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Abstract: We numerically investigate and statistically
analyze the impact of medium parameters (modulation
depth P, modulation factor w, and gain/loss strength W)
and beam parameters (truncation coefficient a and dis-
tribution factor y,) on the propagation characteristics of a
cosh-Airy beam in the Gaussian parity-time (PT)-sym-
metric potential. It is demonstrated that the main lobe
of a cosh-Airy beam is captured as a soliton, which varies
periodically during propagation. The residual beam self-
accelerates along a parabolic trajectory due to the self-
healing property. With increment in P, the period of a
trapped soliton decreases almost monotonically, while
the peak power of a trapped soliton increases monotoni-
cally. With the increase in w or decrease in the absolute
value of W,, the period and peak power of a trapped
soliton decrease rapidly and then almost remain unchanged.
Moreover, it is indicated that the period of a trapped soliton
remains basically unchanged no matter a and y, increase or
decrease. The peak power of a trapped soliton increases with
increment of a, but the peak power of a trapped soliton stays
relatively constant irrespective of variation in yo.
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1 Introduction

In 1979, Berry and Balazs deduced a non-diffracting Airy
wave packet solution in Schrodinger equation [1]. In
2007, Christodoulides et al. first reported the generation
of a finite-energy Airy beam in experiment. Then, the Airy
beam has attracted significant attention due to its unique
properties, such as non-diffraction, self-acceleration, and
self-healing [1-6]. Because of these properties, an Airy
beam has important applications in plasma waveguides
[7], optical micromanipulation [8], light bullet [9,10],
plasmonic energy routing [11], and so on. An Airy beam
propagating in different kinds of medium has been inves-
tigated in recent years [12-22]. Combing Airy beams with
other shaped beams, some novel beams have been pro-
posed and studied, including Airy—Gaussian beams [23],
Airy—Bessel beams [24], Airy—Vortex beams [25], Airy—
Laguerre—Gaussian beams [26], Airy—Ince—Gaussian beams
[27], and Airy—Hermite-Gaussian beams [28]. Recently, a
cosh-Airy beam was proposed by superposition of two
Airy beams with different truncation coefficients [29]. The
beam propagation factor of a cosh-Airy beam has been stu-
died by the second-order moments [30]. The propagation
characteristics of the cosh-Airy beam is similar to that of an
Airy beam, except that the cosh-Airy beam has more manip-
ulation degrees of freedom [29]. Additionally, the self-
healing ability of the cosh-Airy beam is higher than that
of an Airy beam [31]. Moreover, few works reported on the
propagation of the cosh-Airy beam in uniaxial crystals
orthogonal to the optical axis [32], quadratic-index inhomo-
geneous medium [33], and parabolic potential [34].

With the rapid development of material technology,
lots of new nonlinear materials have been discovered,
such as the parity-time (PT)-symmetric medium [35].
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PT-symmetric medium is a kind of typical inhomoge-
neous medium. PT-symmetric demonstrates that the real
and imaginary part of a complex potential must be an even
function and an odd function, respectively [36]. Christo-
doulides et al. creatively introduced the PT-symmetric into
optics field [37]. Adding the periodic gain/loss to an optical
lattice, the distribution function of refractive index is an
even function and the distribution function of gain/loss
is an odd function, so a PT-symmetric optical lattice is
constructed [38]. The PT-symmetric medium with some
unique properties supports an optical soliton generation.
Therefore, generation and propagation of a variety of PT
soliton in different types of PT-symmetric potentials have
been investigated extensively, for example periodic poten-
tials [39], hyperbolic potentials [40], Bessel potentials [41],
parabolic potentials [42], and Gaussian potentials [43].

The Gaussian PT-symmetric profile has an explicit
expression, the real part is refractive index modulation,
and the imaginary part plays a role in phase modulation.
Therefore, research on the Gaussian PT-symmetric medium
is particularly important. To the best of our knowledge,
there are few research reports about cosh-Airy beams; how-
ever, the previous research works have not investigated the
influence of PT-symmetric medium with Gaussian potential
on the propagation properties of a cosh-Airy beam. In this
work, we study the propagation characteristics of a cosh-
Airy beam in an inhomogeneous medium with Gaussian
PT-symmetric potential. Our simulation result illustrates
that a trapped soliton is generated from the main lobe of
a cosh-Airy beam, the residual part can also self-accelerate
along a parabolic trajectory. The propagation characteristics
of a cosh-Airy beam are controlled by the Gaussian PT-sym-
metric potential parameters and the cosh-Airy beam para-
meters. This work is organized as follows. In Section 2, the
model describing a cosh-Airy beam propagating in the
Gaussian PT-symmetric potential is displayed. In Section
3, the influence of modulation depth, modulation factor,
gain/loss strength, truncation coefficient, and distribution
factor on the propagation properties of a cosh-Airy beam is
analyzed and discussed in details. Conclusion is presented
in Section 4.

2 Theoretical model

When a beam propagates in a one-dimensional PT-sym-
metric optical lattice, the refractive index has the fol-
lowing form:

n(X) = ng + nr(X) + ing(X) + my|@f?, 1)
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where ¢ is the amplitude of a beam, n, is the linear
refractive index, and n, is the nonlinear index coefficient.
n, is positive or negative, which represents the self-
focusing or self-defocusing nonlinear effect, respectively.
ng(X) and ny(X) are the real and imaginary parts of the
complex refractive index, representing the refractive index
distribution and gain/loss distribution of an optical lattice,
respectively. To satisfy the PT-symmetry condition, the
complex refractive index is written as follows:

nr(X) = nr(-X), mX) = -ny(-X). 2

According to the Eq. (2), it is demonstrated that the
refractive index distribution must be an even function, and
the gain/loss distribution must be an odd function. In other
words, the real and imaginary parts of the complex refractive
index must be even and odd symmetric, respectively.
Without Kerr nonlinearity, we consider the (1 + 1)-D normal-
ized nonlinear Schrodinger equation for a cosh-Airy beam
propagating in a Gaussian PT-symmetric potential [43].

2

iZ—f + %% + P[V(x) + Wx)]p = 0, (3)
where @(x, z) is the field envelop, and z represents the
normalized longitudinal coordinate. x = X/X,, is the dimen-
sionless transverse coordinate, and X, is the beam width.
V(x) and W(x) represent the real and imaginary parts of a
PT-symmetric potential, respectively. P is the modulation
depth of a PT-symmetric potential. The Gaussian PT-sym-
metric potential is presented as follows [43]:

V(x) = exp(-(wx)?), (4)
W(x) = iWy(wx) exp(—(wx)?), (5)

where w is a modulation factor of the Gaussian PT-sym-
metric potential. W, is the gain/loss strength. For the
complex Gaussian PT-symmetric potential, all eigenvalues
are real when the refractive index strength is stronger than
the gain/loss strength, otherwise, the eigenvalues are
mixed [43]. The initial field distribution of a cosh-Airy
beam is taken as

o(z = 0, x) = Ai(x) exp(ax) cosh(x,x), (6)

where a is a truncation coefficient that must satisfy the
condition 0 < a < 1 to ensure the physical realization of
a finite energy cosh-Airy beam [1]. The side lobes of the
cosh-Airy beam become more and more obvious when a is
close to 0. The cosh-Airy beam becomes a Gaussian beam
if a is close to 1. xo is a distribution factor, Eq. (6) stands for
an Airy beam for yo = 0. Ai(-) represents an Airy function.

The cosh-Airy beam is regarded as the result of
superposition of two Airy beams with different truncation
coefficients [29], so Eq. (6) is expressed as



DE GRUYTER

P(z=0,x) = %[Ai(x) exp(a,x) + Ai(x)exp(ax)], (7)

where

a, =a+ Xy (83)

a=a-x, (8b)

When the modulation depth and the gain/loss strength
are set as P = 1 and W, = 1, Figure 1 displays the refractive
index distribution function V(x) and the gain/loss distribu-
tion function W(x) for various values of w and the initial
cosh-Airy curve with different y,. In Figure 1(a), it is pre-
sented that real part V(x) is even symmetry and imaginary
part W(x) is odd symmetry, which satisfies the PT-sym-
metric condition. From the real part V(x), it is illustrated
that the value of V(x) is positive and is maximum at
x = 0. The value of V(x) is gradually close to 0 as x increases
or decreases. The center refractive index of a Gaussian PT-
symmetric potential is the largest, while the refractive index
gradually decreases to O away from the center position.
From the imaginary part W(x), it is shown that the value
of V(x) is positive for x > 0, V(x) is negative for x < 0, and the
maximum absolute value of W(x) occurs around x = 0. The
value of W(x) is gradually close to O as x increases or
decreases. The Gaussian PT-symmetric potential generates
loss and gain for x < 0 and x > 0, respectively. In Figure 1(b),
it is shown that the side lobe intensity of a cosh-Airy beam
with truncation coefficient a = 0.1 gradually increases with
increment of o, however, the main lobe intensity varies
little.

From Figure 1, it is also found that the cosh-Airy
beam will be constrained due to the highest refractive
index in the Gaussian PT-symmetry center. Meanwhile,
the power of a cosh-Airy beam will generate oscillation
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because the gain/loss of imaginary part are inconsistent
near the Gaussian PT-symmetry center. The modulation
range is wide enough to control the entire cosh-Airy
beam for w = 0.1 (blue cure). However, the potential
width or modulation range is much narrower that merely
covers the main lobe of a cosh-Airy beam for w = 1.0 (red
curve). A more complicated inhomogeneous medium can
be composed by superposition and combination of these
different unique properties medium. Therefore, the influ-
ence of a Gaussian PT potential on the propagation char-
acteristics of a cosh-Airy beam may be different due to
different modulation ranges.

3 Results and discussion

Based on Eq. (3), we numerically simulate the propaga-
tion process of a cosh-Airy beam in the Gaussian PT-sym-
metric potential by considering the effect of modulation
depth P, modulation factor w, gain/loss strength W,
truncation coefficient a, and distribution factor .

Atw =1, Wy =0.9, a = 0.1, and xo = 0.02, Figure 2
presents the propagation properties of a cosh-Airy beam
in the Gaussian PT-symmetric potential for P = 1.6, 2.0,
2.5, and 3.5, respectively. In Figure 2(a)-(d), it is illu-
strated that the main lobe of a cosh-Airy beam is captured
as a soliton, i.e., trapped soliton, because the refractive
index in the PT-symmetric center is higher than that of
others. The trapped soliton varies periodically during
propagation. The remaining part of the cosh-Airy beam
is still able to self-accelerate along a parabolic trajectory
due to the self-healing property. The refractive index of
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Figure 1: Profiles of a Gaussian PT-symmetric for different values of w and initial cosh-Airy curve with different yo: (a) real part V(x) (red solid
line) and imaginary part W(x) (red dotted line) of a Gaussian PT-symmetric potential for w = 1, and real part V(x) (blue solid line) and
imaginary part W(x) (blue dotted line) for w = 0.1; (b) different cosh-Airy beam curves with truncation coefficient a = 0.1 for y, = 0 (blue solid

line), xo = 1.5 (red solid line), and xo = 2 (green solid line).
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Gaussian PT-symmetric potential in the center position
increases gradually with increment in modulation depth
P, which shows that the restraint ability of a beam
increases gradually. On increasing the modulation depth
P, the peak power of a trapped soliton increases and the
period of a trapped soliton becomes short in Figure 2(a)—(e).

When we set P = 2.5, Wy = 0.9, a = 0.1, and o, = 0.02,
Figure 3 shows the propagation properties of the cosh-
Airy beam in Gaussian PT-symmetric potential for w = 0.8,
1.1, 1.3, and 1.5, respectively. The potential width is
much narrower for w = 1 that is equal to the main lobe
width of the cosh-Airy beam (Figure 1(a)). With increasing
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modulation factor w, the potential width decreases gradu-
ally that is narrower than the main lobe width of the cosh-
Airy beam. It is indicated that the restraint ability of a
beam decreases gradually with increment in w. Since the
refractive index in the center of a Gaussian PT-symmetric
potential is the highest, the main lobe of the cosh-Airy
beam is also captured as a soliton in Figure 3(a)-(d).
The trapped soliton still varies periodically in the process
of propagation. The remaining part of the cosh-Airy beam
is still able to self-accelerate along a parabolic trajectory
due to the self-healing properties (Figure 3(a)-(d)). In
Figure 3(a)-(e), we find that the peak power of a trapped
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Figure 2: Propagation of a cosh-Airy beam in Gaussian PT-symmetric potential with different modulation depth: (a) P = 1.6, (b) P = 2.0,
(c) P=2.5,and (d) P = 3.5. (e) Variation in peak power of a trapped soliton with propagation distance for different modulation depths.
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Figure 3: The change in the cosh-Airy beam as a function of propagation distance for different modulation factors: (a) w = 0.8, (b) w = 1.1,
(c) w = 1.3, and (d) w = 1.5. (e) Peak power of a trapped soliton changes with propagation distance for different modulation factors.

soliton decreases and the period of a trapped soliton
becomes short with increase in w.

The propagation characteristics of the cosh-Airy beam
in Gaussian PT-symmetric potential with different gain/
loss strength W, are shown in Figure 4 for P = 2.5, w =1,
a = 0.1, and o = 0.02. For W, > 0, the Gaussian PT-sym-
metric potential generates loss at x < O, while the gain
appears at x > 0 (Figure 1(a)). However, for W, < 0, the
Gaussian PT-symmetric potential generates gain at x < 0,
and the loss appears at x > 0. It is presented that a soliton
sheds from the main lobe of the cosh-Airy beam because of
the effect of Gaussian PT-symmetric potential and propagates

periodically in Figure 4. The remaining part of the cosh-Airy
beam is also able to self-accelerate along a parabolic
trajectory due to the self-healing properties. Comparing
Figure 4(al-d1 and a2-d2) shows that the deflection
direction of a trapped soliton is opposite. On increasing
the absolute value of W, the peak power of a trapped
soliton increases and the period of a trapped soliton
becomes long in Figure 4(el) and (e2).

The effect of Gaussian PT-symmetric potential para-
meters on the propagation properties of a trapped soliton
is statistically analyzed. Variation in the peak power and
period of a trapped soliton with modulation depth P,
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Figure 4: Propagation of a cosh-Airy beam in Gaussian PT-symmetric potential with different gain/loss strength: (a1 and a2) W, = +0.4, (b1
and b2) W, = +0.6, (c1 and c2) W, = +0.8, and (d1 and d2) W, = +1. (e1) and (e2) Peak power of a trapped soliton varies with propagation

distance for different gain/loss strengths.

modulation factor w, and gain/loss strength W, is depicted
in Figure 5. It is demonstrated that the period of a trapped
soliton decreases almost monotonically with increase in P,
while the peak power of a trapped soliton increases mono-
tonically with increment of P (Figure 5(a)). On increasing w
or decreasing the absolute value of Wy, the period and
peak power of a trapped soliton decrease rapidly and
then almost tend to be stable (Figure 5(b) and (c)). Thus,
we found that a trapped soliton shedding from a cosh-Airy
beam can be manipulated by changing the Gaussian PT-
symmetric potential parameters.

Truncation coefficient a is an important parameter
used to manipulate the waveform of a cosh-Airy beam.
Figure 6 presents the propagation characteristics of a
cosh-Airy beam in a Gaussian PT-symmetric potential
for three truncation coefficients under the condition of
P=15 w =1, Wy = 0.9, and x, = 0.01. In Figure 6(a),
the initial spatial shape of the cosh-Airy beam is asym-
metric oscillation structure with multi-peak. When the
truncation coefficient is smaller (a = 0.05), a trapped

soliton generates from the main lobe of the cosh-Airy
beam due to the effect of Gaussian PT-symmetric poten-
tial and propagates periodically. The remaining part of
the cosh-Airy beam is also able to self-accelerate along a
parabolic trajectory because of the self-healing proper-
ties. In Figure 6(b), the side lobes of the cosh-Airy
beam decreases rapidly and the main lobe is also cap-
tured as a soliton with increase in a to 0.25. In Figure 6(c),
when the truncation coefficient becomes much large (a =
0.35), the side lobes disappear slowly and the cosh-Airy
beam evolves almost into a Gaussian beam, so the prop-
erty of transverse self-acceleration almost loses. In addi-
tion, a trapped soliton also generates from the cosh-Airy
beam and propagates periodically. As the truncation
coefficient increases, the peak power of the trapped
soliton increases, but the period the trapped soliton
almost remains unchanged (Figure 6(a)—(d)).
Distribution factor y, is another important parameter
to control the waveform of the cosh-Airy beam. For P =
1.5, w =1, Wy = 0.9, and a = 0.3, the propagation
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period of a trapped soliton.

properties of the cosh-Airy beam in a Gaussian PT-sym-
metric potential with three distribution factors is dis-
played in Figure 7. Distribution factor can be used to
control the side lobe intensity of the cosh-Airy beam,
but has little effect on the main lobe intensity (Figure 1(b)).
In Figure 7(a)—(c), when the distribution factor y, increases
gradually, it is illustrated that a soliton sheds from the
main lobe of the cosh-Airy beam and propagates periodi-
cally, meanwhile the property of transverse self-acceleration
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recovers gradually due to the increase in the side lobe
energy. In Figure 7(d), it is found that the peak power and
period of a trapped soliton almost remains unchanged with
increment of xo.

The influence of beam parameters on the propagation
characteristics of a trapped soliton is statistically ana-
lyzed. Figure 8 shows the peak power and period of
a trapped soliton varying with truncation coefficient a
and distribution factor yo. It is illustrated that the period
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Figure 6: Variation in a cosh-Airy beam with propagation distance for different truncation coefficients: (a) a = 0.05, (b) a = 0.25, and
(c) a = 0.35. (d) Variation in peak power of a trapped soliton with propagation distance for different truncation coefficients.
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Figure 7: Propagation of a cosh-Airy beam in Gaussian PT-symmetric potential with different distribution factors: (a) xo = 0, (b) o = 0.15, and
(c) Xo = 0.25. (d) The change in peak power of a trapped soliton as a function of propagation distance for different distribution factor.

of a trapped soliton remains basically unchanged irre-
spective of increase or decrease in a and y, (Figure 8(a)
and (b)). The peak power of a trapped soliton increases
with increment of a; however, the peak power of a
trapped soliton stays relatively constant in spite of varia-
tions in yo (Figure 8(a) and (b)). Consequently, we found
that a trapped soliton shedding from a cosh-Airy beam
can be controlled by changing the beam parameter a,
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while another beam parameter y, has little effect on the
propagation properties of the trapped soliton.

4 Conclusion

In conclusion, the propagation characteristics of a cosh-
Airy beam in the inhomogeneous nonlinear medium with
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Figure 8: Statistical diagram of the impact of truncation coefficient a and distribution factor x, on the peak power and period of a trapped

soliton.
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Gaussian PT-symmetric potential is numerically investi-
gated in detail. It is found that a trapped soliton sheds
from the main lobe of a cosh-Airy beam and propagates
periodically, while the residual part can also self-accel-
erate along a parabolic trajectory because of the self-
healing property. Furthermore, the influence of Gaussian
PT-symmetric potential parameters and beam parameters
on the propagation properties of a cosh-Airy beam is
statistically analyzed. It is presented that the period of
a trapped soliton decreases almost monotonically with
increase in the modulation depth P, while the peak
power of a trapped soliton increases monotonically with
increment in the modulation depth P. On increasing the
modulation factor w or decreasing the absolute value of
gain/loss strength W, the period and peak power of a
trapped soliton decrease rapidly and then almost stays
relatively constant. Moreover, it is illustrated that the
period of a trapped soliton remains basically unchanged
irrespective of variation in truncation coefficient a and
distribution factor x,. The peak power of a trapped soliton
increases with the increment in the truncation coefficient
a; however, the peak power of a trapped soliton remains
unchanged in spite of increase or decrease in the distribu-
tion factor yo. Hence, we found that the propagation prop-
erties of a trapped soliton shedding from a cosh-Airy
beam can be manipulated by appropriately choosing
the Gaussian PT-symmetric potential parameters and
beam parameters.
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