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Abstract: Two-dimensional electromagnetohydrodynamic
behavior of nanofluids through rectangular microchannels
is investigated. The combined effects of time-periodic
pressure gradients and magnetic fields in terms of the
Hall effects on nanofluid flow are considered. Under the
Debye–Hückel linearization approximation, the semi-ana-
lytic solution of the velocity field is derived by Green’s
functionmethod. Furthermore, the semi-analytic solutions
of electrokinetic energy conversion (EKEC) efficiency and
the streaming potential of nanofluids through the rectan-
gular microchannels are obtained. The variations of the
velocity, streaming potential, and EKEC efficiency with
the electric double layer thickness K, Hartmann number
Ha, Hall parameter m, and dimensionless frequency Ω are
shown and briefly discussed.
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1 Introduction

With the development of microfluidic technology, micro-
fluidic chip or lab-on-a-chip, micro-electro-mechanical
systems, micro nanotechnology, medical field, and bio-
chemical analysis device have developed rapidly in the
field of microfluidics and have wide application prospect

[1–5]. At present, there are many microfluidic driving
and control technologies, and the principles are different.
The mechanisms commonly used to drive fluid flow in
microtubes include pressure gradient, surface tension,
electroosmotic force, Lorentz force, and electromagneto-
hydrodynamic (EMHD) effect [6–11].

In the microfluidic system, when the wall material of
the microchannel contacts with the electrolyte solution,
the wall will carry an electrostatic charge. The electro-
static charge attracts the opposite ions in the solution and
repels the same ions, resulting in the rearrangement of
ions near the wall to form an electric double layer (EDL)
[12]. Under the pressure-driven condition, the ions in the
EDL form a streaming current with the flow of the fluid
[13]. With the flow of the fluid, ions accumulate down-
stream of the microchannel and eventually produce a
potential difference, which is called streaming potential
or streaming direction potential, and the direction is
opposite to the flow direction of the fluid. The study of
streaming potential has attracted the attention of many
researchers [14–21]. In addition, the conversion of mechan-
ical energy generated by fluid motion and chemical energy
within the EDL into electrical energy is another important
application of the streaming potential in microchannels
[22]. This conversion process is called electrokinetic energy
conversion (EKEC) efficiency. Many researchers have stu-
died the EKEC efficiency of fluid through microchannels.
Daiguji et al. [23] studied the EKEC efficiency in parallel
plate nanofluidic channels. Wang and Kang [24] investi-
gated the EKEC efficiency in silicon nanochannels. Chanda
et al. [25] researched the EKEC efficiency in flexible micro-
nanotubes and found that the EKEC efficiency of rigid pipes
is relatively lower than that of flexible pipes. Jian et al. [26]
investigated the EKEC efficiency of viscoelastic fluids pas-
sing through polyelectrolyte-grafted nanochannels under
no-slip boundary conditions. Xie and Jian [27]were the first
to investigate the EKEC efficiency of nanofluids and found
that the introduction of nanoparticles could improve the
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energy conversion efficiency of fluids. Liu et al. [28] found
that curved rectangular nanochannels could effectively
improve the electrochemical mechanical energy conver-
sion efficiency within a certain parameter range.

With the progress of science and technology, indus-
trial automation technology is more and more widely
used in various fields, and the Hall effect has a high sense
of existence in all links of signal transmission and energy
exchange of industrial automation technology, so it is
particularly important in application technology. Hall
effect is a kind of electromagnetic effect. When the cur-
rent passes through the semiconductor perpendicular to
the external magnetic field, the carrier will shift, and an
additional electric field will be generated perpendicular
to the direction of a current and magnetic field, resulting
in a potential difference at both ends of the semicon-
ductor. This phenomenon is the Hall effect. Shah et al.
[29] studied the effects of electromagnetic hydrodynamics
and the Hall effects on the compression of three-dimen-
sional flow nanofluids between parallel rotating plates.
Abbasi et al. [30] used the homotopy perturbation method
to analyze the entropy generation of the creep of nano-
fluids with viscosity varying with temperature and the Hall
effect. Krishna and Chamkha [31] studied the Hall and ion
slip effects of viscoelastic fluid in magnetohydrodynamic
convection between two rigid rotating plates with sinu-
soidal pressure gradient through porous media. Attia and
Aboul-Hassan [32] studied the unsteady flow of viscous
conductive fluid caused by the rotation of an infinite
non-conductive porous disk under an axial uniform and
constant magnetic field considering the Hall effects.

Therefore, based on previous literature, it is found
that the EMHD of nanofluids passing through rectangular
microchannels under unsteady conditions has rarely been
studied [33,34]. This study aims to study the EMHD beha-
vior of nanofluids passing through rectangular microchan-
nels under the influence of the Hall effects with unsteady
conditions, in which Green’s functionmethod is very effec-
tive to solve unsteady problems [35–38]. Therefore, we

obtain the analytical solution of the velocity field using
Green’s function method and discuss the current potential
and EKEC efficiency. It is hoped that this study can provide
some help for the research of microfluidic systems and the
EKEC efficiency and provide some reference value for
future research.

2 Mathematical formulation

2.1 Problem definition

As shown in Figure 1, we consider that under the joint
action of Z-direction uniform magnetic field B0 and
Y-direction pressure gradient flow, the incompressible
viscous nanofluid passes through rectangular micro-
channels with width W and height H, and the wall
potential of rectangular microchannels is ψ0. The origin
of the coordinate system is set at the lower-left corner of
the rectangular microchannel. The flow is assumed to be
unsteady, fully developed, and hydrodynamic. In addi-
tion, EDL formed by nanoparticles is not considered,
and it is assumed that EDLs formed on the channel
wall do not overlap in this study.

2.2 Electrical potential equation and
approximate solution

For asymmetric (z+ = z− = z) electrolyte solution, the elec-
trical potential Ψ(X, Z) of the EDL, and the local volu-
metric net charge density ρe(X, Z) are described by the
following Poisson–Boltzmann (PB) equations [39]:
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Figure 1: Geometry of the physical problem, coordinate system.
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where ε is the fluid permittivity, z0 is the valence number
of ions, e is the elementary electric charge, n+ and n− are
the number densities of the electrolyte cations and anions,
respectively, and are given by the Boltzmann distribu-
tion, i.e.

n n ez X Z
κ T

exp Ψ , ,0
0

B av
⎡

⎣⎢

( ) ⎤

⎦⎥
= ∓± (3)

where n0 is the bulk volume concentration of positive or
negative ions which is independent of the surface elec-
trochemistry, κB is the Boltzmann constant, and Tav is the
absolute temperature over the entire channel. Assuming
the electrical potential is small enough, the Debye–
Hückel approximation can be employed for Eq. (3)

ez X Z
κ T

ez X Z
κ T

exp Ψ , 1 Ψ , .
B av B av

⎡
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( ) ⎤
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( )
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Substituting Eqs. (3) and (4) into Eq. (2), we finally
obtain

ρ X Z z en z e X Z
κ T

, 2 sinh Ψ , .e 0 0
0

B av
⎜ ⎟( ) ⎛

⎝

( ) ⎞

⎠
= − (5)

The boundary conditions of the electrical poten-
tial are

ψ ψ ψ ψΨ , Ψ , Ψ , Ψ .X X W Z Z H0 0 0 0 0 0| |= | = = | == = = = (6)

We introduce the following dimensionless variables

x X
H

z Z
H

ψ
ψ

K κH, , Ψ , .
0

= = = = (7)

Under the condition that the double layer potential is
small (|ψ| < 1), Eq. (1) can be linearized by the so-called
Debye–Hückel approximation and we write Eq. (1) in
dimensionless form as follows:
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The boundary conditions are

ψ ψ ψ ψ1, 1, 1, 1,x x α z z0 0 1| | | |= = = == = = = (9)

where κ n z e
εκ T

2 1 2
0 0

2 2

B av( )=

/

is the Debye–Hückel parameter

and 1/κ denotes the thickness of the EDL and α = W/H.
The solution of Eq. (8) is subject to the boundary condi-
tions Eq. (9) is

where
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2.3 Analytical solutions of the velocity field

The government equations for nanofluids flow can be
expressed as [34,43]

U 0,∇⋅
→

= (13)

ρ U T U U P μ U F ,eff eff
2[ ( ) ]∂

→
/∂ +

→
⋅∇

→
= − ∇

→
+ ∇

→
+

→ (14)

where U V U W, ,( )
→

= is the flow velocity, T is the time,
and ρeff is the effective density of the nanofluid, which is
given by

ρ φρ φ ρ1 ,s feff ( )= + − (15)

where φ is the volume fraction of the nanoparticles, ρs
is the density of a solid and ρf is the density of a fluid.
µeff is the effective viscosity of the nanofluid, which is
given by

μ
μ

φ1
,f

eff 2.5( )
=

−
(16)

where µf is the viscosity of the base fluid. P is the pressure
and F

→
is the net body force acting on the fluid, which is

essentially contributed by the interactions between the
induced electrical field and the applied magnetic field.
It is defined

F ρ X Z E J B, .e( )
→

=
→

+
→

×
→ (17)

In general, the electric current density J
→

is obtained
from generalized Ohm’s law for Hall effects, that is
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where E E0, , 0s( )
→

= , Es is the intensity of induced elec-
tric field (streaming potential) along Y direction, B

⎯→⎯
is the

magnetic field along Z direction and its strength is B0, σeff
is the effective electrical conductivity of the nanofluid,
which is given by

σ σ
σ σ φ

σ σ σ σ φ
1

3 1
2 1

,f
s f

s f s f
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⎛

⎝
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= +
/ −

/ + − / −
(19)

where σs is the electrical conductivity of the nanoparti-
cles, and σf is the electrical conductivity of base fluids.
The flow is assumed unsteady and fully developed. Further-
more, due to the assumption ofH≪ L,W≪ L, only the axial
velocity component U (X, Z, T) of the rectangular micro-
channel along the Y-direction is considered. Hence, the
corresponding Navier–Stokes equation governing the flow
can be given as [43]
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where −dP/dY = Ω′F(ωT), Ω′ is the amplitude, Es = E1F
(ωT). Now, as shown in Figure 1, square waveform peri-
odic functions are introduced as follows [36]:
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The boundary conditions on the wall of the micro-
channel and initial conditions are
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Introducing the following dimensionless group:
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where Ω′ = −dP/dY, Up is a reference pressure-driven flow
velocity, Ue is the Helmholtz–Smoluchowski electro-
osmotic velocity, Ω is the dimensionless frequency. E0
is the characteristic electric field, and K is the EDL thick-
ness. Ha is the Hartmann number, which gives an

estimate of the magnetic forces compared to the viscous
forces. m is the Hall parameter. After inserting dimen-
sionless parameters Eqs. (7) and (23) into Eq. (20), the
dimensionless momentum equation, relevant boundary
conditions, and initial conditions have the following
form:
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where a = c·p, b qcm q
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2.4 Solution produce

Thenon-dimensional energyEq. (24) subject to theboundary
conditions and initial conditions Eq. (25) is now solved
using Green’s function method. Green’s function satisfies:

g
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subject to the following homogeneous boundary condi-
tions and initial conditions:
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where δ(x) is the Dirac delta function. We begin with the
Laplace transform Eq. (26)
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Assuming that G(x, z, s| ξ, η, τ) can be expressed in
terms of the expansion
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show that Gl(z|η) is governed by
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Taking the inverse Laplace transform
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so, the dimensionless velocity profile is calculated by the
following simplified formula:
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where Q (ξ, η, τ) is defined in Eq. (24). The dimensionless
velocity has been given by Eq. (38) and substituted into
Q (ξ, η, τ) and Eq. (37) to obtain

u x z t
αq

ϕ z lπx
α

F τ H t τ τ

E m S ϕ η η lπξ
α

ξ

cK ψ ξ η ϕ η lπξ
α

ξ η

cu ϕ η η lπξ
α

ξ

, , 4 sin

Ω e d

d Ha d sin d

, sin d d

d sin d ,

l n n
n

t
a l π

α
β b t τ

x n

α

α

n

r n

α

1 1
2

0

Ha

0

1

0

2

0

1

0

0

1

0

n
2 2

2
2 2

⎜ ⎟

⎜ ⎟

⎜ ⎟

( ) ( ) ⎛
⎝

⎞
⎠

( ) ( )

⎧

⎨
⎩

( ( ) ⎛

⎝

⎞

⎠

( ) ( ) ⎛

⎝

⎞

⎠
)

( ) ⎛

⎝

⎞

⎠

⎫

⎬
⎭

⎡

⎣
⎢

⎛

⎝

⎞

⎠

⎤

⎦
⎥

( )

∫

∫ ∫

∫∫

∫ ∫

∑∑=

−

⋅

−

+

=

∞

=

∞

− + + −

(39)

where Ex = E1/E0. It needs to be pointed out that the
streaming potential (Es) appearing in the above velocity
field is unknown. It can be determined by setting the
electro-neutrality condition as follows.

2.5 Calculation of the streaming potential

Due to the migration of excess free ions, the streaming
potential or streaming current can also be generated by
the Lorentz force. The accumulation of ions downstream
can induce a conduction current Ic. To maintain the elec-
troneutrality of the fluid system, the conduction current
and the streaming maintain equilibrium in a steady state,
i.e., Ic + Is = 0. Thus, the streaming potential (Es) can be
obtained.

I ez n U n U X Z I Id d 0,
H W

s c0

0 0

( )∫∫= − = + =+ + − − (40)

where Is is the streaming current, Ic is the conduction
current, and U± is a combination of nanofluid advection
velocity (U) and electromigrative velocity (±ezEs/f), so
that they can be written as

U U ez E
f

.s0
= ±± (41)

In Eq. (41), f is the ionic friction coefficient. Substitute
Eqs. (3), (39), and (41) into Eq. (40), we shall finally get
the dimensionless streaming potential as
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where Anlij, B1nl, B2nlij, B3nl, and C as follows:
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2.6 Efficiency of the EKEC

In the process of generating the streaming current (Is)
and the streaming electric field (Es), the mechanical
energy of the pressure-driven flow is converted to electric
energy. The energy conversion efficiency ζ is defined
as [40]:

ζ P
P

,out

in
= (48)

where Pin and Pout respectively represent the input and
output power, and the expression is

P P
Y

Qd
d

,in in= − (49)

P I E
4

.s s
out = (50)

Here, Qin denotes the flow rate for this pressure-
driven flow and can be expressed as

Q U X Zd d ,
H W
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0 0
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we can get ζ from Eqs. (48)–(52) as
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3 Results and discussion

In the previous section, the semi-analytic solutions were
derived by Green’s function method for velocity, the
streaming potential, and EKEC efficiency of incompres-
sible viscous nanofluid in a rectangular microchannel.
They depend greatly on many dimensionless parameters
defined earlier. To obtain interesting results, the practical
ranges of these dimensionless parameters should be pro-
vided based upon pertinent physical variables [28,37,41,42]:
H = 100 μm, Tav is 298 K, κB is 1.381 × 10−23 J K−1, ɛ = 7 ×
10−10C2N−1m−2, e = 1.6 × 10−19 C, z0 = 1, ρs = 3,600 kgm−3,
ρf = 997.1 kgm−3, μf = 8.91 × 10−3 kgm−1 s−1, σf = 0.05 Sm−1,
σs = 10−12 Sm−1, ur = 1.0, α = 1, α0 = 1, α1 = 1, and φ = 0.02.
The range of E0 changes from 0.1 to 102 Vm−1, f is taken as
10−12 N sm−1, the range of the EDL thickness K changes from
10 to 45, the range of Ha changes from 0 to 10, the range of
Ω changes from 10 to 120, and m is set to 0.4 to 1.2.

The numerical solution obtained by the Legendre–
Gauss Quadrature method has been verified by the
known available results given in the literature. The com-
parison of the mean flow velocity corresponding with the
magnetic field is presented between the current study
and the existing experimental data of Lemoff and Lee
[44], and the theoretical results of Rivero and Cuevas’s
2D model [45]. Through the comparison, it can be clearly
found that the mean flow velocity of the fluid is evidently
bigger than the values of the experimental data and the-
oretical results in the condition of m = 0.1, Ω = 300, and
m = 1, Ω = 200. Because the intensity of the applied
magnetic field is relatively small, consequently, the
impacts of the Hall effects on the mean flow velocity
are unremarkable. Furthermore, the bigger Hall para-
meter and smaller dimensionless frequency easily cause
bigger mean flow velocity (Figure 2).

Figure 3 illuminates the variation of the dimension-
less velocity with x versus z through the rectangular micro-
channel when t = 0.5 when the other parameters are fixed.
In these figures, the Hall parameters are set to 0.8, 0.9, 1.0,
and 1.1, respectively. As shown in Figure 3(a)–(d), the
dimensionless velocity shows an overall increasing trend
with the increase of the Hall parameter. It is also observed
that there is an electroosmotic effect at the walls in the
x-direction and z-direction. We find that with the increase
of the Hall parameter, the dimensionless velocity at the
wall in the x-direction increases gradually and the fluc-
tuation is more and more obvious. The dimensionless
velocity at the wall in the z-direction gradually decreases
in a direction opposite to the fluid flow. This is because,
with the increase of the Hall parameter, the conductivity
and electromagnetic force of nanofluids increase, resulting
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in the corresponding increase of the dimensionless velo-
city of nanofluids.

Figure 4 depicts the variation of dimensionless velo-
city with x versus t at the cross-section of the rectangular

microchannel when z = 0.5. In these figures, the dimension-
less frequencies are set to 10, 20, 30, and 40, respectively. As
shown in Figure 4(a)–(d), the larger the dimensionless
frequency, the smaller the variation fluctuation period
of dimensionless velocity with the increase of time. In
addition, it can be seen that the overall velocity decrease
with the increase in dimensionless frequency. This is
because the larger the dimensionless frequency and
the smaller the change period, the faster the fluid flow
oscillation and the smaller the oscillation period, resulting
in the incomplete development of the fluid and the
smaller the amplitude, to reduce the dimensionless
velocity.

Figure 5 illuminates the change of dimensionless
velocity with z and t on the cross-section of rectangular
microchannel at x = 0.5. The Hartmann numbers in
Figure 5(a)–(d) are set to 2, 4, 6, and 8, respectively.
It can be observed that the fluctuation of dimensionless
velocity with time is different from that in Figure 4 due to
different types of boundary conditions. In addition, it can
be seen that the dimensionless velocity decreases with
the increase of the Hartmann number. This is because
the magnetic field hinders the flow of fluid. The larger the

Figure 3: Dimensionless velocity distribution for t = 0.5 with (a) m = 0.8; (b) m = 0.9; (c) m = 1.0; and (d) m = 1.1 (K = 10, Ha = 5, Ω = 20,
E0 = 10, S = 5).

Figure 2: Comparison of the mean flow velocity of the present result
with the existing experimental data of Lemoff and Lee [44] and the
theoretical results of Rivero and Cuevas’s 2D model [45].
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Figure 4: Dimensionless velocity distribution of the square waveform for z = 0.5 with (a) Ω = 10; (b)Ω = 20; (c) Ω = 30; and (d)Ω = 40 (K = 20,
Ha = 5, m = 1, E0 = 10, S = 5).

Figure 5: Dimensionless velocity distribution of the square waveform for x = 0.5 with (a) Ha = 2; (b) Ha = 4; (c) Ha = 6; and (d) Ha = 8. (K = 15,
m = 1, Ω = 30, E0 = 10, S = 5).
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Hartmann number, the greater the obstruction of fluid flow,
and the smaller the amplitude of dimensionless velocity
oscillation, thus reducing the flow velocity of nanofluid.

Figure 6 illustrates the variation of the dimensionless
streaming potential for different EDL thickness K, Hall
parameter m, Hartmann number Ha, and dimensionless
frequency Ωwith time. It can be observed that the variation
of the dimensionless streaming potential with increasing
time is in the form of simple harmonic wave motion. In
addition, the dimensionless streaming potential, as shown
in Figure 6(a), decreases as the dimensionless EDL thick-
ness increases. This is because the thickness of the EDL
decreases as K increases, and the number of free-charged
ions in it decreases, thus causing a decrease in the streaming
potential. As shown in Figure 6(b), the dimensionless
streaming potential gradually decreases as the dimension-
less frequency increases. This is because the higher the
dimensionless frequency, the smaller the fluid flow period
and the faster the oscillation, making it impossible for the
fluid flow to fully develop, thus making the dimensionless
streaming potential decrease. Figure 6(c) shows the larger

the Hall parameter, the larger the dimensionless streaming
potential. This is because the larger the Hall parameter,
the greater the Hall effect produced. The presence of the
Hall effects causes the streaming potential to increase as
well. In Figure 6(d), the larger the Hartmann number, the
smaller the streaming potential. This is because the larger
Hartmann number means that the greater the blocking
effect of the magnetic field on the flow of nanofluids (as
shown in Figure 5), which leads to the reduction of the
advection transport intensity of the ionic charges and
hence the streaming potential decreases. In addition,
we can observe that as the Hartmann number increases,
the characteristics of the square waveform exhibited
by changes in the streaming potential become more
pronounced.

Figure 7 characterizes the variation of the EKEC effi-
ciency with dimensionless time for different parameters
such as EDL thickness, Hall parameters, Hartmann number,
and dimensionless frequency. It is found that the EKEC
efficiency fluctuates with time and that different para-
meters produce different effects. It is observed from

Figure 6: Variation of the dimensionless streaming potential with the dimensionless time for different values of (a) K when Ha = 8,m = 0.4,
E0 = 102,Ω = 60, S = 5; (b) dimensionless frequencyΩwhen K = 45, Ha = 8,m = 0.8, E0 = 102,Ω = 30, S = 5; (c) Hall parameterm when K = 45,
Ha = 8, E0 = 102, Ω = 30, S = 5; and (d) Hartmann number Ha when K = 45, m = 0.4, E0 = 102, Ω = 30, S = 5.
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Figure 7(a) that the greater the EDL thickness, the
smaller the EKEC efficiency. As shown in Figure 6(a),
the dimensionless streaming potential decreases as the
EDL thickness increases, which in turn makes the EKEC
efficiency decrease. The results in Figure 7(b) show that
the EKEC efficiency of the nanofluid increases as the Hall
parameter becomes larger. This is because the larger the
Hall parameter, the higher the conductivity and electro-
magnetic force of the nanofluid, which hinder the flow
of the fluid. Therefore, in this process, the energy can be
transformed more fully, and the greater the EKEC effi-
ciency. Figure 7(c) shows that the larger the Hartmann
number, the greater the EKEC efficiency. This explains
that the larger the Hartmann number, the smaller the
fluid flow velocity and the smaller the streaming potential.
In this case, the streaming potential in Eq. (53) decreases
more slowly relative to the velocity, and to some extent,
they interact with each other, resulting in an increase in
EKEC efficiency. Figure 7(d) shows that the larger the
dimensionless frequency, the smaller the EKEC effi-
ciency. This is explained as the larger the dimensionless

frequency, the smaller the change fluctuation period of
fluid flow, which makes the fluid velocity change and
oscillate faster. In the process of fluid flow, the energy
conversion is insufficient, which makes the electroki-
netic conversion efficiency smaller.

4 Conclusions

This article analyzes the EMHD behavior of nanofluids
through rectangular microchannels under the combined
action of a magnetic field and pressure gradient under
unsteady conditions. In addition, this study considers the
influence of the Hall effect. Using Green’s function method,
the analytical solution of the velocity field of the nanofluid
under the excitation of the square waveform is obtained.
And further, the analytical solution of streaming potential
and EKEC efficiency are obtained. The effects of the inter-
action among the Hartmann number Ha, Hall parameterm,
dimensionless frequency Ω, EDL thickness K, and other

Figure 7: Variation of EKEC efficiency ζ with dimensionless time for different values (a) of the EDL thickness K when Ha = 6, E0 = 0.1, Ω = 30,
m = 1.2, S = 8; (b) of Hall parameterm when K = 10, Ha = 8, Ex = 0.1, Ω = 30, S = 8; (c) of Hartmann number Ha when K = 10,m = 0.6, E0 = 0.1,
Ω = 30, S = 9; and (d) of dimensionless frequency Ω when K = 10, Ha = 6, E0 = 0.1, m = 1.2, S = 8.
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parameters on the velocity field, streaming potential and
EKEC efficiency are qualitatively studied. It is observed
that under certain parameters, the fluctuation of the
streaming potential is in the form of a square waveform.
And when other parameters are constant, a smaller EDL
thickness, a smaller Hartmann number, and a smaller
dimensionless frequency will all produce a larger streaming
potential. On the contrary, the larger the Hall parameter,
the greater the streaming potential is. In addition, the
results also show that a larger Hall parameter and
Hartmann number, a smaller EDL thickness and a dimen-
sionless frequency can effectively improve the EKEC effi-
ciency of the nanofluids.
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