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Abstract: In this article, we are applying the competing
risks model of product from two different lines of produc-
tion. So, the comparative life test is done under type-II
censoring scheme with consideration of only two indepen-
dent causes of failure. The statistical analysis procedures
are developed considering joint sample of production and
its life distributed with the Rayleigh lifetime distribution.
The point estimation and the corresponding asymptotic
confidence interval of the model parameters under max-
imum likelihood are constructed. Two bootstrap confidence
intervals, bootstrap-p, and bootstrap-t, are discussed. Also,
Bayesian approach to estimate point and credible interval is
constructed. The estimation results are discussed through
data set analyses. The validity of theoretical results is assessed
and compared through Monte Carlo study. Finally, some of
the points are reported as a brief comment.

Keywords: comparative life testing, Rayleigh distribu-
tion, competing risks model, Bayes estimation, bootstrap
confidence intervals, maximum likelihood estimation

1 Introduction

The units of product produce from different lines of pro-
duction under the same facility in a competing duration
test under joint censoring scheme. Also, the comparative
life testing is done on this product to measure the relative
merits of two competing durations of life products.
Practice, if we have two lines of production then, select
two independent sets of product to test under joint cen-
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soring scheme. For the time and cost considerations, the
experimenter terminates the experiment after recording
some failure times. These data and the corresponding
statistical inferences were studied previously by Rao
et al. [1], Basu [2], Johnson and Mehrotra [3], Mehrotra
and Johnson [4], Bhattacharyya and Mehrotra [5], and
Mehrotra and Bhattacharyya [6]. Also, this problem in
modern time was studied by Balakrishnan and Rasouli
[7], Rasouli and Balakrishnan [8], and Shafay et al. [9].
Recently, it was studied by Bekheet and Abd-Elmougod
[10], Soliman et al. [11], Hanaa [12], and Algarni et al. [13].
Also, the balanced case of the joint censoring scheme was
proposed by Mondal and Kundu [14].

Suppose that the first line of production is denoted
by the line-Q; (L-Q,) and the line-Q, (L-Q,) and the joint
censoring scheme by JSC. So, two independent samples
of products from L-Q; and L-Q, are combined to test under
life testing experiment. Hence, the relative merits are mea-
sured of two competing durations of life products, which is
known by comparative life testing. Under type-II censoring
scheme, the JSC is called type-II joint censoring scheme
(type-II JCS), which is described as follows.

The total random sample of size N of product consists
of m from the L-Q; and n from L-Q,. And, let m units have
a life {X,, ..., X,;} (from L-Q,) distributed with cumulative
distribution function (CDF) F; and probability density
function (PDF) fi. Also, n units with life {Y, ..., ¥}
(from L-Q,) are distributed with CDF F, and PDF f.
Suppose that S is the prior integer that represents the
number of failure units needed for statistical inference.
So, the ordered lifetime sample {T;, D, ..., Ts} is taken from
X, ..., Xs,} and {Y3, ..., ¥}, S = Sy, + Spp. The random life-
times with the corresponding type (mean from L-Q; or L-Q,)
denoted by (T, @) = {(T, ), (B, 9,), ...(Ts, )} are
called type-Il JC sample. The values ¢; = {1,2} denoted
the line L-Q; or L-Q,, respectively. The joint likelihood function
of type-II JCS sample (T, ¢) is given by
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where S;(-) =1 - F(), j = 1, 2 is the reliability function and
@; = 1 or 2, from L-Q; or L-Q,, respectively.

In general, in life testing experiment for survival or med-
ical trial the unit may fail due to different causes of failure,
and for more details see the studies of AbdullahiBaba et al.
[15] and Alsulami [16]. The assessment of one cause of
failure with respect to other causes is carried out by the
competing risks model. Several authors have been interested
in this model and its properties, and for the exponential
model see the studies of Cox [17] and Crowder [18]. Also,
for more details about the competing risks model see the
studies of Balakrishnan and Han [19], Modhesh and Abd-
Elmougod [20], and Bakoban and Abd-Elmougod [21]. And
recently, see the studies of Ganguly and Kundu [22], Abu-
Zinadah and Neveen [23], Algarn et al. [24], Almalki et al.
[25], and Soliman et al. [26]. In the competing risks model
the observed data consist of unit failure time and the corre-
sponding indicator denoting the cause of failure.

For the type-II competing risks sample, suppose the
sample of size N is tested under life testing experiment.
The pre-fixed number S needed for statistical inference is
proposed. Considering only two independent causes of
failure the type-II competing risks sample is defined by
(T, p) = {(%, py), (T, p3)s -..,(Ts, Ps)}, P, = {1,2}. So, the
likelihood function of type-II competing risks sample (T, p)
is given by

fia,....s((T, p)|©)
_ N![Sl(ts)sz(ts)](Nis)
- (N - S)! Q)

S
x [IIADS6ICD x [AESI(E)1¢ 2,
i=1

where0 < < t <...< tg < 0o and

L, p=j

. j=12 (3

w(p; =j) = {
Rayleigh distribution (RD) is defined as a special case of
the Weibull distribution, which has wide applications in
engineering and communication, for instance, see the stu-
dies of Dyer and Whisenand [27,28]. The RD has different
applications in life testing of electrovacuum devices,
see the study of Polovko [29]. The Rayleigh random
variable T with parameter § has CDF, which is given by

F(t) =1 - exp(-Bt?), t>0, B>0. (4)

RD has a decreasing reliability function with higher rate
than in the case of exponential distribution, for more
details see Polovko [29], and increasing linear failure
rate function. Several authors discussed the statistical
inferences of the RD; Harter and Moore [30] derived an
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explicit form for the maximum likelihood (ML) estimator
based on Type II censored data; and Dyer and Whisen
[27] and Dyer and Whisen [28] provided the best linear
unbiased estimator based on complete sample, censored
sample, and selected order statistics. Doubly censored
samples were considered, among other authors, by Lalitha
and Mishra [31] and Kong and Fei [32]. Bayesian estima-
tion and prediction problems are also important and
have been investigated, among others, by Howlader
and Hossain [33] and Fernandez [34]. In addition,
AL-Hussaini and Ahmad [35] and AL-Hussaini and
Ahmad [36] studied Bayesian predictive densities and
prediction bounds of generalized order statistics and
future records. Also, the estimation under two Rayleigh
lifetime population was done by Al-Matrafi and Abd-
Elmougod [10].

The type-II JCS in this article, is implemented on two
independent samples taken from two Rayleigh lifetime
populations to obtain type-II JC sample. We develop clas-
sical and Bayesian inference of type-II JC sample when
the lifetime of the units has Rayleigh lifetime distribution.
Therefore, studying a population which have different
lines of production under the same facility, particularly,
in competing duration when Rayleigh failure time is hap-
pening to two independent causes of failure is the aim of
this article. This problem was handheld recently, for
exponential by Almarashi et al. [37], for Burr XII by
Abushal et al. [38], and for Weibull by Alghamdi et al.
[39]. So, we built under these assumptions the model and
the corresponding likelihood function. And, the statis-
tical inferences of type-II competing risks samples are pre-
sented with classical and Bayesian approach. The point
estimators of model parameters are constructed with the
corresponding asymptotic confidence/credible intervals
(ACIs/ClIs). Also, two confidence interval estimation with
bootstrap-P (PBCI) and bootstrap-t (PTCI) are discussed.
The validity of results of point estimators is measured with
the mean squared error (MSE). But interval estimators are
measured with coverage probability (CPs) and interval
lengths (ILs)

The outline of this article is presented as follows. The
model formulation and the corresponding likelihood func-
tion are presented in Section 2. Estimation by the ML
method for point and the corresponding ACIs are devel-
oped in Section 3. Bootstrap confidence intervals of the
model parameters with two different methods are con-
structed in Section 4. Bayesian approach of model para-
meters are discussed in Section 5. The joint data set is
analyzed for illustrative purposes in Section 6. Finally,
the numerical simulation study is used to assess the devel-
oped methods in Section 7.
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2 Model building

Let a joint sample of size N be randomly selected from
two lines L-Q; and L-Q, to satisfy m from L-Q; and n from
L-Q,. Before the test, the integer S which satisfies the
number of failures in statistical inferences procedures
is selected. The unit type ¢, = {1, 2} (mean from L-Q; or
L-Q,) and the corresponding cause of failure p, = {1, 2}
(mean first or second cause) are recorded at each observed
failure time. Say, the random sample (T, ¢;, p;),i =1, 2,...,
S is observed. So, the competing risks type-II JC sample is
presented by

T = {(Tiy (Pp p]): (T27 (Pz) pz), --~3(T5a (psa ps)}, (5)

where1 < S < N. This scheme has the following assumptions:
(1) Number of unit failures from the L-Q, is given by

K= Zis=1(2 - §01)
(2) Number of unit failures from the L-Q, is given by
o= Ziszl((pi - 1)

(3) Number of unit failures from the L-Q; under the cause

jis given by &; = Y2 .2 - @) * w(p, = j), j =1, 2.
(4) Number of unit failures from the L-Q, under the cause

j is given by & = Y7 (¢, - 1) * w(p; =), j = 1,2,

Under consideration that the failure time of the unit
is distributed with Rayleigh lifetime distribution with
PDF given by
fig(®) = zﬁkjt exp(_ﬁkjtz)a t>0, Bkj >0,j=12 k

=1,2,

(6)

where k and j denote the type and cause of the failure, respec-
tively. Also, the observed failure times t;,i =1, 2,..., S are
described as t; = min{ty, tix,} and ty; is the ith failure time
from the line k and cause j. Hence, the minimum value ¢; has
distribution G(t) given by G(-) = F;,,(-) + F,(-) — Fy,,(-)*
Fi,(-). So, the latent failure time is distributed with RD
with scale parameters B, + By,. Also, the numbers &,
and ¢ have the binomial distributions described by

.{1]. N Binomial(S - 10, L)
Bia + Bia
and
{2]. — Binomial(S - K, L) (7)
Bia + Bia

From the previous model assumptions the joint likeli-
hood function of (T, ¢, p) is given by
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m!n! _—
LT 1B) = g o~ 57 1Sls)Sialts)]
s
% [Sa(ts)Saa(ts) " *2 | [{(hua(t)) @i~V (8)

i=1
x (hp(£)“Pi=2(S1y(£)S1, ()2 ¥
X {(har(6))“Ci=D(hyp(£:))“Pi=D(Sn (t)S ()} 7,

h() = 1O E = (ﬂu’ /312’ lesﬁzz)’

where SO’

S()=1-F(),
and

O0<ti<tb <...< tg < 0.

3 Maximum likelihood
estimation (MLE)

The point estimation and the corresponding ACIs are
computed in this section under given competing risks
type-II JC sample. Each sample point has the failure
time with the corresponding type and failure cause.

3.1 Point estimation

The joint likelihood function (8) under distribution (6) is
reduced to

L(BIT) o< B BB Bsz expi~(By, + Bry)

S
X 2(2 - ‘Pi)tiz - (m - x)B,; + Bn)tsz

=1 . 9
- (M- 10)(By + BR)ts — By + Br)

S
x Y (@ - l)tf}.

i=1

The natural log-likelihood function can be pre-
sented by

L(BIT) oc &, logPy, + &,108B,; + &5 108y

s
+&plogBy — By + ﬁlZ)z(z - (Pi)tiz

i=1

s
- By + ﬁzz)z(% - Dt - (m - k)
i=1

x (011 + O)tg — (n — K)(Byy + Byt3.

(10)

Hence, the likelihood equations are obtained after taking
the partial derivatives of (10) with respect to model para-
meters as follows:
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a¢(BIT) ~
aﬁkj
So, the estimators under L-Q; and L-Q,, respectively, are
given by
iy - J
1j ’
! Z{il(z - @)t + (m - ))tg

0, k, j=1,2 )

j=1 2, (12

and

&
Zi]:l((/’i - 1)ti2 +(n - "'2)ts2

Remark: Egs (12) and (13) have shown that the estimators
depend on the non-zero values of numbers §; and &,. But,
if we set §; = 0 or S and §; = 0 or , it means the MLEs of
/31]- or sz, j=1,2 do not exist. Also, tpe exactAprob—
ability distributions of the estimators f;; and B, are
defined as mixture of discrete and continuous distribu-
tions, which are difficult to be derived (see, e.g., Kundu
and Joarder [40]).

By = j=1,2. (13)

3.2 Interval estimation

The minus expectation of second derivatives of the log-
likelihood function given by (10) presents the Fisher
information matrix of the model parameters. We denote
the Fisher information matrix by II(8), B = {81, B155 B> B}
which is given by

(14)

) - —E(éﬂgﬁffl)

3.

The second derivative of log-likelihood function of the
model parameters is presented by

PUBT) &y

- ’ l’ 2’ (15)
B By
o%¢(BIT =&,
@ = —51’ = ls 2’ (16)
By By
and
0%¢(B|T
ﬂ =0, foreach ij # kl. (17)
9B;9By

Then, the Fisher information matrix when B = Byys Bos Boys Bo)
is given by
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_il 0 0 o

ﬁll
0 _iz 0 o0
B

o(B) = 2 _5 (18)

o o 2 o

BZI
o 0 0 _—"{222
B22

Hence, the variance—covariance matrix of the MLE of
model parameters can be obtained from the inverse
Fisher information matrix when the diagonal elements
have non-zero values. Under the property that ML estima-
tors have a normal distribution with mean
(Bu1> Bras Bor» By,) and variance obtained from IIg'(B) from
(18). Therefore, the approximate (1 — y)% Cls of the para-
meters f;;, B, B> and B, under normal property of MLEs
Bi1s Bip» By» and B, are given by

A _ 1]' A _ i
By ¥zr—— and B, Fzr—,
V& V&

where zy is the percentile value computed from standard
normal distribution.

j=12, (19)

4 Bootstrap confidence intervals

Bootstrap technique is a commonly resembling method
used in parameter estimation as well as estimation of the
bias and variance of an estimator or calibrate hypothesis
tests. Parametric and nonparametric bootstrap techni-
ques are defined in the studies by Davison and Hinkley
[41] and Efron and Tibshirani [42]. In this section,
we adopted the problem of statistical inference in boot-
strap techniques in the form of parameter estimation. To
formulate confidence intervals under parametric boot-
strap technique, we are adopted the percentile boot-
strap-p and bootstrap-t methods. For more details, see
the studies of Efron [43] and Hall [44]. The confidence
interval estimation can be formulated with the following
algorithms:
1. For given original competing risks type-II JC sample
(t, @, p) = {(t, @1, 1) (& Py, P2)s - (ts, P, P33,
the estimators of parameter vector E = {ﬁ“, Blz,

ﬁzp ,322} are obtained.
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2. Considering that the censoring scheme N, n, m, and S
and estimate ﬁ generate a sample of size n from RD with

scale parameters f8;; + B, and a sample of size m from

RD with scale parameters ﬁm + ﬁzz. The S-bootstrap com-
peting risks type-II JC sample is obtained from the gen-
erated joint sample as a small S failure denoted by
(T, @) = {(T7, ), (T3, ¢5), ..,(Ts, pg)}, 1 <S < N.

3. For the bootstrap random sample (T* @*)=
(T, 0, (T3, ¢5), -..s(Ts, @)}, 1<S <N, the two
numbers k; and k; (number of failures taken from L-
Q; and L-Q,, respectively) are reported.

4. The four numbers {1’;. and .{;j, j=1,2 are randomly

generated from binomial distribution with size S - 15_

and probability — Py Jkj=1,2.

g+ Pl
5. The last steps are used to obtain the bootstrap estimate

sample = By, s By Bk
6. Repeat steps 2-5 M times.
7. The values (ﬁl[ll]*,ﬁl[zl]*,ﬁzlil*,ﬁz[;]*), i=1,2,..., M, are
arranged in ascending order to obtain E* = {ﬁl(ll)*,

NOLEPYOEEPNOR

Bu ’Bz1 ’ﬁzz 12

4.1 Percentile bootstrap confidence
interval (PBCI)

Define the empirical distribution ®(x) = P(ﬁl* <x),l=

1,2,3, 4 as a CDF of ﬁl*, where ﬁl* mean ﬁ; and others.
So, the point bootstrap estimators are defined by

= 1 M ~ (i) *
= : 20
Bl M ;BI (20)
Also, the 100(1 - y)% PBCIs are given by
(ﬁlboot(;)’ ﬂlboot(l—;))’ (21)

where ﬁlzoot = Ol(x).

4.2 Bootstrap-t confidence interval (PTCI)

Also, from the sample f" = {Bl(ll)*,ﬁl(zl)*,ﬁz(ll)*, Bz(zl)*}, we

built the order statistics values ¥ < ¥;@ <... < @;™,
where

~%(1) N

\y;«mzu, j=12..,N, 1=1,23,4. (22
5+

var(f, )
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There the 100(1 - y)% PTCIs are given by

Brvoottyy  Prvootta-y) (23)
where the value ﬁ; oott 1S given by
BIZoot-t = ﬁAl + Y Var(ﬁl) ®71(X)’ (24)

and ®(x) = P(f < x) is the CDF of f;".

5 Bayesian estimation

Considering the available prior information about the
model parameters, Bayesian approach can be used not
only in parameter estimation but also in the problem of
estimating a common functions of the parameters such as
readability, hazard rate, and lifetime performance index
functions; see ref. [45]. Therefore, we consider the com-
peting risks type-II JC sample obtained from life testing
experiment under random joint sample selected from two
lines L-Q; and L-Q, of production . The point and corre-
sponding CI estimates are constructed. The common prior
densities of the model parameters are considered to be
independent gamma distributions. The independent
gamma distributions are chosen for each of the model
parameters as follows:

bt
I(a)
where E = {Bll’ ﬁlzx ﬂzp ﬁzz} and (a;, b;),i=1,2,...,4 are
prior parameters that present prior information of the
model parameters. The joint prior distribution is given
by h*(B) = H?Zlhi*(ﬁi). In gereneral, the posterior distribu-
tion of model parameter is given by

L(BI(T, p.p)h*(B)

[ ], LBICT, @, p)*(B)AB

hi(B) = Bt exp(~byg), B>0, a, b>0, (25)

h(BIT) = (26)

Hence, from (9) and (26) the corresponding posterior dis-
tribution is given by

h(ﬁlT) o ﬁ1§;11+a1—1ﬁ1§;12+a2—lﬂz.;'lz]+a3—1B2§’222+a4—1

i=1

X (ﬁn + ﬁu)tsz -(n- KZ)(ﬂzl + ﬁzz)tsg.
S

=By + ﬁzz)z(% - Dt - by, - bopy,
i=1

S
X exP{‘(ﬁn + Blz)Z(z - (Pi)tiz - (m-1x)

7)

- b3ﬁ21 - blﬁzz}-
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The function given by (27) shows that the joint posterior
distribution has independent gamma distributions with
shape parameters given by

Q= 511 +a, Q= flz +a, Q3= 521 + a,

Q=&+ ay

(28)

and scale parameters given by

s
Wi=b + 2(2 - @)’ + (m - k),
i-1
s
W, = b, + 2(2 - )t + (m - K)tg,
J l;l (29)

Ws=b;s + Z(‘Pi - D2 + (n - k),
i1

s
Wi = by + Z((Pi - D + (n - 1)t

i=1

5.1 Point estimation

The results of the point estimators of model parameters
are given by
1. Under squared error (SE) loss function, the point esti-
mators (PEs) of model parameters are given by
Q' gy, 3,4
1

BIBI = (30)

W )
2. Under LINEX loss function, the PEs of the model para-
meters are given by

5 -Q W
P ,
Pre: c g[w,+c]

where c is the parameter of LINEX loss function.

(€1

5.2 Interval estimation

In this subsection, we built interval estimation of model
parameters under consideration that the posterior distribu-
tion is joint-independent gamma distribution. Therefore,
the probability credible interval (PCI) of model parameters
is given by

U
[ni o.o0dp = 1=y, 1=1.23,4 G
L

where h; is the marginal posterior distribution (marginal
gamma density). So, Bayes credible intervals are con-
structed based on the following lemma.
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Lemma: If X has gamma distribution as parameters m
and B, then the pivotal quantity Il = 2Bx is distributed
with x? distribution with 2m degrees of freedom (see
Kundu and Joarder [40]).

Therefore, the parameter , has gamma distribution
with shape parameter Q; and scale parameter W,. So, the
pivotal quantity IT = 2Wp, is distributed with x? distribution
with 2Q; degrees of freedom. And hence, the 100(1 — y)%
PCI is reduced to

2
XZQI:Y
2w’

6 Data analysis

2
X201,1*Y

W 33)

], 1=1,2,3,4.

In this section, we analyzed a real data set presented by
Hoel [46], which has presented the failure times and the
corresponding cause of failure for two groups of strain
male mice under laboratory experiment, which is received
aradiation dose of 300r at an age of 5-6 weeks. Let L-Q; be
considered as the first group which lived in a conventional
laboratory environment and L-Q, be the second group
lived in a germ-free environment. The complete data of
two lines are presented in ref. [46]. Let the data be classi-
fied into two causes of failure: thymic lymphoma with
reticulum cell sarcoma is the first cause of death (failure)
and the second cause is presented by other causes of death
(failure), and more details are presented in ref. [47]. These
data are divided by 100 and after that, the validity of mod-
eling these data by Rayleigh lifetime distribution is tested
by plotting the fitted survival function with empirical sur-
vival function. The data are tested to follow Rayleigh life-
time distribution with scale parameters B, + B,, k=1,2
(k mean from L-Q; or L-Q,). Figures 1 and 2 show the fitted

Figure 1: The empirical and fitted survival.
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10— ' T T T T T T ] Table 3: MLEs, bootstrap estimate, and PEs of the model parameters
N
1 e ] ML Bootstrap  SE LINX
L,
ok = = -
A N €=20 (C=-20
YOF ‘~ — -
A_L\ B 0.01532 0.01621 0.01533 0.01532 0.01533

0.4 ; - Blz 0.01415 0.01524 0.01415 0.01414 0.01415
b g | By  0.01604  0.01714 0.01604  0.01603  0.01605

) \} B, 0.00321 0.00421  0.00282  0.00282  0.00283
2 \.k[\ 1
I o i " ” : . ™ 7 survival function with empirical survival function. The

Kolmogorov-Smirnov distances of fit data between the

Figure 2: The empirica[ and fitted survival. empil‘ical diStl’ibutiOIl funCtiOI‘lS and the ﬁtted
Table 1: Time-to failure of male mice which received a radiation dose at age 5-6 weeks
Group 1 Cause 1 59 189 191 198 200 207 220 235 245 250 256 261 265
266 280 317 318 343 356 383 399 403 414 428 432 495
525 536 549 552 554 557 558 571 586 594 596 605 612
621 628 631 636 643 647 648 649 661 663 666 670 695
697 700 705 712 713 738 748 753
Cause 2 40 42 51 62 163 179 206 222 228 249 252 282 324
333 341 366 385 407 420 431 441 461 462 482 517 517
524 564 567 586 619 620 621 622 647 651 686 761 763
Group 2 Cause 1 158 192 193 194 195 202 212 215 229 230 237 240 244
247 259 300 301 321 337 415 430 434 444 485 496 529
537 590 606 624 638 655 679 691 693 696 707 747 752
760 778 800 821 986
Cause 2 136 246 255 376 421 565 616 617 652 655 658
660 662 675 681 734 736 737 757 769 777 800
807 825 855 857 864 868 870 873 882 895 910
934 942 1,015 1,019
Table 2: Competing risks type-Il JPC sample for radiation dose data with S = 80
t; 0.4 0.42 0.51 0.62 1.36 1.58 1.59 1.63 1.79 1.89 1.91 1.92 1.93 1.94
@ 1 1 1 1 2 2 1 1 1 1 1 2 2 2
P 2 2 2 2 2 1 1 2 2 1 1 1 1 1
t 1.95 1.98 2.00 2.02 2.06 2.07 2.12 2.15 2.2 2.22 2.28 2.29 2.3 2.35
@; 2 1 1 2 1 1 2 2 1 1 1 2 2 1
p; 1 1 1 1 2 1 1 1 1 2 2 1 1 1
t 2.37 2.4 2.44 2.45 2.46 2.47 2.49 2.5 2.52 2.55 2.56 2.59 2.61 2.65
@; 2 2 2 1 2 2 1 1 1 2 1 2 1 1
p; 1 1 1 1 2 1 2 1 2 2 1 1 1 1
t; 2.66 2.8 2.82 3.0 3.01 3.17 3.18 3.21 3.24 3.33 3.37 3.41 3.43 3.56
@; 1 1 1 2 2 1 1 2 1 1 2 1 1 1
p; 1 1 2 1 1 1 1 1 2 2 1 2 1 1
t 3.66 3.76 3.83 3.85 3.99 4.03 4.07 4.14 4.15 4.2 4.21 4.28 4.3 4.31
@; 1 2 1 1 1 1 1 1 2 1 2 1 2 1
p; 2 1 2 1 1 2 1 1 2 2 1 1 2
t 4.32 4.34 4.41 4.44 4.61 4.62 4.82 4.85 4.95, 4.96
| 2 1 2 1 1 1 2 1 2
p; 1 1 2 1 2 2 2 1 1 1
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Table 4: 95% Cls ML, boot, and BCs of the model parameters

Cls Cls-Boo-p Cls-Boo-t BCs
Bu (0.0094, 0.0212) (0.0102, 0.0325) (0.0085, 0.0215) (0.0107, 0.0206)
B (0.0085, 0.0198) (0.0102, 0.0215) (0.0075, 0.0191) (0.0098, 0.0192)
B (0.0097, 0.0223) (0.0120, 0.0291) (0.0082, 0.0235) (0.0112, 0.0217)
B,y (0.0004, 0.0060) (0.0011, 0.0095) (0.0011, 0.0067) (0.0011, 0.0052)

distribution functions satisfy (K-S) equal to 0.1513 P-value, we accept that the null hypothesis from trans-
under L-Q; and (K-S) equal to 0.1805 under L-Q,. From formed data set is drawn from Rayleigh lifetime distri-
Figures 1 and 2, the values of (K-S) and the tested bution with scale parameter 8, + B,,.

Table 5: MEs and MSEs when ¢ = {1.0, 0.5, 2.0, 1.5}

(m, n, S) () mee (+) Boot (+) B(po) ()Bpy
(20, 20, 15) B 1.312 0.234 1.412 0.324 1.291 0.218 1.200 0.189
B, 0.724 0.124 0.812 0.164 0.703 0.121 0.652 0.098
ﬁ21 2.521 0.453 2.621 0.512 2.501 0.445 2.412 0.332
Bss 1.874 0.421 1.942 0.487 1.855 0.395 1.752 0.241
(20, 20, 25) B 1.295 0.202 1.397 0.301 1.275 0.190 1.189 0.157
B, 0.708 0.100 0.800 0.139 0.686 0.095 0.638 0.062
By 2.503 0.423 2.602 0.492 2.482 0.417 2.400 0.299
B,s 1.858 0.392 1.925 0.452 1.843 0.361 1.737 0.208
(30, 30, 25) B 1.288 0.195 1.391 0.303 1.271 0.187 1.184 0.152
B, 0.712 0.101 0.795 0.132 0.680 0.091 0.632 0.057
By 2.497 0.427 2.597 0.495 2.481 0.410 2.402 0.291
B,y 1.853 0.387 1.921 0.448 1.839 0.363 1.733 0.203
(30, 30, 40) B 1.252 0.151 1.361 0.258 1.225 0.139 1.141 0.114
B, 0.671 0.072 0.770 0.100 0.647 0.071 0.601 0.049
By 2.467 0.375 2.564 0.450 2.439 0.371 2.350 0.252
B,> 1.815 0.345 1.875 0.403 1.801 0.325 1.682 0.169
(50, 50, 50) B 1.233 0.122 1.343 0.229 1.204 0.109 1.120 0.085
B, 0.652 0.041 0.749 0.078 0.632 0.045 0.579 0.023
By 2.448 0.346 2.548 0.401 2.418 0.343 2.329 0.213
B,, 1.801 0.317 1.861 0.371 1.781 0.300 1.678 0.135
(50, 50, 70) B 1.195 0.101 1.301 0.210 1.185 0.091 1.089 0.066
B, 0.613 0.023 0.711 0.061 0.613 0.031 0.558 0.011
By 2.404 0.327 2.510 0.386 2.400 0.325 2.307 0.193
B,s 1.762 0.300 1.823 0.349 1.759 0.281 1.661 0.118
(50, 50, 100) B 1.145 0.070 1.254 0.177 1.137 0.073 1.065 0.042
B, 0.565 0.010 0.675 0.043 0.554 0.009 0.529 0.004
By 2.351 0.301 2.466 0.349 2.361 0.294 2.240 0.165
B,s 1.711 0.270 1.771 0.318 1.704 0.242 1.618 0.104
(75, 75, 100) B 1.138 0.068 1.249 0.179 1.132 0.070 1.061 0.041
B, 0.557 0.012 0.671 0.041 0.549 0.011 0.532 0.005
By 2.354 0.304 2.460 0.351 2.357 0.291 2.243 0.161
B,s 1.713 0.268 1.768 0.314 1.692 0.240 1.615 0.099
(75, 75, 130) B 1.122 0.053 1.231 0.162 1.118 0.051 1.035 0.031
B, 0.541 0.008 0.632 0.029 0.535 0.008 0.517 0.004
By 2.338 0.280 2.438 0.325 2.341 0.276 2.218 0.142

B,s 1.691 0.251 1.749 0.291 1.781 0.235 1.600 0.091
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Table 6: ILs and PCs when ¢ = {1.0, 0.5, 2.0, 1.5}
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(m, n, S) () mLe () Boot-P (+) Boot-t (+)B(po) () Bpy
(20, 20, 15) B 3.124 0.88 3.171 0.89 3.111 0.90 3.103 0.89 3.071 0.91
B, 1.624 0.88 1.674 0.90 1.620 0.89 1.605 0.90 1.570 0.90
By 4.852 0.89 4.899 0.87 4.843 0.89 4.832 0.89 4.801 0.92
By, 3.512 0.87 3.561 0.89 3.501 0.90 3.507 0.90 3.449 0.91
(20, 20, 25) B 3.085 0.89 3.124 0.90 3.063 0.91 3.063 0.93 3.024 0.92
B, 1.570 0.90 1.627 0.91 1.572 0.92 1.540 0.92 1.518 0.95
By 4.803 0.89 4.851 0.89 4.795 0.90 4.800 0.90 4.748 0.91
By, 3.477 0.90 3.514 0.89 3.451 0.91 3.451 0.96 3.403 0.93
(30, 30, 25) B 3.082 0.89 3.133 0.89 3.054 0.93 3.051 0.92 3.017 0.91
B, 1.564 0.91 1.624 0.91 1.566 0.90 1.529 0.92 1.512 0.92
By 4.807 0.90 4.847 0.90 4.790 0.90 4.803 0.92 4.741 0.94
By, 3.471 0.89 3.508 0.90 3.443 0.92 3.447 0.91 3.411 0.91
(30, 30, 40) B 3.037 0.93 3.100 0.91 3.003 0.93 3.012 0.97 2.980 0.92
B, 1.525 0.91 1.582 0.91 1.524 0.96 1.492 0.94 1.476 0.93
By 4.762 0.91 4.801 0.93 4.751 0.90 4.769 0.94 4.700 0.94
By, 3.434 0.92 3.478 0.91 3.403 0.91 3.408 0.95 3.382 0.95
(50, 50, 50) B 3.019 0.90 3.087 0.92 2.987 0.94 2.985 0.92 2.957 0.94
B, 1.508 0.93 1.561 0.91 1.505 0.90 1.471 0.95 1.451 0.93
By 4.741 0.91 4.792 0.90 4.729 0.92 4.745 0.94 4.685 0.95
By, 3.415 0.94 3.456 0.94 3.384 0.95 3.382 0.91 3.361 0.91
(50, 50, 70) ﬁll 2.970 0.95 3.048 0.94 2.951 0.92 2.954 0.93 2.921 0.95
B, 1.476 0.95 1.527 0.92 1.456 0.92 1.439 0.94 1.417 0.92
By 4.701 0.91 4.755 0.93 4.691 0.93 4.708 0.92 4.645 0.92
By, 3.385 0.92 3.421 0.93 3.351 0.94 3.335 0.93 3.324 0.93
(50, 50, 100) B 2.917 0.90 3.001 0.93 2.902 0.95 2.901 0.95 2.871 0.95
B, 1.428 0.95 1.481 0.91 1.403 0.92 1.391 0.94 1.365 0.91
By 4.649 0.92 4.701 0.93 4.628 0.94 4.361 0.92 4.600 0.94
B,> 3.334 0.93 3.372 0.95 3.300 0.92 3.291 0.94 3.281 0.94
(75, 75, 100) B 2.921 0.91 3.007 0.92 2.899 0.94 2.904 0.90 2.869 0.92
B, 1.432 0.94 1.484 0.92 1.401 0.92 1.395 0.94 1.369 0.93
By 4.644 0.92 4.703 0.92 4.622 0.92 4.364 0.92 4.612 0.94
By, 3.329 0.92 3.369 0.94 3.303 0.91 3.287 0.95 3.277 0.92
(75, 75, 130) B 2.891 0.92 2.971 0.93 2.865 0.93 2.882 0.92 2.838 0.95
B, 1.399 0.94 1.451 0.94 1.372 0.92 1.367 0.94 1.335 0.92
By 4.615 0.94 4.671 0.92 4.594 0.93 4.341 0.93 4.582 0.94
By, 3.302 0.91 3.341 0.92 3.276 0.94 3.252 0.94 3.252 0.93

Therefore, the observed joint type-II competing risks
data taken from two lines of production L-Q; and L-Q,
with censoring scheme N = 181,m = 99,n = 82,and S = 80
are reported in Table 1. The data show that (k;, x,) = (50, 30)
and (&, &, &1 &) = 126, 24, 25, 5} (Table 2). The point
estimators under ML, bootstrap, and Bayes estimators with
non-informative prior information (mean a; = b; = 0.001,
i=1,2,3,4) are reported in Table 3. The 95% approximate
ML, two bootstrap and credibly intervals, respectively, are
reported in Table 4.

7 Simulation study

The performances of developed results presented in this
article are assessed and compared through Monte Carlo
simulations study. Therefore, we test the estimators by
changing sample size m + n, effected sample size S, and
different choices of the initial parameter values. For the
point estimate, we reported the mean estimate (ME) and
MSE. But, for interval estimate, we reported the mean
interval length (MIL) and coverage percentage (CP). So,
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Table 7: MEs and MSEs when ¢ = {2.0, 3.0, 1.0, 0.8}
(m, n, S) () mee (+) Boot (+) B(po) () Bpy
(20, 20, 15) By 2.451 0.425 2.492 0.479 2.442 0.419 2.403 0.364
By 3.524 0.621 3.569 0.669 3.515 0.618 3.475 0.561
Boy 1.354 0.235 1.388 0.281 1.343 0.229 1.302 0.185
Bay 1.213 0.214 1.248 0.271 1.202 0.215 1.165 0.152
(20, 20, 25) By 2.424 0.394 2.461 0.451 2.415 0.389 2.365 0.334
By 3.500 0.591 3.541 0.641 3.485 0.589 3.418 0.535
Boy 1.327 0.208 1.361 0.254 1.304 0.201 1.251 0.152
Bay 1.185 0.184 1.219 0.242 1.161 0.187 1.109 0.125
(30, 30, 25) By 2.429 0.398 2.467 0.454 2.410 0.384 2.364 0.330
By 3.502 0.590 3.542 0.639 3.489 0.582 3.412 0.531
Boy 1.324 0.214 1.360 0.251 1.308 0.212 1.255 0.147
Bay 1.181 0.180 1.213 0.246 1.167 0.183 1111 0.131
(30, 30, 40) By 2.401 0.371 2.441 0.427 2.382 0.349 2.351 0.309
By 3.475 0.569 3.517 0.615 3.461 0.551 3.288 0.504
Boy 1.303 0.187 1.332 0.225 1.281 0.187 1.229 0.121
Bay 1.154 0.154 1.185 0.221 1.142 0.151 1.082 0.108
(50, 50, 50) By 2.385 0.355 2.427 0.415 2.368 0.332 2.334 0.291
By 3.462 0.551 3.503 0.604 3.449 0.536 3.275 0.289
Boy 1.287 0.168 1.315 0.208 1.270 0.170 1.209 0.104
Bay 1.139 0.134 1.169 0.209 1.126 0.137 1.066 0.092
(50, 50, 70) By 2.361 0.329 2.403 0.392 2.344 0.308 2.311 0.274
By 3.439 0.524 3.481 0.581 3.425 0.509 3.249 0.265
Boy 1.261 0.146 1.290 0.186 1.247 0.149 1.200 0.083
Bar 1.119 0.109 1.145 0.184 1.103 0.112 1.045 0.071
(50, 50, 100) By 2.339 0.329 2.282 0.369 2.323 0.291 2.289 0.257
By 3.415 0.508 3.459 0.560 3.407 0.289 3.231 0.246
Boy 1.237 0.127 1.268 0.169 1.224 0.124 1.179 0.065
Bay 1.104 0.091 1.127 0.165 1.082 0.100 1.027 0.057
(75, 75, 100) By 2.331 0.322 2.284 0.363 2.320 0.293 2.285 0.253
By 3.412 0.502 3.452 0.561 3.401 0.284 3.228 0.242
Boy 1.231 0.123 1.265 0.162 1.220 0.120 1171 0.060
Bar 1.101 0.092 1.121 0.164 1.079 0.101 1.024 0.054
(75, 75, 130) By 2.311 0.308 2.255 0.351 2.300 0.274 2.261 0.241
By 3.385 0.491 3.431 0.539 3.284 0.268 3.204 0.229
Boy 1.209 0.109 1.241 0.145 1.200 0.105 1.142 0.041
Bay 1.079 0.072 1.101 0.147 1.057 0.079 1.005 0.039
we wused two sets of parameter values ¢ = onsimulate samples with iteration number equal to 1,000.

{B11s By By» B} = {1.0, 0.5, 2.0, 1.5} and {2.0, 3.0, 1.0,
0.8}. Different censoring schemes are used in the simula-
tion tables. About the prior information in Bayesian
approach, we adopted non-informative priors (mean
a; = b; = 0.0001) and informative priors (mean a;, b;
take non-zero values). For the first choice of the
parameter values the prior information is taken to be
{2, 2), (2, 3), (4, 2), (3, 2)}. Also, for the second choice
of the parameter values the prior information is taken
to be {(4, 2), (3, 1), (2, 2), (2, 3)}. Our studying dependent

Monte Carlo simulation study has algorithm described as

follows:

1. For given prior information, the initial parameter values
can be selected randomly by generating value from
prior distribution. Also, some authors selected the
mean of some generated values. In this article, we
selected the initial parameter value to satisfy almost
the mean of prior distribution. Therefore, for given
parameter vector ¢ = {f,;, B, B, B}, the informa-

tive prior information satisfy E(¢,) = %
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Table 8: ILs and PCs when ¢ = {2.0, 3.0, 1.0, 0.8}

(m, n, S) () mee () Boot-P (+) Boot-t () B(po) ()Bepy
(20, 20, 15) B 4.725 0.88 4.754 0.89 4.711 0.89 4.714 0.90 4.650 0.90
B, 5.541 0.89 5.569 0.89 5.528 0.90 5.528 0.91 5.470 0.91
By 2.842 0.87 2.867 0.89 2.825 0.90 2.829 0.90 2.761 0.89
B,, 2.102 0.89 2.132 0.90 2.085 0.89 2.101 0.89 2.025 0.91
(20, 20, 25) B 4.689 0.90 4.721 0.91 4.684 0.90 4.687 0.92 4.618 0.92
B, 5.513 0.90 5.541 0.89 5.501 0.93 5.501 0.93 5.439 0.92
By 2.815 0.89 2.842 0.90 2.794 0.92 2.804 0.92 2.728 0.91
[322 2.071 0.91 2.105 0.92 2.054 0.91 2.076 0.91 2.001 0.93
(30, 30, 25) B 4.684 0.89 4.724 0.92 4.688 0.91 4.681 0.91 4.614 0.94
B, 5.517 0.91 5.538 0.90 5.512 0.91 5.497 0.92 5.431 0.92
By 2.811 0.90 2.835 0.91 2.789 0.90 2.801 0.92 2.723 0.93
B,s 2.074 0.92 2.101 0.90 2.051 0.92 2.078 0.90 2.005 0.93
(30, 30, 40) B 4.649 0.91 4.691 0.91 4.651 0.92 4.649 0.91 4.581 0.92
B, 5.484 0.91 5.504 0.92 5.472 0.91 5.462 0.91 5.401 0.95
By 2.781 0.91 2.801 0.92 2.757 0.91 2.768 0.93 2.691 0.93
B,s 2.041 0.93 2.069 0.91 2.018 0.93 2.042 0.91 1.972 0.91
(50, 50, 50) B 4.638 0.92 4.678 0.94 4.638 0.93 4.632 0.93 4.565 0.93
B, 5.471 0.90 5.492 0.93 5.466 0.91 5.448 0.92 5.386 0.94
By 2.769 0.91 2.789 0.92 2.741 0.92 2.751 0.93 2.679 0.92
B,s 2.028 0.94 2.054 0.92 2.004 0.94 2.027 0.93 1.958 0.93
(50, 50, 70) B 4.611 0.91 4.651 0.92 4.609 0.91 4.603 0.93 4.539 0.95
B, 5.445 0.92 5.466 0.92 5.441 0.95 5.421 0.94 5.347 0.93
[321 2.741 0.91 2.761 0.92 2.715 0.92 2.723 0.93 2.645 0.92
B,s 2.001 0.92 2.024 0.93 1.956 0.92 2.002 0.94 1.931 0.94
(50, 50, 100) B 4,582 0.95 4.622 0.91 4,582 0.92 4.572 0.93 4.511 0.92
B, 5.417 0.92 5.437 0.93 5.415 0.95 5.591 0.92 5.318 0.95
By 2.715 0.91 2.729 0.92 2.691 0.93 2.691 0.93 2.617 0.95
B,y 1.976 0.94 2.001 0.94 1.927 0.93 1.959 0.92 1.903 0.92
(75, 75, 100) B 4.548 0.93 4.591 0.92 4.553 0.93 4.540 0.93 4.479 0.96
B, 5.381 0.92 5.403 0.93 5.388 0.94 5.555 0.91 5.292 0.93
By 2.687 0.92 2.700 0.92 2.657 0.91 2.654 0.93 2.589 0.92
B,y 1.941 0.91 1.659 0.90 1.889 0.92 1.918 0.94 1.872 0.94
(75, 75, 130) B 4,521 0.93 4.558 0.93 4,515 0.91 4.517 0.93 4.447 0.93
B, 5.342 0.94 5.371 0.92 5.357 0.94 5.519 0.91 5.256 0.93
By 2.651 0.92 2.669 0.94 2.619 0.92 2.621 0.92 2.549 0.94
B,y 1.914 0.93 1.618 0.91 1.862 0.94 1.900 0.95 1.839 0.93

2. Generate two samples of size m and n from RD with scale 6. The MLE, bootstrap, and Bayes point and interval

parameters 8, + B, k = 1, 2, respectively. Hence, from the estimates are computed for each sample.
joint sample of size m + n select a small value of size S. 7. Compute the values of each ME, MSEs, ILs, and PCs,
3. From Step 2 compute the two integer values k; and k.. which are reported in Tables 5-8.

4, The binomial distributions are used to generate discrete
random variables £ki’ k,j = 1, 2, sample size k; and x, under

B B
i+ Bia and Bia + B
5. Steps 2-4 are repeated N times, then N competing risks ~Estimating problem under joint type-II competing risks
type-II JC samples with the corresponding N times of x;, sample is considered in this article. The unknown para-
K, and ’ski are available. meters under consideration of product life distributed

8 Conclusions and remarks

probability of success , respectively.
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with Rayleigh lifetime population are estimated under
competing risks model with two different failure modes.
Estimation problem is discussed with, three different esti-
mation methods, ML, bootstrap, and Bayesian methods .
Two different loss functions are considered in Bayesian
context. The ACIs, two bootstrap, and Bayes credible
intervals are also discussed. Bayesian estimation under
SE loss function or LINEX loss functions for the para-
meters of two competing RDs was discussed for given
competing risks type-II JC sample. Bayes results were
compared with the ML and bootstrap estimates through
a Monte Carlo simulation study. The computational
results show that the Bayesian estimation under two pro-
posed loss functions is more precise than the MLE. The
results in both ML and Bayes with non-informative prior
are closed for the information are obtained only from
likelihood function. It is evident from the numerical
results that while the MLEs are close to the ones based
on the Bayes method under non-informative prior P°, the
Bayes estimators under informative prior and bootstrap-t
perform well when compared to the MLEs and bootstrap-p.
Statistic defined by (22) show that bootstrap-t confidence
intervals combined with the mean do not necessarily deal
with skewness as well as other methods, which makes
it better than other methods. It is observed that when the
effective sample m increases, the MSEs of the estimates and
the ALs of the confidence intervals decreased. Moreover, the
MSE:s of the point estimates as well as the ILs and CPs of ClIs,
approximate boot-p and boot-t as well as CIs improve when
S is large. This observation is expected due to the fact that
when S increases, more information on the data is obtained.
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