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Abstract: It is a well-known fact that functional effects
like relaxation and retardation of materials, and heat
transfer phenomena occur in a wide range of industrial
and engineering problems. In this context, a mathema-
tical model is developed in the view of Caputo fractional
derivative for Oldroyd-B nano-fluid. Nano-sized particles
of copper (Cu) are used to prepare nano-fluid taking water
as the base fluid. The coupled non-linear governing equa-
tions of the problem are transformed into dimensionless
form. Finite difference scheme is developed and applied
successfully to get the numerical solutions of deliberated
problem. Influence of different physical parameters on fluid
velocity profile and temperature profile are analyzed briefly.
It is observed that for increasing values of fractional para-
meter (a), fluid velocity increased, but opposite behavior
was noticed for temperature profile. Nusselt number (Nu)
decayed for advancement in values of heat source/sink
parameter (Qy), radiation parameter (Nr), volume fraction
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parameter of nano-fluid (¢), and viscous dissipation para-
meter (Ec). Skin friction (C¢) boosts for the increase in the
values of magnetic field parameter (Ha). It can also be
noticed that the extended finite difference scheme is an
efficient tool and gives the accurate results of discussed
problem. It can be extended for more numerous type heat
transfer problems arising in physical nature with complex
geometry.

Keywords: Oldroyd-B nano-fluid, Caputo time fractional
model, viscous dissipation, thermal radiations, magnetic
field, finite difference method

Nomenclature
u (m/s) velocity
0 (K) temperature

density
dynamic viscosity

Py (kg/m?)
My (kg/ms)

kns (W/mXK) thermal conductivity of nano-fluid

By (KY) volumetric thermal expansion coefficient
g (m/s?) gravitational acceleration

(Cons heat capacity of nanoparticles

Onf (S/m) electrical conductivity of nanoparticles
Vi (m?/s) kinematic viscosity of nanoparticles

0] volume fraction of nanoparticles

1 Introduction

In the modern era of science and technologies, a lot of
researchers are engrossing by the non-Newtonian fluids
because non-Newtonian fluids have much more
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applications then Newtonian fluids. Practically, precise
forecasting of all connected features for such fluids is not
credible through a single model because in non-Newtonian
fluids, shear stress and shear rate are nonlinearly correlated
to each other. Classical Navier—Stokes equation are effectual
in characterizing numerous rheological properties and
dynamics of these fluids, for e.g., stress differences, retar-
dation, relaxation, elongation, yield stress, memory
effects, and many others. A number of different models
are suggested to incorporate the additional non-linear
terms and to speculate the rheological properties of
non-Newtonian fluids. Certain models which explained
the non-Newtonian behavior of fluids are Maxwell model
[1], Sisko’s model [2], Second grade fluid model [3], Bur-
gers model [4], Jeffrey model [5], and Oldroyd-B model [6].
Many non-Newtonian fluids are present in foods like jams,
mayonnaise, toothpaste, polymers, clay, and melts which
enumerate the elastic feature. The Oldroyd-B model is a
more appropriate and amenable model to manifest the
elastic and viscous nature of the fluids because it has
the ability to demonstrate the flow history and it discloses
the retardation and relaxation mechanism. When the value
of solvent viscosity is zero, then the Maxwell model is a
limiting case of Oldroyd-B model. A considerable work in
mathematical modeling of blood flow through restenosis
arteries has been done in bio-science by Ali et al. [7]. A
lot of contribution in this perspective can be seen in refs
[7-10]. Fetecau et al. [11] elaborated apposite stress field for
Oldroyd-B and fluid velocity distribution over a constantly
moving plate. Fetecau et al. [12] extended this work further
more for an Oldroyd-B flow model within a channel and found
the analytical solution of the proposed model. Gul [13] solved
the magnetohydrodynamic (MHD) flow of Oldroyd-B fluid
model past an oscillating belt analytically by Homotopy per-
turbation method (HPM). Wang [14] scrutinized the dissipative
non-linear flow of Oldroyd-B fluid generated by stretchable
sheet via HPM. Song [15] elaborated the fractional Oldroyd-B
model analytically via fluctuating duct. Hayat [16] investigated
the nano-material stagnation point flow of Oldroyd-B model
via optimal homotopy asymptotic method.

Applications of nano-fluids have become a topic of
global interest for the last few decades because of their
effective mode heat transfer ability. Choi and Eastman
[17] in 1995, first time introduced the nano-fluid which
is a revolutionary change in thermal transport and solved
entropy problem in heat management systems. Nano-
fluids are made by mixing nano-sized particles, ranging
from 1 to 100 nm, of metals, oxides, or carbides in base
fluids like water, carosene oil, efc. Nano-particles when
added in fluid enhance thermal conductivity and surface
area of thermal conduction, consequently enhancing the
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heat transfer rate. Nano-fluids are best coolants in heat
transfer systems like heat exchangers, electronic cooling,
and radiators. Polymerase chain reactions are efficiently
enhanced by using graphene-based nano-fluids. In cold
region, nano-fluids are used to heat the rooms more effi-
ciently. By using nano-fluids, one can minimize the cost,
loss of energy, and also the pollution. Kulkarni et al. [18]
explored the application of nano-fluids in heating build-
ings and reducing pollution. Ramezanizadeh et al. [19]
discussed in detail the application of nano-fluids in ther-
mosiphons. Ebrahimnia-Bajestan et al. [20] worked on
solar system heat exchanger with nano-fluids applica-
tion. Li et al. [21] disclosed that the nano-fluids are best
lubricants. Hamid [22] investigated the shape effects of
nanoparticles on rotating flow of nano-fluids. A lot of
contribution in this context can be found in refs [23-26].

The role of mathematical models in describing the
different physical phenomena of daily life is more impor-
tant. These models are composed of differential equations
and some initial and boundary conditions. These differ-
ential equations are of different orders, may be integer
order or non-integer fractional derivatives. But non-integer
fractional derivatives have a vibrant scope in modern
industrial era, as fractional models are more close to the
geometry of physical systems. Also, fractional parameter is
part of a solution which elaborated the memory effect
more briefly helping to control the flow regime, conse-
quently fractional models are considered superior than
ordinary models. It was used to establish the models of
the physical systems and many engineering processes by
fractional differential equations. These models were found
to be more accurately describing these fractional differen-
tial equations. Many physical phenomena of thermal trans-
port, engineering, circuits, biotechnology, and signal process
can be modified with the help of fractional derivative.
Viscoelastic damping in polymers can be well modeled by
using fractional derivative. Shape memory effect during
deformation can be accurately described by using fractional
calculus. Imran [27] explored the second grade fluid by
using Caputo time fractional derivative analytically.
Caputo and Fabrizio [28] presented a new fractional
derivative having fruitful results of many physical pro-
blems. Ikram [29] investigated the flow of hybrid nano-
fluid by using Caputo—Fabrizio (CF) derivative analytically.
CF derivative involves non-singular kernel and it cannot
produce original function when order of the derivative is
zero. To overcome this problem, in 2016, Atangana and
Baleanu [30] introduced new fractional derivative based
on Mittag-Leffler function. Saqib et al. [31] investigated
MHD channel flow of carbon nanotube-based nano-fluids
by using ABC derivative. Wang [32] discussed heat and mass
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transfer of Oldroyd-B nano-fluid by using ABC derivative via
Laplace transform approach.

Viscous stresses destructing the fluctuating velocity
gradient is known as viscous dissipation. Viscous dissi-
pation effect is an irreversible process, which heats up
the fluid because the viscosity of fluid takes energy from
the motion of fluid and transforms it into internal energy
of the fluid. Fruitful results with application of viscous
dissipation, radiation, and magnetic field on nano-fluid
are studied in refs [33,34]. Also, this effect was considered
by Brinkman. Hussain et al. [35] explored the viscous
dissipation effect in detail. Farooq [36] investigated the
effect of viscous dissipation on entropy. Entropy is actu-
ally disordering or randomness of system. A loss of useful
energy is known as entropy. Habib [37] discussed the
entropy generation and heat transfer in power law fluid
flow. Khan et al. [38] explored the entropy generation in
nano-fluid flow between two rotating discs.

By following through literature discussed earlier, it is worth
remarking that MHD Oldroyd-B nano-fluid model with thermal
radiation, viscous dissipation, and heat source/sink in view of
Caputo time fractional derivative is not considered and solved
numerically via finite difference method (FDM). Furthermore,
entropy generation, Bejan number, Nusselt number, and skin
friction are calculated for the proposed model and compared
with the existing literature.

2 Mathematical formulations

Let us consider the unsteady natural convection flow of
incompressible fractional Oldroyd-B nano-fluid over infinite
oscillating vertical plate as V = ugH (t)Cos(wt)i, where H(t)
is the unit step function, i is the unit vector in vertical flow
direction, and w is the frequency of oscillating plate. The
plate is situated at y = 0, parallel to x-axis and moving in x-
direction. Initially, both the plate and fluid are at rest with
constant temperature 6,,. For t > 0, the plate started oscil-
lating motion with velocity ugH(t)cos(wt) and the tempera-
ture of plate raised by 8,,. Magnetic field is applied parallel
to y-axis. Taking viscous dissipation as significant, velocity
profile is of the form V(u(y, t), 0,0) as shown in Figure 1.
The proposed model contains the following assumptions.
¢ Flow is unsteady, incompressible, and unidirection

¢ Pressure gradient is neglected

¢ Applying magnetic field (neglecting induced magnetic field)
¢ Considering thermal radiation along y-direction

¢ Viscous dissipation is significant.

Under the above described assumptions, momentum
and energy equation are given as,
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Figure 1: Geometry of flow dynamics.

The basic governing equations of the problem are
given [40] as,

V.V = O,p[% + (V. V)V] =pg+JxM+div(T), (1)

where V is the velocity vector, M is the magnetic field
parameter, p is the fluid density, the current density is
represented by J, T is the Cauchy stress tensor, and ¢ is
the time and pg is the other body forces. In case of
Oldroyd-B nano-fluid, the relation between the extra
stress tensor and Cauchy stress tensor is given [40] as,

T=-pl+S8, 2
where
DS DA,
S+M— =yl A + Lh—|, 3
lDt }1(1 2Dt) (3)
and
E:d—S—LS—SLf,%:%—LAl—AlLt,
Dt dt Dt dt (4)

A =L+I1,L=VV,

where p is the density, T is the Cauchy stress tensor, p
is the pressure, I is the identity matrix, b is the body force,
S is the extra stress tensor, Ais the first Rivilin-Erikson
tensor, A; and A, are the time relaxation parameters, A, is
the time retardation parameter, and L is the velocity
gradient.

By using Egs. (2)-(4) in Eq. (1),

ou _ aSxy
Phnf & - dy

+ g(pﬁg)nf(e - 600) - (O-)nfBgu’ (5)

where S,; is the extra stress tensor, f3 is the coefficient of
thermal expansion,o is the electrical conductivity, B, is
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the applied magnetic field, and 6 is the temperature.
Multiplying Eq. (5) by (1 + A’Df)

u d
1+ D SH) = a1+ 27D,

6
+ (0B + AFDAE - 0,0) ©

— (0)nB(1 + ARDM)u,

The constitutive relation for Oldroyd-B fluid is given
[40] as,

ana ana a
(1 + A'D)Syy = pop(1 + A/'Dy )§~ (7)

Applying Eq. (7) in Eq. (6)

Fu

dy?

apa (®)
+ (1 + A'D)g(pPoIns (8 — 6o0)

- (1 + A'D)0yBiu.

u
1+ AlaDta)pnfE =1+ AraDta)an

Energy equation in the presence of thermal radia-
tions and heat source/sink with viscous dissipation effect
is given [41] as,

0 3% g, ouY
Cont| = | = Kpe = S g | 2
® ”)f(at) Ty ”‘f(ay) ©)

+Q(0 - 6w),

where (Cp)y is the specific heat capacity of nanofluid at
constant pressure, (p)y is the density of nano-fluid, K is
the thermal conductivity of nano-fluid,p,¢is the dynamic
viscosity of nano-fluid, g, is the radiative heat flux, and Q
is the heat source/sink parameter.

Under the Rosseland’s approximation in ref. [32], g,
takes the following form

()
=G )y

(10)

where ¢* is the Stefan—Boltzmann constant and k* is the
absorption constant. Expanding 6% about 6., by using

Taylor series
0% = 4630 - 2. (11)

Neglecting higher power of 6 and using Egs. (10) and
(11) in Eq. (9), also multiplying with (1 + /\thB ), Eq. (9)
takes the following form

(PCp)nr(1 + Afnf)(%)

16576

3% oo %6
= Ky(1 + Azﬁpf)a—yz S O /12ﬁDf)a—y2 (12)

ou 2
+(1+ Az”D!’)unf(a) + (1 + ADF)Q(O - 6c,).
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Associated initial and boundary conditions [42] are,
u(y’ 0) = 0, u(0, t) = uOH(t)COS(Wt)’ u(oo, t) =0, (13)

0(y, 0) = B, 6(0, t) = Oy, 8(c0, t) = O, (14)

For the proposed model, following are the non-
dimensional quantities [42]

2
u u
w = —, tt= 2, 0% =

Up v
ug Uoy
0
/12* = —Az, y* =
v v

Using these transformations in Egs. (9) and (12-14)
v8(Be)r(Bw - 0) .,
— >, H? =
us pru
*03
_ y(Cp)f’ Nt = 160 600’
Kf a53k*Kf
U ul v
Ec=2f—20 | q= Q_z
ke\ v(By - ) asKpu s
where relation for nano-fluids are given [43] as
Pos
Pr
(Pﬁe)nf _
(PBo)s

o o la-¢rsf
(pcp)nf _ _ [ 1— ((Pcp)s)
00 a, _( d)+ ¢ 0o )|
kg [(ks + 2ks) — 2Ky — ks)]

Gr =

Pr (15)

- <1¢)+¢”5],
| Pr

— [ _ (Pﬁe)s
a; = »(1 @) + ¢((Pﬁe)f)’]

(16)

ke | s+ 2Kp) + ks — k)
(5 -1)e
(5-2)-(5-1)e)

as a, (213 ay as
by=—=,by—=,b3=—,by=—,bs=—=,bg =
a; a; a; as as as

(U)nf _
(o)

ag= |1+

Qs

17

The dimensionless forms of the momentum and heat
equations are

ou o%u
1+ A9 — | =1 + A*DMby| —
1+ A n(at) 1+ A t)l(ayz)

18)
+ byGr(1 + AfD#)(0)
- bsHX(1 + AFDM)(w),
2
bPr(1 + Azﬂuf)(%) =(1+Nn@+ /lzﬂD!’)E
ot ay?
(19

+ bsEc(1 + AzﬁDtﬁ)(a—u)
oy

+ 1+ AzﬁDtﬁ)QOH.
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Also, the dimensionless initial and boundary conditions
u(y, 0) = 0, u(0, t) = H(t)cos(wt), u(co, t) = 0, (20)
0(y,0) =0,60(00,t) =1, 6(c0,t) =0 (21)

3 Entropy generation

For the Oldroyd-B fluid flow in magnetic field, the volu-
metric entropy generation of nano-fluid is given [44] as

EG = Eg + Ef + Em, (22)

where Eg, Ef, and E;,, are entropy generated due to heat
transfer, friction, and magnetic field effect, respectively.
These terms are defined as,

K «N3 2 2
- S 203
OOBZ nf 4 (e} y (23)
o
E, = %uz.
By using Eq. (23) in Eq. (22)
2 *\2
N5=E= as(1 + Nr) % +a3g u
Eo k)% Q\ oy
(24)

Br
+ ag—H,(uw)?|.
6Q a()]

Here Ej is the characteristic entropy generation rate,
Br is the Brinkman number, Ha2 is the Hartmann number,
and Q is dimensionless temperature difference given as

Kr u? - 2 -
E, = _§ uo(ew _ 0c0) Q= (O - 0) ,
Vf 600 600
160*63 Mo opy
= a°°,Br: /70 ,and H? = foz.
Bk*an Kf(GW - 900) pfuo

3.1 Bejan number

The Bejan number for the proposed model is defined

[44] as
an 69
B % 26)
e = ’
Ky 1+ 160*62, 0 2 n Hof (Ou + ULBéuz (
02, 3k Kns )% 00 ay Too
(3)
ay
Be= 0\ 4 Brfau)’ . Br ) -7
a+ Nr)(g) + b56<$) + beZ H,w)
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3.2 Skin friction coefficient

Skin friction for the considered model is defined [45] as

Cr = -u,(0, t). (28)

3.3 Local Nusselt number

Nusselt number for the proposed model is calculated by
the given definition [45] as

Nu = —6,(0, £). (29)

4 Methodology

In this section, we proposed a finite difference scheme to
handle the governing set of fractional-order fluid pro-
blem and heat transfer. For this, the discretization of
the derivative of fractional-order of u, u, and uy, are spe-
cified [46] as,

At

6Df, UO% ti1) = m[uij /]
At (30)
! 1
" Tae- Z(u’ - ufhdf,
At—A+a) ; .
6Dy fu(y, t1) = m[u’+l 2ul + u/™
At—(lw{)
+ —_—
r2-a) (31)
i . .
x Z(ui]—lﬂ _ zui]—l + ui]—l—l)dla’
I=1
0 1, ;
Eu(yl—, tjv1) = A_t[uiﬁl -ul], 32
t:tiﬂ
0? 1 j+1 j+1 j+1
a_yzu(y”l’ t) = F[u“l -2+ uly]. (33)

V=Yin1

In the above expressions, dff = —I!=* + (1 + I)!~* for
1=1,2,3,...,j. Now, the rectilinear grid is assumed to
examine the solution of the governing set of fractional-
order fluid problem and heat transfer having grid spacing
Ay > 0, At > O in the direction of space and time sepa-
Ax = ﬁ for Ay, At from Z*. The inner
points (¥, t;) in the discussed domain Q = [0, T] x [0, L]
are given as iAy = y; and jAt = t;. The discretization of the
governing set of fractional-order fluid problem and heat
transfer at (y;, ;) is given as.

rately, where At = %,
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AlaAt—(lw()

1 . ; . .
— W/ - ul) + I _u) v+ uJTh +
At( ! ) I'2-a) ( ! ‘) I'2-a)

i . .
x Y@ = 2u T u) b = (u/jll it + ulth

1=1

a J apns-a
A Z(uzlﬂm /i + uzl+1[ Dbf - ZblAz At

AyZF(Z - Ay T(Q2 - )
% z(uj—la-l —ou T ui b + AAt z( Jol gyl - hpa

pard i i i zr(z _ a)] . i-1 i-1

) -« . ) )
+ b,Grej"! + %ww o))+ %z(e, 11 _ il — hyH2u) !
- a “ %=
2N+ . X 2 A - . .
) l;agaAt Sl - uf)+ ﬁlz{“m> S
-a -a) 5
b PIASAOB S

b4Pr(9,+1 6)) + “Fr(zziﬁ)(giﬁl —20) + 6/

b PrALAt-0+B) J 1+ Nr

9_j—l+1 _
r2-p lzl( l

(1 + NoASAL# J Z @
AT -B) &

X Z(G{’l+l - 2071+ 0/ hpf +

20/71 + /7" Hbf =

@)y b _
1+1 + Ui ) 1 Ayzr(z _ ﬁ)

(1 + NoASAL$ J
NTQR-B) 5

(9]+1

j+1 j+1
=207+ 605)

A 2
(1 + N)2ALAt#

Y 6+ - 207 + 6/ b

1=0

bs ; bALAEP
* EEC(MHI - u])(ul]:ll ui}+1) + mEC(MIH )

. : Cd .
X (“11:11 A Z(“n]um —ul Db - uT vl Y - ui]l)blﬁ)
=1

QOAt )+1 j QOAt I+1 Ny, B +1
+ 26/ -6)) + (0' 01 b + Qb

r2-p COTe-B S Z

for j=1,23,..., N-1,i=123,..., N - 1, with the fol-
lowing initial and boundary conditions,

u =0,ut =u;4,6°=0,6'=
ul = cos(jwAt), ul; = 0,6} =1, 8}, =

6 fori=0,1,2,3,..., M,
0,forj=1,2,3,..., N- 1.

Test Problem

In order to check the efficiency of the proposed algo-
rithm, suppose the problem is

DrU(x, t) = a—ZU(x, t) - iU(x, t) + g(x, t).
ax? x

Here the initial and boundary conditions are speci-
fied below and inhomogeneous term can be designated
against the choice of fractional-order derivative.

Uix,0)=U(0,t)=UL,t)=0
The exact solution of the considered problem is

U(x, t) = x(x — t)t2. Several simulations have been
accomplished to check the accuracy of the suggested

method. Figure 2(a) and (b) are plotted between the var-
ious values of N and maximum absolute error (MAE), and
the computational order of convergence (COC) given
below,

MAE = max |U(x;, t;) - U], COC = log _MAEG)
1<isM MAE(k N 1)
1<j<N

Nk +1)
l - < I
/ Og( NGO )

It is well known that the method is convergent beside
each fractional-order derivative and its convergence
order increases as a — 1. Figure 2(c) and (d) comprises
the L..-norm among the consecutive solutions i.e.,
|U*! - U, and |Us;1 — Ujo, when 0 < i, j < N, M = 500.
It is established that the suggested method is very effec-
tive, reliable, and accurate for the considered problem.
Solutions are unchanged against the fractional order
mesh which validated the given solutions.
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Figure 2: Code validation of the proposed scheme and varying time mesh size against (a) COC, (b) MAE, and varying mesh size for (c) time

and (d) space against L..-norm between consective solutions.

5 Analysis and discussion of
results

This section of the research work deals with the detailed
overview of the key numerical findings and physical
interpretation of different emerging parameters such as
Gr, Pr, M, Ec, a, A, Nr, Ns, Nu, C¢, ¢, Qp, and Be are the
Grashof number, Prandtl number, magnetic field para-
meter, Eckert number, fractional parameter, time relaxa-
tion parameter, radiation parameter, entropy generation
parameter, Nusselt number, skin friction, volume fraction
parameter of nanoparticles, heat source/sink parameter,

and Bejan number, respectively. The behavior of the velo-
city profile u(y, t), temperature profile 6(y, t), and the
effects of the mentioned physical parameters are deliber-
ated as well as graphical illustration is made via MAPLE.
The velocity profile, temperature profile, skin friction,
Nusselt number, Bejan number, and entropy generation are
calculated by assuming the different ranges (0 < Gr < 5),
(0<Ha<5),(3.94<Pr<15),(0<Ec<5),(0.2<0a,B<1),
(0.1<M,A<0.5), (0<Nr<5), (0.1<¢<0.2),and
(0 < Qg < 5). Discretization of time and spatial derivative is
done using FDMs. The coupled, nonlinear, and fractional
models have been solved numerically by using FDM which
is a dominant tool to deal such kinds of problems.

Table 1: Thermo-physical properties of different materials taken from ref. [39]

Materials p (kgm3) C, UKgtk™ k (Wm™ k™) B x 107 (k™) o (Qm)™
water 997 4,197 0.613 21 0.05
Cu () 8,933 385 401 1.67 5.96 x 107
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Figure 3: Impact of Hartmann number on (a) dimensionless velocity profile, (b) coefficient of skin friction, (c) Bejan number, and (d) entropy
generation, when,a = 8 = 0.6, A; = 0.1, A, = 0.2, Gr = 5,Pr = 6.2, Qo = 2.5,Nr =5, Ec = 2,Br=2,Q =10, and ¢ = 0.1.

Results are obtained by solving Egs. (18) and (19)
with initial and boundary conditions illustrated in Egs.
(20) and (21), and physical properties of nanoparticle in
Eq. (16) and Table 1.

Figure 3a depicts the effect of magnetic field on fluid
velocity. Enhancement in the strength of magnetic field
parameter (Ha), causes a decrease in the fluid velocity.
It can be justified as, by enhancing the magnetic field
strength, actually the Lorentz force increased which
shows a high resistance to fluid flow. Enhancing the
magnetic field parameter amounts to stronger Lorentz
force and hence rate of heat transfer in the boundary
layer is higher. Bejan number (Be) is the ratio of entropy
generation due to heat transfer to total entropy genera-
tion. By increasing the amount of magnetic field para-
meter there is an increase in Be as shown in Figure 3c. It
means increase in Be by increasing the values of H? is

due to the decrease in the total entropy generation as
shown in Figure 3d. From Figure 3b, it can be seen that
higher values of (Ha) maximizes the skin friction (Cy).
Similar results are reported by Sarojamma et al. [47].

Figure 4a elaborates the effect of Grashof number Gr
on the fluid velocity profile. Grashof number is the ratio of
thermal buoyancy forces to the viscous forces. Fluid velo-
city increases by increasing the value of Gr as thermal
buoyancy forces dominated the viscous force. There is
an increase in C; by enhancing the Gr as shown in
Figure 4b. Higher values of Gr lowers the Be as shown
in Figure 4c and higher entropy generation can be
noticed in Figure 4d. These results are also reported in
ref. [47].

Effect of A; on the fluid velocity is elaborated in
Figure 5a. It can be seen that the enhancement in A
causes an increase in the fluid velocity. Skin friction
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Figure 4: Influence of Grashof number on (a) dimensionless velocity profile, (b) coefficient of skin friction, (c) Bejan number, and (d) entropy
generation, whena =8 =0.6,A; = 0.1, A, = 0.2,Ha = 2, Pr=6.2,Qy = 2.5,Nr=5,Ec =2,Br=2,0 =10,and ¢ = 0.1.

increases by increasing A; as shown in Figure 5b. Be slightly
increases by an increase in /A, as shown in Figure 5c, and Ns
decreased by increasing A, Figure 5d.

Effect of ¢ of nanoparticles on the fluid velocity pro-
file is depicted in Figure 6a. Advancement in control of ¢
reduced the fluid velocity due to the fact that by increasing
¢ fluid becomes more viscous. Since the addition of nano-
particles increase the viscosity, consequently the velocity
profile decreased. By increasing ¢, heat transfer from
boundary layer becomes better due to the enhanced
thermal conductivity of the base fluid caused by nano-
particles which results in increasing the internal fluid
temperature as shown in Figure 6b. There is a decrease
in Nu by increasing ¢ as seen in Figure 6f. Effects of ¢p on
(Cy) is elaborated in Figure 6e, by increasing the values
of ¢ causes decrease in Cy. Heat transfer rate becomes

good by increasing the ¢ and hence the values of (Be)
are enhanced as seen in Figure 6c. Figure 6d depicts the
effect of ¢ on entropy generation. Entropy enhanced by
advancement in the values of ¢ because viscosity of the
fluid increased by increasing ¢. These results are also
reported in ref. [48].

Figure 7a illustrates the behavior of fluid velocity
against different values of fractional parameter (a = f3).
By increasing the values of & = f3, thermal and momentum
boundary layers are reduced and become thinnest for
a = f = 1, consequently increasing the fluid velocity, and
decreasing the temperature as shown in Figure 7b. There is
an increase in Be and Ns by enhancing the values of a = 3
as shown in Figure 7c and d, respectively.

Effects of Pr on fluid temperature are presented in
Figure 8a. Increasing the values of Pr increased the
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Figure 5: Effect of time relaxation parameter on (a) dimensionless velocity profile, (b) coefficient of skin friction, (c) Bejan number, and
(d) entropy generation, whena = 8 = 0.6, A\; = 0.1, A, = 0.2,Gr = 5,Ha = 2, Pr = 6.2,Qy = 2.5, Nr = 5, Ec = 2,Br = 2,Q = 10, and ¢ = 0.1.

viscous diffusion rate and decreased the thermal diffu-
sion rate consequently, decreasing the fluid temperature.
Pr reduced the values of Nu for enhancing the time para-
meter as can be seen in Figure 8b. It can be noticed from
Figure 8c and d, respectively, that increasing the value of
Pr decreased Be and Ns. Similar results are published in
ref. [48].

Effects of Nr on temperature profile is elaborated in
Figure 9a. Enhancement in Nr enhanced the fluid tem-
perature, and reduced Nu for increasing time parameter
in Figure 9b. It is a well-known fact that heat transfer
plays a prominent role in the thermodynamic irreversi-
bility. As Nr increased, it is noticed that Ns also increased
in as shown in Figure 9c. Relative effect of heat transfer
entropy generation and total entropy generation is mea-
sured by Be. It is observed that Be decreased near the
surface of plate, and a little away from the surface, Be
increased for increasing values of Nr. It can be justified as

fluid friction reversibility is prominent near the surface,
and at a distance from the surface, heat transfer irrever-
sibility becomes prominent. Similar results are reported
in ref. [47].

Relative effect of kinetic energy of flow on the
enthalpy difference across the thermal boundary layer
is measured by Ec. Increase in the value of Ec means
decreasing the viscous dissipation and consequently
increasing the fluid temperature as shown in Figure 10a.
It is also noticed in Figure 10b that Nu decreased on
increasing the values of time parameter against Ec. A
slight increase in Be against increasing values of Ec is
noticed in Figure 10c. Figure 10d presents the effect of Ec
on Ns, it can be noticed that for increasing values of Ec, the
entropy generation also increased.

Figure 11a illustrates the effect of time relaxation
parameter (A, = Ay) on fluid temperature. Advancement
in A, causes decrease in fluid temperature. In Figure 11b,
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Figure 6: Effect of ¢ on (a) dimensionless velocity profile, (b) dimensionless temperature profile, (c) Bejan number, (d) entropy generation,
(e) skin friction, and (f) Nusselt number, whena = 8 =0.6,A, = 0.1, A, = 0.2, Gr = 5,Ha = 2, Pr = 6.2, Qy = 2.5, Nr =5, Ec = 2,Br = 2,

and Q = 10.

it is examined that for higher values of time parameter
against /\,, the values of Nu are reduced. Be and Ns have
opposite behavior against A,, as can be noticed that for
enhancing values of A,, the Be is also enhanced as shown
in Figure 11c, but Ns decreased in as shown in Figure 11d.

Figure 12a depicts the effects of Qg on fluid tempera-
ture. Fluid temperature enhanced for advancement in the
values of Qq. Nu decreased for increasing values of Qg as

can be noticed from Figure 12b. Be and Ns also increased
for increasing values of Q. Similar results can be found
in ref. [47], showing that present results have good agree-
ment with the published results.

Tables 2 and 3 show the behavior of physical
quantities, i.e., skin friction coefficient and local Nus-
selt number on varying the physical parameters under
discussion.
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Figure 7: Impact of a = B on (a) dimensionless velocity profile, (b) dimensionless temperature profile, (c) Bejan number, and (d) entropy
generation when A; = 0.1, A, = 0.2, Gr = 5,Ha = 2, Pr = 6.2, Qo = 2.5, Nr =5, Ec = 2,Br = 2,0 = 10, and ¢ = 0.1.
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Figure 10: Effect of Ec on (a) dimensionless temperature profile, (b) Nusslt number, (c) Bejan number, and (d) entropy generation, when
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Figure 11: Effect of A, on (a) dimensionless temperature profile, (b) Nusslt number, (c) Bejan number, and (d) entropy generation, when
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Table 2: Skin friction analysis against different physical parameters
anda=B=v

Ha Gr Al v=0.4 v=0.7 v=1
0.1 0.5 0.1 1.3535 0.6187 -0.1437
0.2 1.3854 0.6524 -0.1086
0.3 1.4163 0.6850 -0.7445
2.0 0.1 0.1 1.0966 1.2040 0.4722
0.2 1.8841 1.1824 0.4495
0.3 1.8636 1.1607 0.4268
2.0 0.5 0.1 1.8226 1.1174 0.3814
0.2 3.0058 1.9186 0.5525
0.3 4.0504 2.7811 1.1557

Table 3: Nusselt number analysis against different physical para-
metersanda =8 =v

Pr Nr Ec v=0.4 v=0.7 v=1
1 0.5 0.5 1.7262 1.0182 0.2809
2 1.7758 1.0685 0.3308
3 1.7951 1.0885 0.3512
6.2 0.1 0.5 3.5795 2.3869 0.9993
0.2 3.5451 2.5582 0.9652
0.3 3.5141 2.3281 0.9351
0.5 0.1 3.5021 2.3271 0.9348
0.2 3.4917 2.3155 0.9220
0.3 3.4812 2.3040 0.9093

6 Conclusion

The fractional Oldroyd-B nano-fluid model in view of

Caputo time fractional derivative along with infinite oscil-

lating vertical plate has been investigated. The prevailing

system of nonlinear partial differential equations is con-

verted into dimensionless form. For the purpose of phy-

sical observations of the proposed model, a numerical

scheme (FDM) is applied. Numerical solutions with para-

metric effects are elaborated by the mean of graphical fig-

ures portrayed using MAPLE. Key results are as follows:

¢ Reduction in the velocity profile of fluid flow is observed
against change in Ha, A;, and ¢.

e Temperature profile boosts for increasing values of Nr,
&, Qo, and viscous dissipation parameter (Ec).

¢ Ns enhanced by enhancing the values of Gr, Ec, a, ¢,
Nr, and Qo, and declined with the variation in Pr, Ha,
N, and A,.

¢ Be increased with the increase in the values of Ha, A,
A, ¢, a, and Qo, and decreased for Gr and Pr. Dual
nature for Nr and Ec) is noticed initially, i.e., they
decreased and then increased gradually.

DE GRUYTER

e Nu decayed for the advancement in the values of Qo,
N1, ¢, A, Ec, and Pr. And C; boosts for increase in the
values of Ha, Gr, ¢, and A;.

The core contribution to literature is that enhance-
ment occurs in temperature by enlarging the values of
Ec, N1, and Q. Ns is controlled by the addition of nano-
particles.

This problem can be extended for further effects like
variable thermal conductivity and porous medium. Also,
FDM is a very strong tool for solving such numerous
type’s problem and complex geometry.
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