20, Sc = 7, Nr = 3,
λ = 2.5, ω = 2.5, and varying t.

Figure 17: Dimensionless velocity profiles of the sine oscillation for different variations of η2 at Pr = 33, α = 0.001, Gr = 8.9, Gm = 20, Sc = 7,
Nr = 3, λ = 2.5, ω = 2.5, and varying t.
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at different times). The velocity profiles of the fluid
regarding the two oscillations, i.e., the sine and cosine
oscillations, of the oscillating plate accelerate with the
increasing fractional parameter values, as shown in
Figures 6 and 7. In addition, Figures 8–11 (cosine and
sine oscillations, respectively, at different times) show
the effects of Prandtl and effective Prandtl numbers,
respectively. Figures 8–11 indicate that the fluid decele-
rates when the values of the two parameters, Pr and
Preff, increase, respectively. As we know that the Prandtl
number is the ratio of the momentum diffusivity to
the thermal diffusivity and has a direct relation with

dynamic viscosity so, as the Prandtl number increases
the viscosity of the fluid increases. Due to this relation-
ship, the increasing values of the Prandtl number cause
a decrease in the velocity of the fluid. Figures 12–15
show the effects of the Gm (mass Grashof number) and
Gr (thermal Grashof number). Figures 12–15 show that
the fluid’s velocity accelerates with the increment in Gm
and Gr, respectively. It is realized that the Grashof
number is the ratio of buoyancy force to viscous force,
so as the Grashof number increases, the viscosity of the
fluid decreases. Because of the reduction in the viscosity
of the fluid, the velocity of the fluid increases. Figures 16

Figure 18: Dimensionless velocity profiles of the cosine oscillation for different variations of Schmidt number Sc at Pr = 20, α = 0.4, Gr = 3,
Gm = 50, η2 = 5.5, Nr = 3, λ = 2.5, ω = 2.5, and varying t.

Figure 19: Dimensionless velocity profiles of the sine oscillation for various variations of Sc (Schmidt number) for Pr = 20, α = 0.4, Gr = 3,
Gm = 50, η2 = 5.5, Nr = 3, λ = 2.5, ω = 2.5, and varying t.
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and 17 (cosine and sine oscillations, respectively, at a
different time) graphically represent the effects of the
increasing η2 value (chemical reaction) on fluid velocity,
from which it is found that they are in inverse relation to
each other. When the value increases, the velocity of the
fluid decelerates, and when the value decreases, the
velocity of the fluid increases (accelerates). Figures 18
and 19 show the effect of Schmidt number (Sc) at dif-
ferent values of time, which is the same as the effect of a
chemical reaction. Since the Schmidt number is the ratio
of the momentum diffusivity to the mass diffusivity rate,

as the Schmidt number increases, the viscosity of the
fluid also increases, due to which the velocity of the
fluid decreases. When η2 increases, the velocity of fluid
decelerates, and when η2 decreases, the velocity of the
fluid increases (accelerates). Figures 18 and 19 represent
the effect of Schmidt number (Sc) at different values of
time, which is the same as the effect of η2 (chemical
reaction). Considering that the Schmidt number is the
ratio of the momentum diffusivity to the mass diffusivity
rate, as the Schmidt number increases, the viscosity of
the fluid increases due to which the velocity of the fluid

Figure 20: Dimensionless velocity profiles of the cosine oscillation for different variations of Nr for Sc = 13, Pr = 13, α = 0.8, Gr = 3, Gm = 30,
η2 = 5.5, Nr = 3, λ = 2.5, ω = 2.5, and varying t.

Figure 21: Dimensionless velocity profiles of the sine oscillation for different variations of Nr for Sc = 13, Pr = 13, α = 0.8, Gr = 3, Gm = 30,
η2 = 5.5, Nr = 3, λ = 2.5, ω = 2.5, and varying t.
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decreases. Figures 20 and 21 demonstrate that the fluid’s
velocity increases as the value of Nr increases (radiation
parameter). Figure 22 shows the modifications of skin
friction over time for various values of two different
parameters, i.e., parameter of a chemical reaction and
the Schmidt number. These figures lead to the conclu-
sion that when both parameters’ values rise, skin fric-
tion also decreases.

4 Conclusion

The study here presents the application of the CF’s new
definition of fractional order derivative, i.e., a generalization
of the classical derivatives of famous rate-type Maxwell’s
equation to fractional non-integer order derivatives in the
existence of a radiation source and exponential heating
(warming up exponentially). An analysis of the transfer of
mass by diffusion and the transfer of heat by free and forced
convection has been carried out. Using Laplace transforma-
tion, the exact (not approximate) solutions of the fractional
order differential equation of boundary value problem are
achieved analytically. The observation consists of the fol-
lowing key points.
• The heat transfer rate accelerates with higher values of
the fractional parameter.

• The increase in Prandtl number and effective Prandtl
number causes a deceleration in temperature.

• Mass concentration profiles come down with the greater
values of η2 and Schmidt number (Sc).

• Accelerating values of α, Gr, Nr, and Gm increases the
motion of the fluid, whereas the increase in Pr, Preff, η2,
and Sc causes reduction in the motion of fluid.

• The skin friction decreases with the increasing values
of both the parameters Eta and Schmidt number.
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