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Abstract: In this article, natural transform iterative method
has been used to find the approximate solution of fractional
order parabolic partial differential equations of multi-
dimensions together with initial and boundary conditions.
The method is applicable without any discretization or
linearization. Three problems have been taken as test
examples and the results are summarized through plots
and tables to show the efficiency and reliability of the
method. By practice of a few iterations, we observe that
the approximate solution of the parabolic equations con-
verges to the exact solution. The fractional derivatives are
considered in the Caputo’s sense.
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1 Introduction

Fractional calculus was first studied in the seventeenth
century and has recently received a lot of interest.
Scientists have discovered that fractional calculus may
describe memory and hereditary features of various pro-
blems in science and engineering due to fractional-order
derivatives. As a result, we observe the fractional calculus
in many domains like signal processing, diffusion, physics,
fluid mechanics, biology, chemistry, economics, polymer
rheology etc. It has its significance almost in every field of
science and technology. It models natural phenomena in
more suitable way than classical calculus. Due to the rapid
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development in the day-to-day life, fractional calculus has
also played important role in engineering, biosciences, and
finance [1-4]. Fractional calculus is the generalization of
classical calculus. The differential equations arising in frac-
tional calculus are termed as fractional differential equa-
tions (FDEs). FDEs have a non-integer order derivative
and can be solved through derivative and integral operators
related to fractional calculus. Different operators have been
defined by mathematicians for the solution of FDEs [5-7].

In many instances exact solution to differential equa-
tions is not always possible and the approximate solu-
tions to these equations are obtained by using different
numerical and analytical methods. In order to obtain
approximate solutions to differential equations, different
numerical methods were developed over time. However,
the numerical solutions were not enough to determine
the overall properties of certain systems of differential
equations which leads us to the development of some
new analytical and semi-analytical methods. These meth-
odologies have revolutionized numerical analysis, allowing
us to present difficult issues with both qualitative and quan-
titative analysis. For the solution of linear and non-linear
FDEs, several analytical, numerical, and homotopy-based
approaches have been used [8-11]. Some analytical techni-
ques in combination with transformations have also been
applied to handle FDEs more suitably. The homotopy ana-
lysis Sumudu transform Method is a combination of homo-
topy analysis method (HAM) and Sumudu transform used
by Singh et al. for handling the fractional Caudrey—Dodd-
Gibbon equations [12]. Dubey et al. used the local fractional
natural HAM which is the combination of the HAM and
local fractional natural transform for solving partial differ-
ential equations (PDEs) of fractional order [13]. Supriya
Yadav et al. also used the q-HASTM for solving the frac-
tional reaction-diffusion equations [14]. Recently Jagdev
Singh presented the composite fractional derivative to ana-
lyze the fractional blood alcohol model [15]. The derivative
is considered in the Caputo’s sense due to its most applic-
ability and popularity to the FDEs and can be handled easily
by the proposed method.

One of the relevant algorithms we have used in this
research is the natural transform iterative method (NTIM),
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which is based on new iterative method (NIM) and the
natural transform [16,17]. The usage of natural transform
and NIM make it easier and more appropriate to handle
FDEs. For the investigation of PDEs of integer order and of
fractional order, this method is free of discretization and
linearization. NIM has been used by a number of other
researchers to solve fractional order PDEs [18-21]. The
proposed method’s convergence may be demonstrated,
as demonstrated by Bhalekar et al. [22]. This work looks
into the fractional order parabolic differential equations of
fourth-order with variable coefficients. Fractional order
parabolic PDEs have the general form as reported in
ref. [23].

DI+ p(, v, Y)Ean + ACL U, ),

1)
+6(n, v, l/))(ww =0, 1<fB<2

T>0,

where { = {(n, v, P, 7),and u, A, 6 are the variable func-
tions of (1, v, P). Eq. (1) is subjected to the initial condi-
tions given as

((’1’ U, ')[}, 0) = fl(rl’ v, l,b, O)s
¢, v,9,0) = H(, v, P).
and boundary conditions as
((a,v,9,7) =g, ¥, 1),
(T(ba v, l;[)a T) = gz(u, Iwb’ T)’

(()’1, a, l/)’ T) = kl(rl’ l/)’ T),
(T(rl’ b’ ll), T) = kZ(rl’ lp’ T),

¢, v, a, 1) = h(n, v, 1),
(T(rl’ v, b, T) = hz("l, v, T)’

('Ifl(a’ v, ¢’ T) = gl(v’ lp’ T),
(rm(b’ U, l/)7 T) = gZ(Ui l/)5 T)s

(uv(rl’ a, l/)’ T) = ]El()'l, l/)’ T),
(yu(rl’ b’ lzb’ T) = IZZ(’I’ l,b, T);

@)

3

(%)

©)

(6)

@)

(lplp(rl’ v, a, T) = ﬁl(rli v, T)’ (8)
(lpl/;(rl’ v, br T) = flz(ﬂ’ v, T),

where f;, g;, k; and h;, i = 1, 2 are continuous functions of
(n, v, Y). The fourth-order initial and boundary value
problems have their significance in many fields of sciences.
For example, fourth-order PDEs are used to model floor
systems, bridge slabs, aviation wings, and window glasses
[24,25]. A lot of problems in the fields of electrochemistry,
electromagnetics, material science, diffusion processes, and
chaotic dynamics can be modeled by FDEs [26-28]. The
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parabolic PDEs play a vital role in the study of viscoelastic
and inelastic flows, beam deformation, and layer deflection
[29,30]. Many researchers in the literature have solved
the parabolic fourth-order PDEs using various methods in
the literature [31-33]. In this work, we look at non-pertur-
bation analytical approaches for solving fractional order
PDEs. The goal is to solve FDEs with analytical approaches
that provides accuracy, convergence, and computational
efficiency.

The rest of this article is set out as follows. The first
section contains some basic fractional calculus defini-
tions. The basic concept of NTIM is explained in Section 2.
The application of NTIM to parabolic equations is covered in
Section 3. In Section 4, some numerical results are pre-
sented. Finally, Section 5 gives the conclusion.

2 Fractional calculus

Some definitions are presented from the fractional calculus.

2.1 Definition

The fractional integral in Riemann-Liouville’s (R-L) sense
of a function f(¢) is defined as

1P =

X

1 X
- — d)B- i
G JO (x - o) f(p)dy, ifp>0,t>0,
f(#),

where I is the gamma function defined as

ifg =0,

I'(w) = J.e*"xwfldx, weC.
0

2.2 Definition

The fractional order derivative of a function f (¢) in the
Caputo’s sense is given as
forneN, t>-1, x>0and¢ € C:

[n—ﬁ[%f((p)], ifn - 1< B <n neN,

a#
@(f ),

DfoCo) =
if g e N.

2.3 Definition

Relationship of the Caputo’s derivative and R-L integral
is given as
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Forne N, andn-1< < n

0 -k

IfIDEo(x0)] D

= () + Z pmM(y) Lt

k=0

2.4 Definition

Natural transform of ¢(t) is [11]

[e¢]

N*(¢(1)) = R(s, w) = —Ie u (¢p(r))dr, s,u > 0,

0

u and s are the transformation variables.

2.5 Definition

The inverse of the natural transform fR(s, u) is defined as
c+ioco

N[R(s, w)] = (7) = % I eT(R(s, w))ds,

c-ioo

s = a + bi is the complex plan for executing the inte-
gral along s = ¢, where ¢ € R.

2.6 Definition

If ¢(7) is a function and ¢"(7) is its nth derivative, then
natural transform of ¢(7) is

N*(p™(1)) = Rn(s, w)
n n-1 n - (k+1)
= S—n‘ﬁ(s, u) - ZS — ("(0)), n=>1.
u o U

2.7 Theorem

Ifk(T) and h(t) are defined on a set A and have the natural
transforms K(s,u) and
H(s,u), respectively, then,

N[k*h] = u K(s, u)H(s, u),

where [h * k] is convolution of h and k.

2.8 Remark

A few important natural transformations of some func-
tions are given below.
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N*[1] = < N*[ek = ﬁ
Vr] = 5 N*[sin(m)] = 57
v |- NVleos)] = oz
K S
+ kB _ukf o T uk B-1
N [nk/m)] s N [F(kﬂ)] o

3 NTIM [17]

Consider the FDE of the form

DP((y, 1) =gy, T + Ly, D) + Ny, ),

9
0<y, 1, k—-1<f<k, ©)

where D;# is the Caputo’s fractional derivative operator of
order B, k € N and for this work we take k = 2 and
Y =YY % L and N represent the linear and non-
linear functions, respectively. g(y, 7) is a known func-
tion. The initial conditions are

{(y,0) = Ai(y), ¢y, 0) = fr(y),
Taking the natural transform of Eq. (9), we have

N*[DA(y, )]
=N*[g(y, D] + N*[L({(y, 7)) + N({(y, )],

(10)

(11)

by applying the differentiation property of natural trans-
form (given in definition 2.6) to Eq. (11) we have

—N*[( (¥, D] -
= N*[g(y, D] +

((y, 0) - B 1((y, 0)
N*[L(Q/, ™) + N{(y, DI,

(12)

Using the initial conditions and rearranging Eq. (12) we
obtain

B
AQy) + uszX)T + u—B(N*[gQ/, 7))
s S S (13)

B
+ ‘S‘—ﬁwu(w(y, ) + N(o(y, )],

N*[p(y, 1)] =

Where the linear term L{(y, t) can be written in the form
of infinite series as

L( io: Cm(l/! T)) =

m=0

Y LGy, D),

m=0

(14)

and N({(y, 1)), the non-linear term is proposed as in
Eq. (15)
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N( 2 GulYs T>] = NG ) + X {N(Z(;(z, T>]
m=0 j=0

m=1

» (15)

fgnn)
j=0
Using Egs. (14) and (15) in Eq. (13) we obtain
B
N{Z( fl(y UL S NTE(y D
— N+[ Z L((m) + N((o) (16)
m=0

Ep{E (2

The recursive relation of Eq. (16) by the use of natural
transform is

N*[¢(y, DI = —N*[g(y, 7],
(1()/: 7)] = j((o) + N(Co
1 Cz()/r )] = L(Cl) + N((o + (1) - N((o)] (17)

B
:—BW[L((I.) R+ G+
=N+ G+ +G D],

Applying the inverse natural transform to Eq. (17) the
solution component can be obtained as

N* {1y, D] =

i>0,

Gy, 1) =N hy + uszZ)T + M—ZN+[g]]
- | S S S
B
Gy, 1) = N ;‘—BW[L((O) + N((on]
[ B
) (2(!: T) =N~ _:_ﬁN+[L((1) + N((o + (1) - N((o)]] (18)

. B
(i, ) = N%N*WJ + NG+ G+ +8)

-N(y+ ¢+ + i—l)]]’ i>0,

The n terms’ approximate solution of Egs. (9) and (10)
by the proposed method is obtained by adding the com-
ponents as
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1) =Gy, 1) + Gy, D + Gy, T)

+ o G (Y, T).

(19)

3.1 Convergence of NTIM [23]
3.1.1 Theorem

If N is analytic in a neighborhood of {,and

INT(GII = SupiN™({o)(by, b, ...

<m} <,

b/lbill < 1,1 <k

for any m and for some real I>O0&|{ |l <M < %k =
1, 2, ..., then the series Z:’n“’:OGm is absolutely convergent
and moreover

Gl < IM™Me™ (e - 1), m=1,2,---.

To show the boundedness of ||{, ||, for every1 < k < m,
the conditions on NU)({,) are given which are sufficient to
guarantee convergence of the series.

Sufficient condition for convergence is given in the
following theorem.

3.1.2 Theorem
If N is C® and |IN™({,)|l < M < e”! Vm, then the series
YmeoGm is absolutely convergent.

The above mentioned are the required conditions for
the convergence of the series (.

4 Applications

4.1 Problem 1

Consider the (1 + 1) dimension parabolic equation of the
form [24]

4
DI, 7) + (% + 12—0)(,1,1,1,7('1, 7) =

(20)
1<f<2, 120,
with initial conditions
n’
,0) =0, ,0) =11+ — 21
{(n, 0) ¢:(n, 0) = (+120) (1)
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and boundary conditions as

LYy, 2 ;. 121
((—, T) = (1 + 20 )sm(r), {1, 1)= (1 + 1zo)sm(r),

2
1) 1(1Y . Loty @
¢ > 7=l sin(), ¢, 1) = gsm(f)-
Rearranging Eq. (20) as
cpB - _ l ’7_4
D¢, 1) = - * 10 Gy 6 T)s (23)
and applying the natural transform, we get
cnB 1 r14
N+[ Dt C(rls T)] =N*] - H + E Crmrm(nr T) ’ (24)
Using the differentiation property of natural transform, we have
sP sh-1 sh-2 1 4
JN+[CD£((”19 T)] - FC(”: 0) - Fu (r(rl! 0) = (N+|:_(E + 12—0)(@,14(’7’ T):|], (25)
which after rearranging and simplification we have
o) ugmo)  w( . [ (1
NDEC(r, )] = ('15 e i LA i 1’;_0 G D | | (26)

Applying the inverse natural transformation, we obtain

0) ul(n,0) uf 4
{0, 1) = N-V(’TS ) ¥ (i'j ) 4 %(W[—(% + 12—0)(,1,1,1,701, r)m, @7)

Using the initial conditions, we have

US ~ B . 1 nll
{(n,7) = (1 + E)T +N [Z—ﬁ(N [—(E + E)(,m,m(n, T)D}, (28)

Using the recursive relation, as {(1, 7) is in series form, we have

o= (141 ),
120
_-uﬁ (1 IN ) A
’ =N — Nt | — — , =11 | — ,
Lo sP n ' 120 Sor T)_ ( 120 )T@+2)
B [ 4 | 5 2B+1
lomo =N N2 e aolll= [1+ 2 )2,
s n o 120 S 120 JT(28 + 2) 2)
Jus( ] (1w I\ s o
’ = N e N+ - — —_— N = — 1 | — .
&0 ) s n 12 Gl T)_ _ ( * 20 )T38 D
Bl (1 n ] o) 4B
’ = N7 0 N+ - — - , = l _— ,
e 7 120 om0 ( " 120 JT4p v 2)

Adding the solution components, we get the approximate solution as
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(()’1, T) = (()(rlx T) + (1(77’ T) + (2('7’ T) + (3('1’ T) + {4(’1’ T) +ee

)15 7B+1 728+1 73B+1 T4B+1
=1+ —=—|7- + - + + s
( 120) r+2) r@eB+2 TIGBB+2 TIWUB+2)
For B = 2, Eq. (30) reduces to

_ n’ P R TN
((n’r)_(l+ﬁ)(1—_§+§_ﬁ+a_.“ ,

which converges to the exact solution as

(1. )
{(q, 1) = (1 + 120)5111(1).

4.2 Problem 2

Consider the (2 + 1) dimension parabolic equation of the form [24]
cph L, oL,V —0,1<f<2
T((rb v, T) + ? + E (nrmq(rl’ v, T) + F + E (yuuy(rb U, T) =Y, < ﬂ = &
with initial conditions
n°  vs
((rly v, T)=0, (‘r(ns v, T)=2+ a + aa
and boundary conditions as

L) =(2+ 92 . s, ofLoonr) (20 2 2)s
((z,u,‘r)—(2+ ol + 6!)sm(r), ¢ 2’U’T =12+ ol + ol sin(1),
(1 _(@/2)?) . (1 )_i-
C,l(z,v,r)—( Al )sm(r), ¢ S UT) =, sin(7),

1\ _ @22 ( 1 )_L-
(n(n, 2,1)— 4l sin(t), Gl s > T)= o sin(7),

Rearranging Eq. (33) as

. _ 5 1 n , 1 v
cDr{(m, v, 1) = - 7 t el (1> U5 T) = ot Coun(1> U5 T),

DE GRUYTER

(30)

€3

(32)

33

(34)

(35

(36)

Applying the basic procedure of NTIM and using the initial conditions, we obtain the solution components as

(o, v, 7) = (2 + Z—T + Z—T)‘r,
TN AT GRS
1600, 1) = (2 + Z—T + Z—T)%,
00, v,7) = —(2 WLy %f)%
¢, v, 1) = (2 + Z—T + Z—T)%,

Adding the solution components, we get the approximate solution as

@37
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((l’l, v, T) = (O(rl’ v, T) + (1(’]: v, T) + (2(’1’ v, T) + (3(”9 U, T) + (4(’1’ v, T) +oee
( ’76 v6 )( B+l 728+1 38+1 T4B+1 )
=12+ —+—|7 RN R

"TB+2 TQB+2 TGB+2)  Twp+2)
For B = 2, Eq. (33) reduces to

_ n® e LS S S O
{(nyvyT)—(2+a+E)(T—§+§—%+a— s

which converges to the exact solution given as

6 6
{(n,v,7) = (2 + % + %)sin(r).

4.3 Problem 3

Consider the (3 + 1) dimension parabolic equation of the form [24]

vty
2 cos(n)

DECOn, v, 9, 1) + ( 1)4,,1,7,,01, v, ) + ( 1+ 9

2 cos(v) -

1)Cyuw(n, v, Y, T)

n+v
+ (m - 1)C¢lp¢'lﬂ(n’ U, l,b, T) = 0, 1 < ﬁ S 2, T 2 03

with initial conditions

{(n,v,Y,0)=n+v+ Y- (cos(n) + cos(y) + cos(y)),
¢:(n, v, Y, 0) = (cos(n) + cos(y) + cos(y)) - (n +v + ),

and boundary conditions as
O, v, P, 1) =(-1+v+ - cos(v) — cos(¥))eT,
((g, v, 1, r) = (2716_ 3t Y - cos(v) - cos(t/)))e*T,
1601,0, ¢, 7) = (-1 +n + ¢ — cos(n) — cos(¥))e™,
((n, %, Y, T) = (2n6_ L N+ - cos(n) - cos(lp))e‘f,
{(n,v,0,7)=(-1+n+v - cos(n) — cos(v)eT,

Rearranging Eq. (41) as

“DECCn, v, P, 7) = —(%S(",’D - 1):,,,1,,,7@, v, 1) - (Z”C b 1)c'y,,,,u<n, b, 1)

n+v
) (m - 1)(www(’1’ v, P, 1),

—

38)

39)

(40)

(41)

(42)

(43)

(44)

Applying the basic procedure of NTIM and using the initial conditions, we obtain the solution components as

S, v, Y, 7) = [ + v+ - (cos(n) + cos(h) + cos(P)]( - 1),

G0, v, 7) = [+ v + Y — (cos() + cos(P) + cos(y))] F(BTB+ D r(fj z))’
J 28 2B+1
M v, Y, 1) = [0+ v+ - (cos(n) + cos(®h) + cos())] F(ZZ T F(;ﬁ n 2))’
T3ﬁ T3ﬁ+1
G, v, Y, 1) = [+ v+ - (cos(nn) + cos(yh) + cos())] TGB+1 TGR+ 2))’

(45)
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Approximate solution

Figure 1: Approximate solution of problem 1 at g = 2.

Exact solution

Figure 2: Exact solution of problem 1 at 8 = 2.

Absolute Error

Figure 3: Absolute error of problem 1 for 8 = 2.
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Absolute Error
2510717
2. X 10 17 -
1.5%10°17 |
05 10

Figure 4: Absolute error of problem 1 forz=0.1, B = 2.

25

Relative Error

«10-18

«10-18

«10-18

10 05

05 1.0

< ]
- p=15 . N\

- B=17 \ ]

- B=19 \ ]

-0.5H- =20 5
Exact N

3 \<

0 1 2 3 4

Figure 6: Approximate solution of problem 1 for different values of 8

atn=1.

Adding the solution components, we get the approximate

solution as
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. e e e e e B s s s | Ahsolute Error

PEETT
Qow~o

ulrm)

Figure 7: Approximate solution of problem 1 for different values of Figure 10: Absolute error of problem 2 atu =1, § = 2.

att=1.

Approximate solution

Absolute Error

5.x10° 17 F

20 1.0 05 05 10

Figure 8: Approximate solution of problem 2 at v =1, = 2. Figure 11: Absolute error of problem 2 fort=0.1, v =1, = 2.

Exact solution

Relative Error

251018 |

2.%10 16 L

1.0 05 05 1.0

Figure 9: Exact solution of problem 2 atu =1, g =1. Figure 12: Relative error of problem 2 fort=0.1, u=1,8=2.
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Exact solution

E
-]
0
N

-1F N 4

N

1 L 1 L :

0 1 2 3 4

Figure 13: Approximate solution of problem 2 for different values of
Batn=vu=1.

I T T T T Figure 16: Exact solution of problem 3 for u=1, ¢ =1, = 2.
1750~ B=15
- B=17
- B=19
1701 g=20 |_ o Absolute Error
Exact R
165} SIS0
S
3
1eop } 6.x10°5
20 4.x10-5
1.50F
* 2.x1073

|
(Shg
1
o
N

Figure 14: Approximate solution of problem 2 for different values of
Batt=uv=1 20

Figure 17: Absolute error of problem 3 foru =1, ¢ =1, = 2.

Approximate solution

C(’I, v, l/)s T) = (O(rl’ v, 1/)» T) + (1(’1: v, l/)’ T)

+ 6L, Y, 1) + G, 0, P, T) + -
=[n + v+ - (cos(n) + cos(ih) + cos())]

Tﬁ Tﬁ+1
I1-7+ - 46)
_ r@+1 TI@+2) (
3 . 28 28+1
B rB+1) TQB+1) ’
38 38+1
+ — + e
rég+1 rIGER+1

For 8 = 2, Eq. (41) reduces to

(v, Y, 1) =[n+v+ Y- (cos(n) + cos(yh)

20 a8 + COS(l/J))] (47)
i i i 1—T+T2—T3+T4—T5+T6—T7+
Figure 15: Approximate solution of problem 3 o 3 a0 5 6l 7 ,
forv=1,¢=1p=2.
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Table 1: Numerical comparison of fourth-order approximate solution for problem 1atn =1

T B=15 B=17 pB=19 B=2.0 Exact Abs. error

0.2 0.196306 0.198551 0.199884 0.200325 0.200325 2.77556 x 107
0.4 0.373684 0.383362 0.390131 0.392663 0.392663 1.16573 x 107
0.6 0.525633 0.546467 0.562749 0.569348 0.569348 2.11164 x 1073
0.8 0.649208 0.68249 0.711002 0.723334 0.723334 8.87512 x 10 %2
1.0 0.743628 0.788051 0.829477 0.848483 0.848483 1.61161 x 107%°
1.2 0.809641 0.861515 0.914196 0.939806 0.939806 1.72071 x 107°
1.4 0.849104 0.902788 0.962692 0.993662 0.993662 1.27334 x 1078
1.6 0.864641 0.913114 0.974042 1.0079 1.0079 7.20455 x 1078
1.8 0.859358 0.894854 0.948843 0.981963 0.981963 3.32043 x 1077
2.0 0.836591 0.851263 0.889127 0.916874 0.916875 1.30162 x 10°°

Table 2: Numerical comparison of fourth-order approximate solution for problem1atr=1

n B=15 B=17 B=19 B=2.0 Exact Abs. error

0.2 0.737484 0.78154 0.822624 0.841473 0.841473 1.59829 x 107
0.4 0.737545 0.781604 0.822692 0.841543 0.841543 1.59842 x 107*°
0.6 0.73796 0.782044 0.823155 0.842016 0.842016 1.59932 x 1071°
0.8 0.739496 0.783672 0.824868 0.843769 0.843769 1.60265 x 1071°
1.0 0.743628 0.788051 0.829477 0.848483 0.848483 1.61160 x 107
1.2 0.752774 0.797744 0.83968 0.85892 0.85892 1.63143 x 107
1.4 0.770535 0.816565 0.859491 0.879185 0.879185 1.66992 x 107
1.6 0.801924 0.84983 0.894504 0.915000 0.915000 1.73795 x 107
1.8 0.853609 0.904602 0.952155 0.973972 0.973972 1.84996 x 1071°
2.0 0.934144 0.989948 1.04199 1.06586 1.06586 2.02449 x 107

Table 3: Numerical comparison of fourth-order approximate solution for problem 2 atn =1

T B=15 B=17 B=19 B=2.0 Exact Abs. error

0.2 0.389908 0.394367 0.397014 0.397891 0.397891 9.99201 x 107
0.4 0.74222 0.761443 0.774889 0.779918 0.779918 210221 x 1072
0.6 1.04403 1.08541 1.11775 1.13085 1.13085 1.81609 x 107*°
0.8 1.28948 1.35558 1.41221 1.4367 1.4367 4.29227 x 107°
1.0 1.47703 1.56525 1.64753 1.68528 1.68528 4.98537 x 1078
1.2 1.60821 1.71117 1.8158 1.86667 1.86667 3.69378 x 1077
1.4 1.68681 1.79318 1.91213 1.97364 1.97364 2.00653 x 10°°
1.6 1.71828 1.8138 1.93469 2.00193 2.00192 8.68357 x 10°¢
1.8 1.70936 1.77785 1.8847 1.95043 1.9504 3.15864 x 107

2.0 1.66774 1.69208 1.76625 1.82122 1.82112 1.00171 x 1074

Table 4: Numerical comparison of fourth-order approximate solution for problem 2 at7=1

n B=15 pB=17 B=19 B =20 Exact Abs. error

0.2 1.47601 1.56416 1.64639 1.68411 1.68411 4.98191x 1078
0.4 1.47601 1.56417 1.64639 1.68412 1.68412 498193 x 1078
0.6 1.47605 1.56421 1.64644 1.68417 1.68417 4.98207 x 1078
0.8 1.47627 1.56445 1.64669 1.68442 1.68442 4.98282 x 1078
1.0 1.47703 1.56525 1.64753 1.68528 1.68528 4.98537 x 1078
1.2 1.47906 1.5674 1.6498 1.6876 1.6876 4.99224 x 1078
1.4 1.48372 1.57234 1.65499 1.69291 1.69291 5.00794 x 1078
1.6 1.49319 1.58237 1.66555 1.70372 1.70372 5.03992 x 1078
1.8 1.51084 1.60108 1.68525 1.72386 1.72386 5.09950 x 1078

2.0 1.54156 1.63363 1.71951 1.75891 1.75891 5.20318 x 1078
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Table 5: Numerical comparison of fourth-order approximate solution for problem 3 atn =1
T B=15 pB=17 pB=19 B=2.0 Exact Abs. error

0.2 1.19041 1.15741 1.13645 1.12911 1.12911 3.86358 x 107
0.4 1.06156 0.993212 0.943736 0.924434 0.924434 3.84487 x 1071
0.6 0.962711 0.864368 0.788285 0.756862 0.756862 2.17861 x 107°
0.8 0.883437 0.760652 0.661903 0.619666 0.619666 3.80252 x 108
1.0 0.818041 0.675718 0.558569 0.50734 0.50734 3.48164 x 1077
1.2 0.762877 0.605227 0.473684 0.415373 0.415375 2.11990 x 107¢
1.4 0.715275 0.546021 0.40366 0.34007 0.34008 9.74103 x 10°¢
1.6 0.672942 0.495657 0.345645 0.278398 0.278434 3.64289 x 107°
1.8 0.633511 0.452083 0.29732 0.227846 0.227963 1.16411 x 10°*
2.0 0.594103 0.413349 0.25673 0.186311 0.18664 3.28612 x 10°*

Absolute Error

1.0

05

Figure 18: Absolute error of problem 3
fort=01,uv=1¢=1 =2

1.0

Relative Error

Figure 19: Relative error of problem 3
fort=01, u=1, ¢=1, B=2.

which converges to the exact solution given as

(v, ¥, 1) =[n+v+1y - (cos(n) + cos(yh)

+ cos(p))]e .

(48)

u(t)

- B=15

B=1.7
B=19
- B=2.0
Exact

N F

w }

Figure 20: Approximate solution of problem 3 for different values of

Batn=uv=¢=1.
20FF g5 |
- =17
- p=19
- - B=2.0
- Exact
_1of
0S5}
0.0
-05 L L

Figure 21: Approximate solution of problem 3 for different values of

Batt=uv=¢ =1

5 Numerical results and

discussions

We have obtained the analytical approximate solution of
the fourth-order parabolic time fractional PDEs by applying
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Table 6: Numerical comparison of fourth-order approximate solution for problem 3 at7=1

n pB=15 p=17 B=19 B=2.0 Exact Abs. error

0.2 0.0826461 0.0682673 0.0564318 0.0512562 0.0512562 1.75874 x 1078
0.4 0.236281 0.195173 0.161336 0.146539 0.146539 5.02815 x 1078
0.6 0.411698 0.34007 0.281112 0.25533 0.25533 8.76108 x 1078
0.8 0.606632 0.501089 0.414216 0.376226 0.376226 1.29093 x 1077
1.0 0.818041 0.675718 0.558569 0.50734 0.50734 1.74082 x 1077
1.2 1.04223 0.8609 0.711646 0.646378 0.646378 2.21790 x 1077
1.4 1.27498 1.05316 0.870575 0.79073 0.79073 271321 x 1077
1.6 1.51176 1.24874 1.03225 0.937575 0.937576 3.21708 x 1077
1.8 1.74784 1.44375 1.19345 1.08399 1.08399 3.71947 x 1077
2.0 1.97855 1.63432 1.35098 1.22708 1.22708 4.21044 x 1077

the natural transform in combination with the NIM. It is
noted that the solution pattern converges to the exact solu-
tion after a few iterations which shows the reliability of our
proposed method. All the solutions are approximated up to
fourth-order for problems 1-3. Figures 1 and 2 show the
approximate solution and exact solution, respectively, for
problem 1. Figure 3 shows the absolute error for problem 1.
Figures 4 and 5 show the absolute error and relative error by
2D plots. Figures 6 and 7 show the comparison of the frac-
tional value of f as it converges to the exact solution when
the value of  approaches to 2. Similarly, Figures 8 and 9
represent the approximate and exact solution in 3D plots
for problem 2. The absolute error is shown by 3D plot in
Figure 10 by keeping one parameter , constant. Figures 11
and 12 are the 2D graphs of the absolute and relative errors,
respectively. The approximate solution is compared
with the exact solution by giving different values to 8
in Figures 13 and 14. The approximate solution and
exact solution for problem 3 have been shown through
3D plots by Figures 15 and 16, respectively. The absolute
error is shown for the said problem in Figure 17. The abso-
lute and relative errors are shown in Figures 18 and 19,
respectively, with the help of 2D plots. The different frac-
tional values are compared with exact solution by giving
different values to B (Figures 20 and 21). The numerical
values for different values of S are compared in Tables 1
and 2 for problem 1, Tables 3 and 4 for problem 2, and
Tables 5 and 6 for problem 3. As the value of 8 approaches
2, which changes the FDE to a classical PDE, the approx-
imate solution converges to the exact solution, as seen in
the figures and tables. The parameters have been inter-
preted by keeping some parameters constant and others
to expand through 2D and 3D plots. All the figures show
that the method is convergent and has excellent degree of
accuracy.

6 Conclusion

The proposed method is tested upon the time fractional
parabolic equations of fourth order. The method shows
its convergence as the solution pattern after a few itera-
tions converges to the exact solution. The algorithm of
the proposed method is easy to apply without any dis-
cretization. The approximate solutions are found to be in
excellent agreement with the exact solution. The numer-
ical values of approximate solution for different fractional
values have been compared in tables, and the results
have been shown in 3D and 2D graphs. We found that
for B = 2, the suggested method’s approximate solution
converges to the precise solution of the problems, ensuring
NTIM’s dependability and correctness. The results show
that the NTIM successfully delivers accurate, faster con-
verging solutions while using fewer computer resources
than other approaches in the literature.
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