DE GRUYTER

Open Physics 2022; 20: 1127-1141

Research Article

Ahmed E. Abouelregal, Hijaz Ahmad*, Mehmet Yavuz, Taher A. Nofal, and M. D. Alsulami
An orthotropic thermo-viscoelastic infinite

medium with a cylindrical cavity of temperature
dependent properties via MGT thermoelasticity

https://doi.org/10.1515/phys-2022-0143
received November 06, 2021; accepted March 31, 2022

Abstract: The current work is devoted to introduce a
novel thermoelastic heat conduction model where the
Moore-Gibson-Thompson (MGT) equation describes the
heat equation. The constructed model is characterized
by allowing limited velocities of heat wave propagation
within the material, consistent with physical phenomena.
The Green—-Naghdi Type III model is improved by intro-
ducing the delay factor into the modified Fourier law.
Also, from the presented model, some other models of
thermoelasticity can be derived at specific states. Based
on the suggested model, an infinite orthotropic material
with a cylindrical hole exposed to time-dependent tem-
perature variation was studied. It has also been consid-
ered that the coefficient of thermal conductivity varies
with temperature, unlike in many other cases where
this value is considered constant. The viscoelastic mate-
rial of the investigated medium was assumed to be of the
Kelvin—-Voigt type. The Laplace transform method pro-
vides general solutions to the studied field variables
equations. The effects of viscosity and thermal variability
parameters on these fields are discussed and graphically
presented. In addition, the numerical results were pre-
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sented in tables, and a comparison with previous models
was made to ensure the accuracy of the results of the
proposed model.
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1 Introduction

The paradox of physical phenomena involving the trans-
mission of heat waves at infinite speed appears in the
classical theory of heat conduction, meaning that thermal
disturbance is immediately felt throughout the physical
body from the point of application. Several improvements
have been proposed over the past decades to remedy this
defect and allow limited velocities of heat wave propaga-
tion. Biot [1] proposed the dynamic coupled theory of
thermal elasticity based on classical Fourier laws, but
the governing equations in this theory are of the parabolic
and hyperbolic types and thus allow the propagation of
heat waves at unlimited speeds. For this reason, several
generalized thermoelastic theories have been presented in
recent years.

One of the first famous theories that emerged in this
context to remove the shortcomings in the Biot theory
was Lord and Schulman’s [2] generalized theory, taking
into account the Cattaneo—Vernotte modification of the
heat equation [3-5]. By introducing the concept of relaxa-
tion time coefficient into the heat flow vector, Cattaneo—
Vernotte introduced a modified form of Fourier’s law as
follows:

(1 + TO%)E’(?, t) = —-KVO(X, t), (1)

where 7 indicates the vector of the heat flow, K indi-
cates the thermal conductivity, 8 = T — T, indicates
the temperature change, and 1 is the relaxation time
coefficient.
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Some other theories in response to thermoelasticity
were developed without there being any modifications to
the classical Fourier law, as in refs [6—8]. In many books
and articles, some of the pioneering achievements made
by many researchers in this context have been written
down, for example in refs [9-14]. Among the well-known
theories that have spread widely in this field are those
presented by Green and Naghdi [15]. The three theories
developed by Green and Naghdi are classified as GN-I,
GN-II, and GN-III types. In addition to the aforemen-
tioned and other efforts, some other efforts have been
made to improve upon the classical Fourier law, such
as those models adopted by Abouelregal [16-20] that
include higher-order time derivatives.

According to the improved GN-III model, the Fourier
law becomes

T, bt = —[KVOE, t) + K*VIX, D], )

where 9 = 6 and K* is the conductivity rate.

Note that when K* = 0, we retrieve e and Naghdi
model (GN-I), and the second type (GN-II) can also be
acquired when the term containing the parameter K is

neglected.
The equation of energy can be expressed as [10]
a0 d
pCEg + Tog(ﬁijeij) =-q;,; + Q, 3)

where Cp denotes the specific heat, f; = cjuatu is the
thermal coupling coefficient, @y is the tensor of the
thermal expansion coefficients, cj is the elastic coeffi-
cient, e; denotes the components of the strain tensor, Q
represents the heat source, and p represents the density.

The combination of Egs. (1) and (3) leads to a heat
conduction equation of the kind that has physical defects
propagated by the thermal signal with infinite velocity.
Studies have proven that the improved Fourier law (2)
leads to the same defects as in the usual theory of thermal
elasticity, where it predicts the instantaneous propagation
of thermal conduction waves. Also, in the GN-III model,
the principle of causation was not taken into account. To
address this defect in the classical and GN-III thermo-
elastic theories, a modified thermoelastic model was devel-
oped in which the heat conduction equation included a
relaxation factor [21].

In recent years, the Moore-Gibson-Thompson (MGT)
equation has been well received by many researchers due
to its many applications. The MGT equation is a third-
order partial differential equation, and one of its most
important applications is used in many fluid dynamics
issues as well as viscoelasticity [22]. This equation may
also be produced by adding a relaxation factor to the
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Green—Naghdi model of type III heat conduction model,
which was initially proposed in the framework of fluid
mechanics. Quintanilla [21] has derived a novel type of
thermoelastic conduction based on the MGT equation.
As a result, it has recently been established as the
thermal transfer equation. It may also be calculated as
a special version of Choudhuri’s three-phase-lag model
[23]. Since the advent of MGT, the number of papers
devoted to this theory has increased significantly [22-27].
The modified heat equation proposed by Quintanilla [21]
can be expressed as

7,0+ X0 _ _KVOX, t)
0+ o5 ’ %)

K"V, ).

When Egs. (3) and (4) are coupled, the MGT heat
transfer equation can be obtained as [21,28]

a\[a( .08 > 3Q
1+ oo || L pe | + Tl (Bey) - <=
( +T06t)[at(p Eat)Jr o3 Biei) = % (5)

= V. (KVO) + V. (K*V6).

The modified MGTE theory is a generalization of
Lord-Shulman’s theory (LS) [2] and the GN-III model
of thermoelasticity [16]. Based on this modified model,
many problems of fluid mechanics as well as thermal
and mechanical behavior of many engineering structures
have been studied in recent years [29-36].

Viscoelasticity is the quality of materials that display
viscoelastic and elastic qualities when distorted, as defined
in materials engineering and continuity mechanics. When
pressure is applied to viscous materials, such as water,
they resist shear and pressure flow linearly over time.
When elastic materials are stretched, they expand and
then return to their original status when the force is
removed. A viscoelastic material has both an elastic and
a viscous element, as opposed to solely elastic substances.
A viscoelastic substance’s viscosity causes it to have a
time-dependent strain rate. When a thermal or mechan-
ical load is employed and then withdrawn, pure elastic
materials do not lose energy (heat). When a load is
applied and then withdrawn, however, a viscoelastic
medium dissipates energy. The Kelvin—Voigt model,
commonly known as the Voigt model, may be described
by a completely viscous damper and a purely elastic
spring coupled in parallel. The Kelvin—Voigt model is
depicted schematically. Instead, we may make a model
of a Maxwell substance by connecting these two parts in
a series.

In many applications, various investigations of gen-
eralized thermoelastic problems as well as those
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associated with viscoelastic thermal problems have been
discussed. Kovalenko and Karnaukhov [37] presented the
widely spread linear thermo-viscosity theory, including the
effect of thermogenesis. For the non-isothermal viscous
activity of polymers on finite strains, Drozdov [38] con-
structed its basic equations. Alharbi and Bayones [39]
studied the effect on the spreading of Rayleigh waves
in a thermoelastic viscous, elastic, and homogeneous
materials under the influence of magnetic field, rotation,
and primary pressure. In the field of viscoelasticity and
thermal viscoelasticity, many applications have been
presented in various fields, whether engineering or phy-
sical [41-45]. The hygrothermal study looks at how heat,
air, and moisture travel inside building enclosures (walls,
roofs, floors, and below-grade). Temperature, humidity,
and moisture content data from materials and surfaces
throughout the assembly are included in the outputs of
the hygrothermal model. There is a large body of knowl-
edge focusing on the hygrothermal effects of the mechan-
ical properties of composite films, among others [46-52].

Some physical properties in thermoplastic elasto-
mers and materials are highly dependent on temperature
change. Many problems are concerned with the study of
elastic materials without taking into account the change
in thermal conductivity with the change in temperature.
Thermal conductivity is so significant in many fields
of structural, biochemical, industrial, and other appli-
cations, particularly if it is affected by temperature
changes. This is one of the reasons for presenting the
current work.

Thermal stresses play a vital role in the construction
of nuclear reactors, aircraft, stream turbines, missiles,
internal combustion turbines, high-pressure gas com-
pressors, rotating internal combustion engines, and other
heat transfer machines. For example, in modern nuclear
reactors and high-energy particle accelerators, the com-
plex interaction between thermal and mechanical fields
in solids is one of the practical applications of this pre-
sented work. Also, one of the most important things
designers need to know when studying the strength of
a material affected by temperature change is the distribu-
tion of the stresses, especially if the material’s conduc-
tivity coefficient changes with temperature.

The main objective of the current study is to investi-
gate the effect of changing the thermal conductivity on a
viscoelastic elastic medium. The thermo-viscosity inter-
actions of this medium, which have been studied is
within the framework of a novel generalized thermo-
elastic model based on the MGT equation. This proposed
generated model is based on the Quintanilla [21] modifi-
cation involving a relaxation time. In addition, this new
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model addresses the shortcomings of the type III Green—
Naghdi model, which predicts unlimited speeds like the
classical theory. The Kelvin—Voigt type is considered,
which is one of the most widely used mechanical models
to study the behavior of viscoelastic materials.

The presented model was used to study a viscous
thermoelastic medium with an infinite cylindrical cavity.
The inner surface of the cylindrical cavity was assumed to
be stress-free and thermally loaded. The fundamental
equations of the system were solved by applying the
Laplace transform method. The numerical results of all
the physical quantities are discussed theoretically and
graphically. Some special cases are explained in which
the viscosity coefficient is negligible and the coefficient of
thermal conductivity is constant.

The additional governing equations can be expressed
as [52,53]

d
gj = (1 + tO&)(cijklekl - ﬁije), (6)
1
€j = E(uj,i + Ugj), 7)
%u;
0y = P?;, (8)

where 0j is the stress tensor and u; denote the displace-
ment components.

2 Problem formulation

At a constant reference temperature Ty, the behavior of an
infinite cylindrical hole, viscous, anisotropic elastic body
will be studied. It was assumed that the inner surface of
the cylindrical cavity was free of traction and subjected to
a time-dependent temperature shock. The Kelvin—-Voigt
linear viscosity model was also used to determine the
viscoelastic behavior and properties of the material. To
discuss the problem, the cylindrical coordinate system
(r, &, z) was used, where z represents the axial coordi-
nate of the cylinder. It is considered that the disturbances
are finite and confined to a region close to the interface
r = R, and disappear as r — co.

As a result of the axial symmetry of the cylinder, the
components of the non-vanishing strain displacement
are as follows:

u =u(r, t), ugr,t)=u,(r,t)=0, 9)
ou u
&= €= ex=ez=ex=0. (10
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The constituent relationships of the Kelvin—Voigt vis-
coelastic type takes the form [53]
u
or’

wheret, =1 + tO%. The dynamic Eq. (8) can be expressed
in cylindrical coordinates as

a G ,811
[Urr’ Ogz,s Uzz]T' =Tyl G2 Cn2 ﬁZZ

u T,

) _e:l ’ (11)
r

G3 C3 ﬁ33

Ugg) 1% Z (12)

After using Eq. (11), the equation of motion (12) can
be expressed as

Tc(i+l)(a_“)_ml
™Nar T r Nor R

_Tmﬂlla + Tn(Byy - ﬁzz)

13
au 13)

VR
In the cylindrical coordinates, the heat conduction
MGT Eq. (5) reduces to [21,28]

9 90 a u
o Jaed) shled )
( ot )| ot ot ez\Pug, T P2y (14)

a *
= g[V- KVo)] + &N (K* V9.

3 Temperature dependence of
thermal conductivity

In general, the thermal conductivity of materials k is
often a function of temperature change. Also, depending
on the type of material, the form of functional depen-
dence varies. In this work, we will take into account
that the thermal conductivity and the specific heat coeffi-
cient Cg are linear functions of the temperature change in
the following form [54]:

K = K@) = Ko(1 + K0),

(15)
Cg = Cg(0) = Cgo(1 + Ki6),

where Koy, Cgo, and K; are constants. From the previous
relationship, it can be seen that the diffusion coefficient
k, (k = K/(pCg)) is a constant. It is also noted that when
the coefficient of change of thermal conductivity vanishes
(K; = 0), the coefficient of thermal conductivity and the
specific heat of the material becomes constant.

On the same approach, we will take into account
that the rate of thermal conductivity K* changes with

DE GRUYTER

the change in temperature according to the following
relationship:

K* = K*(0) = K51 + K9), (16)

where K and K; are constants. After using Egs. (15) and
(16), the conduction Eq. (14) becomes a nonlinear partial
differential equation of the following form:

(o) el )

- KO%[V. (@ + KOV (17)

N Koaa [V-((1 + K9)VI)].

The following Kirchhoff transformation can be used
to simplify the above equation into linear form [48]

0
b= [0+ K)o,
0 (18)

P, = j (1 + Kp)do.

After entering Eq. (13) in Eq. (14) and integrating, we

can obtain [55]
¥, = 6(1 + 1K6),
(19)
P, = 8(1 + %Kﬁ).

From the relations given in Eq. (18), we can conclude
that

K(0) K*(0)
—2Vh = Vy,, Vo=V
. b he 2

K30 _ ¥y Wy K39 Ky
Koot ot ot Kjot K

(20)

Differentiating Eq. (20) again with respect to the dis-
tances, we have

V. (K(O)Ve) — le/)l’
Ko
K*(6) @
— 2
v. ( X ve) = V2.

Using the relation |0/Ty| « 1, where 8 = T — Ty, we
can conclude that:

2szpz =~ K*Va,. (22)
ot

Using the above relations, the nonlinear heat con-
duction Eq. (18) can be transformed into the following
linear form
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(1+ at)[liaz;lzl 17<10 aﬂ(“ b %)]

d K3
= X Vz‘l’l 2 Vzl/’l

(23)

The equation of motion (13) can also be derived in the
following non-linear form

S . U oo

"oz T ror e

_ by 0% By — By) 4)
1+ K0 or Klr

+J1+2Kp) + p at2

For linearity, |6/To| < 1, where 8 = T — Ty, then we
have

. % 1 1ou) ol
TmCi1 arz ’ ar m 22)’2 (25)
By Y Y %
__r (Bll _ ﬁzz)_l + =5
1+ K0 or r ot
u
Orr a @ By || or
O [ =Tyl 0 —Byp|| U (26)
Ozz 3 O3 —B33

We will apply the dimensionless variables listed
below for convenience

11 pn _ Co o _C_g
{u,r,R}— k{u’r’R}’ {t’TO}_ k{t’TO}’
0 =—, (27)

K = Tk, c2=,

We can get the following by suppressing the dashes
and then using the variables of Eq. (27) in Egs. (23), (25),
and (26)

d%u
T ? +

9?2 2
o2 2o et
t t t r (29)
d
=5 VA, + w VAP,

Oy 1 g —g||or
O |=t|a & —&||l U |,
0%z G ¢ -8 r

1a_u) AP QP W

- T 0— = & + &
mC2 1 0
r or r? or r ot

(30)
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where
G C G C
Clzﬁy C2=£1 Clzﬁ’ Clzﬁi
1 a1 a1 a
ToB ToB
11 22
& = o &= o’
11 11
(31)
_ T0ﬁ33 _ ﬁll _ ﬁZZ
83 - —’ 84 - _, - —’
a1 pCe pCe
_ To(ﬁn By) _ K3
= , W=
(&1 COI<()

4 Conditions of the problem

We will assume that in the beginning, the matter was in a
state of rest, and therefore the initial conditions can be
imposed as follows:

ou(r, t)
u, ljep = 0 = ——~= ,
=0 T
0, 0o = 0= 2D | (32
t=0
aY,(r, t)
(1, =0 =0= ———— | ,
1 t=0 ot o
u(r,t) =0(r,t) =y,(r,t) =0atr — co. (33)

To address the proposed problem, it will be assumed
that the inner surface of the cylinder is treated with thermal
shock, time-dependent and traction-free. Thus, the boundary
conditions imposed on the problem are as follows:

O(r,t) =0gH(t) atr = a, (34)
where the parameter 6, is fixed
o,(r,t)=0atr =a. (35)
After applying Eq. (18), we have
K
Py(r, ) = OH(t) + 1(9oH (H)Yatr = a. (36)

5 Laplace transform method

To solve the basic equations, the Laplace transform
method will be used on Egs. (28)-(30), taking into
account the initial conditions (32)

- S = Tpe—2, 37
mldl’ ( )

1da) _ @
rdr r2

T &’z + T
m| 5 5 - " in—5
dr?
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- _ fdu u (s + w) -
S, + €T — + = | = ———— VA, 38
B e S )= C v, o)
du
Oy Tn TG —& dr
O |=|Ta Twe -al|l U |, (39)
0z TnC TmCy —&3 r
2
where ﬁll = ﬁ22 (&4 = E& =&, &= 0), a1 = C», and T, =
1+ fps.
Egs. (37) and (38) can be reformulated as follows:
2 du.
(DDl - S—)u _adh (40)
T T, dr
£qTDiit = (D\D - @), (41)
where
T, 2
Dzi, D, = du + 1 _Ss+1w 8) (43)
dr dar (s + w)

Defining a new function often called the thermoe-
lastic potential function ¢, which is as follows

d¢
=L 44
ar’ (44)
Egs. (40) and (41) can be expressed as
2\ _ _
(DlD - f—)qb = 2, (45)
Tm Tm
£qt:D:D$ = (DiD - ). (46)
From Egs. (45) and (46), we obtain
2
((Dlu)z - (q —+ )(D D) + )qb 0. (47)
Eq. (47) can be rewritten as
V2 -m)(V2-mHp =0, (48)

where the parameters m? and m} satisfy the following
relation

2 2
(g S0 B B o o)
T Tn T
where
2 2 2
A=ge T80 g 8 g O 10
Tn Tn Tn a2 ror

Under the assumptions of regularity, the solutions of
Eq. (48) can be described as
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2
¢ = Y AiKo(mir),

i=1

(51)

where Ko(m;r) denotes the modified Bessel function.
Also, parameters A;, i = 1, 2 represent the integral para-
meters. Introducing Eq. (51) in Egs. (44) and (40), we get

j = z(m - —)A Ko(mir), (52)
& io1 T
2
I = -y mAK(m). (53)
i=1
With the aid of the following relations
XK'n(x) = =xKn41(x) + nKn(x), (54)

then the thermal stresses are given by

s? mi(1 - q)
r

2
T = Tn Y. T—AiKo(mir) + AiKi(m; r)] (55)
i=1

2 2
_ _ S
O = Tmz (mf(cl -1+ __)AiKO(mir)

i=1 Tm (56)
- MAI-KIW)],
0z, = Tmz ( (CB - ;j) if: )A Ko(myr)
(57)

- 7i( 3 )A-Kl(mr) \
1 1 .

After using the Laplace transform method, the con-
ditions (35) and (36) become

90 I<190
Urr(R, S) =
Substituting Egs. (52) and (55) in (58), we get
2 2
Z(m - 5—}4 Ko(miR) = 2.G(s), (59)
i-1 Tm Tm

m;(1 -
R

2
Z [—A Ko(miR) + ) 4, K (my R)] 0. (60)

The equation for the field of the Laplace transform
relationship (18) gives

5 V2kp, + 1 - 1'

K

(61)
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6 Numerical technique

In the Section 5, the analytical solutions for different
physical fields were obtained. In this current section,
the distributions of the studied field quantities such as
temperature change, displacement, and pressures will be
converted into physical time domains. Due to the diffi-
culty of using direct methods for complex relations, a
suitable numerical approximation algorithm based on
Fourier series expansion [56] will be used to find Laplace
transforms. With this proven and efficient algorithm, any
function in the Laplace transform domain can be inverted

to the time domain using the following easy formula:

H(r, t) = e‘“{%ﬁ(r, w) + Rei(—l)”ﬁ(r, w + inmt/t)

n=1

where c satisfies the relation ct = 4.7 [8].

)/ t, (62)

7 Numerical results and discussion

We now offer some numerical findings to demonstrate the
influence of varying thermal material characteristics and
viscosity parameters on our theoretical results in the pre-

ceding section. As an orthotropic thermoelastic
cobalt was chosen. The characteristics of cobalt
in SI units as follows [57,58]:

a1 = 3.071 x 10 (N/m), ¢ = 1.65 x 1011 (

material,
are listed

N/m),

Cp = 3.581 x 101
a3 = 1.027 x 101
p = 8836 (kg/m?)

(N/m),
(N/m), ¢3 = 1.15 x 101
’ 60 = 1;

By = By = 7.04 x 106 (N/m2K),

By = 6.90 x 106 (N/m?K), T = 298 K,
R=1, Cg=4.27x10> (J/K kg),
Ko =96 (W/m K),

(N/m),

K; =2(W/m Ks).

Figures 1-12 and Tables 1-4 show the numerical
results for different physical fields along the radial dis-
tance r. Numerical calculations and discussions can be

divided into four cases:

7.1 Effect of temperature-dependent
properties of materials

Based on the MGT thermo-viscoelastic theory,

the non-

dimensional behavior of temperature change, radial
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01 ¢
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Figure 1: Effect of temperature-dependent thermal conductivity

parameter K; on the variation in temperature 6.
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Figure 2: Effect of temperature-dependent thermal conductivity

parameter K; on the variation in the displacement u.
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Figure 3: Effect of temperature-dependent thermal conductivity

parameter K; on the variation in the stress g;,.



1134 — Ahmed E. Abouelregal et al.

0.05

Ogg

-0.05 4

-0.1 1

-0.15 4

1.6 1.8
=
K, = 0.00
————— K, = —0.1
—_——— K =-03

Figure 4: Effect of temperature-dependent thermal conductivity
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Figure 5: The temperature 6 under various models of
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Figure 6: The displacement u under various models of
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Figure 7: The stress g,, under various models of thermoelasticity.
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Figure 8: The stress oz under various models of thermoelasticity.
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ture 6.
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Figure 10: The effect of the viscosity parameter ¢, on the displace-
ment u.
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Figure 11: The effect of the viscosity parameter f, on the stress g,,.
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displacement, and stresses will be studied with various
values of the modulus Kj, while relaxation time 1, and
viscosity parameter f, remain fixed. In this study, two
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cases with different values of the coefficient K; respon-
sible for the change in the thermal conductivity coeffi-
cient will be considered. The coefficient of thermal
conductivity depends on the temperature change at
the values K; = -0.5 and K; = —1.0, while the thermal
conductivity is constant at K; = 0.

Changes in different physical domains are repre-
sented in Figures 1-4. Statistics and numerical results
indicate that the coefficient of variation has a significant
effect on the behavior of all studied fields. Moreover, the
phenomenon of finite propagation velocity of thermal
and mechanical waves can be seen within the medium.
This is in contrast to the cases where the wave propaga-
tion velocity is unlimited in correlated and uncorrelated
thermoelastic theories. It is also noted that all the func-
tions concerned have zero value away from the surface
and away from the perturbation region. In other words,
disturbances occur only in a limited area close to the
surface of the inner cavity of the cylinder.

The following relevant facts are also noted:

¢ From Figure 1, it is clear that the value of temperature
change 6 varies greatly near the surface, and these
differences decrease with time. The amount of the
heat wave forward decreases with time and the dis-
tance r increases the further away we are from the sur-
face. It is also noticed that the temperature value
decreases with a decrease in the coefficient of change
of thermal conductivity, K;. Also, the temperature 6 has
a non-zero value at a given time in a finite space
domain and the disturbances disappear outside this
region.
Figure 2 shows that u displacement changes starting
with negative values in all cases and increases continu-
ously to its maximum values, then progressively decreases
to zero. Also, as shown in the figure, due to the reduction
in parameter Kj, the displacement values u increases
during the interval 1.0 < r < 1.2 and decreases during
the interval 1.2 < r < 1.8, finally vanishing when r > 1.8
and reaching a steady state.

¢ From Figure 3, it can be seen that the thermal stress o,,

starts with a value of zero at the cylindrical cavity r = 1,
and this corresponds to the boundary conditions
imposed on the problem. The stress then decreases
rapidly to a minimum negative value at point r = 1.2,
after which the curves gradually rise after point r > 1.2
until finally they reach the steady state. It is further
observed from the figure that the variable thermal con-
ductivity parameter K; reduces the magnitude of the
stress ay,.

¢ From Figure 4, it is noticed that the thermal stress oz

starts in all different cases with negative values and
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Table 1: The temperature 6 under various models of thermoelasticity

r CTE LS GN-II GN-III MGTE

1 0.846921 0.846921 0.846921 0.846921 0.846921

1.1 0.654932 0.690503 0.758602 0.703636 0.719487

1.2 0.554759 0.641783 0.87534 0.626213 0.688071

1.3 0.408722 0.538014 0.0026404 0.484259 0.592585

1.4 0.291459 0.00125336 0.00605685 0.359902 0.00158821
1.5 0.200296 0.00236294 0.00518465 0.256352 0.0029296
1.6 0.132622 0.00219944 0.00487155 0.175099 0.00280005
1.7 0.0845005 0.00184565 —0.00003449 0.114662 0.00241089
1.8 0.05178 0.00147547 0.000026943 0.0720169 0.00196714
1.9 0.0305173 0.00111969 0.000033313 0.0434357 0.00151106

2 0.0173138 0.0000236248 0.000030410 0.025214 0.000028550
Table 2: The displacement u under various models of thermoelasticity

r CTE LS GN-II GN-IlI MGTE

1 —-0.244049 —-0.217625 -0.19147 —-0.249295 -0.220734

1.1 0.0380871 0.0644109 0.0976041 0.0358032 0.0638767

1.2 0.0316999 0.0323285 0.000261826 0.0318542 0.0337479

1.3 0.0197335 0.00467705 0.00190409 0.0207114 0.00500771
1.4 0.0115354 0.00108763 0.00119537 0.0125974 0.00115163
1.5 0.00652219 0.000697273 0.000207207 0.00739418 0.000775617
1.6 0.00361383 0.000417361 0.0000171533 0.00424539 0.000486633
1.7 0.00196812 0.000226149 0.0000102991 0.00239449 0.00027577
1.8 0.001059 0.000102284 0.0000040434 0.00133573 0.000130004
1.9 0.000566941 0.0000038170 0.0000001247 0.000743515 0.0000356673
2 0.000304729 0.0000022295 0.0000000826 0.000417504 0.0000039773

Table 3: The stress o,, under various models of thermoelasticity

r CTE LS GN-II GN-Ill MGTE

1 0 0 0 0 0

11 —-0.0578236 -0.04816140 -0.0263679 -0.0430203 —-0.0414677
1.2 -0.2317030 -0.290414000 -0.3714220 -0.2578770 -0.3085120
13 -0.1687780 -0.234008000 -0.3718680 -0.1978350 -0.2575180
1.4 -0.1207430 -0.000857084 -0.000541784 -0.1475970 -0.000936736
1.5 -0.0823854 -0.001235540 -0.00176446 -0.1045700 -0.00145079
1.6 —-0.0542318 -0.001095020 -0.00199776 -0.0711069 -0.00134401
17 -0.0343857 -0.000881889 -0.00202190 —-0.0463876 -0.00112500
1.8 -0.02098990 —-0.000679896 —-0.00198624 -0.0290482 —-0.000894497
1.9 -0.01233500 -0.000497941 -0.00190793 -0.0174810 -0.000668977
2 —-0.00698464 -0.000011173 -0.000011173 -0.0101331 —-0.000015662

decreases until it reaches its lowest value at the point
r =1.1, after which it gradually increases until it
approaches the steady state near zero. It is further
shown that the values of gz increase as the values
of K; decrease.

¢ The curves representing thermal stresses are compres-
sive in some parts of the cylinder and tensile in some

other parts. It is noted that the tensile stresses increase
with time and are located in the medium, adjacent to
the surface of the cylinder, where this agrees with refs.
[39,40]. It is also shown that the maximum values of
the studied fields occur near the surface of the stromal
cavity and decrease in magnitude with increasing
radial distance. This phenomenon has been studied
in detail in many previous studies, as in ref. [59].
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Table 4: The stress gge under various models of thermoelasticity
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r CTE LS GN-11 GN-111 MGTE

1 0 0 0 0 0

11 —-0.0578236 -0.0481614 —-0.0263679 —-0.0430203 —-0.04146770
1.2 -0.2317030 -0.2904140 -0.3714220 -0.2578770 —-0.30851200
13 -0.1687780 -0.2340080 -0.3718680 -0.1978350 -0.25751800
1.4 -0.1207430 -0.000857084 —-0.000541784 -0.1475970 -0.000936736
1.5 —-0.0823854 -0.001235540 —-0.00176446 -0.1045700 -0.001450790
1.6 —-0.0542318 -0.001095020 -0.00199776 —-0.0711069 -0.001344010
17 -0.0343857 -0.000881889 -0.0020219 —-0.0463876 -0.00112500
1.8 —-0.0209899 -0.000679896 -0.00198624 —-0.0290482 -0.000894497
1.9 -0.01233500 -0.000497941 -0.00190793 -0.0174810 -0.000668977
2 —0.00698464 -0.000011173 —-0.000042361 -0.0101331 -0.000015662

¢ From the numerical results, it is clear that the coefficient
responsible for the change in the thermal conductivity
coefficient has a prominent effect on the distribution of
all different fields, which makes the coefficient of the
thermal conductivity variable of great importance in
many applications, such as the design and maintenance
process [60].

e It turns out that different field quantities depend not
only on the variables of time and space but also on the
parameters of the thermal conductivity change. The
phenomenon of finite propagation velocities is also evi-
dent in all of these figures [61].

7.2 Comparison of thermoelastic models

In the current subsection case of the study, the change in
different fields against distance r will be investigated with
different theories of thermoelasticity when the change in
thermal conductivity parameter K; is constant.

It can be seen that the following models of thermo-
elasticity can be obtained as special cases of the model
presented in this work. The coupled thermoelasticity
model (CTE) is extracted from the proposed model
when 1 = K* = 0, while the LS model is obtained from
the position (K* = 0). In addition, when 15 = K = 0, the
rate system becomes true of the second type of Green
and Naghdi (GN-II) model. Finally, the third type of Green
and Naghdi model (GN-III) can be deduced from the equa-
tions when the parameter 1 = 0.

Comparisons between the different models are repre-
sented in Figures 5-8. In addition to the figures, some
numerical results are presented in tables (Tables 1-4) for
the purpose of easy comparison between different models
of thermoelasticity. From the numerical results shown in

the figures and tables, the following conclusions can be

drawn:

¢ Thermal parameters 7, and K* have a significant influ-
ence on the distributions of field quantities. CTE model
and generalized (LS, GN-II, GN-III, and MGTE) theories
give very similar results near the cylinder surface,
where boundary conditions predominate. The solution
is fundamentally different inside the cylinder away
from the surface.

¢ The relaxation time parameter 1y and the parameter K*
have a prominent influence on the behavior of the dis-
tributions of different physical domains. It is also noted
that the values in the case of the CTE model and the
generalized models (LS, GN-II, GN-III, and MGTE) are
similar in behavior and very close to the surface of the
cylinder, where the boundary conditions of the pro-
blem are met.

e As we go inside the cylinder, the values of different
domains in the case of the CTE theory differ signifi-
cantly from the values in the case of other generalized
theories. The reason for this is that the CTE theory pre-
dicts that heat waves propagate at infinite speeds,
whereas they only reach finite speeds in the case of
the generalized models that have been developed.

e The numerical results show the discrepancy between
the predictions of Green and Naghdi’s GN-III theory
and the predictions of other generalized theories, in addi-
tion to the new model MGTE. From Table 1 and Figure 5, it
can be seen that the amount of temperature change in the
GN-III model is greater than in the case of the MGTE
model. It is also shown that the graphs in the LS and
MGTE models reflect similar results in the behavior. The
reason for the convergence of values in both LS and MGTE
is the inclusion of relaxation time in the heat equation.

¢ The curves representing the change in temperature as
well as other physical domains in the case of the GN-II
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model are significantly higher compared to the LS and
MGTE models.

e The outcomes show that the values of different distri-
butions in the generalized thermoelastic model GN-III
differ fundamentally from the values in the thermo-
elastic model GN-II due to energy dissipation in the
first model.

e The deceleration of the temperature decrease is shown
in the LS and MGTE models due to the presence of the
relaxation coefficient.

e Among the most important conclusions that were
obtained from the numerical results and confirm the
validity of the results obtained is that the values in the
case of the generalized GN-IIII model converge in
behavior with the traditional CTE model. It is observed
that the results do not fade quickly inside the body
in heat distribution, in contrast to other generalized
models. This is consistent with what was discussed by
Quintanilla [21]. Quintanilla confirmed that the GN-IIII
model has the same limitations as the conventional
models. This is a major reason for presenting the pro-
posed model in this work.

e Since the relaxation time 7, was proposed to be
included in Fourier’s law, it was found that the tempera-
ture distributions as well as other physical quantities in
the case of the MGTE model and the LS model follow
similar patterns in viscous solids. In general, the curves
of both theories are very similar in behavior and conver-
gence but differ only slightly in the amount.

7.3 Effect of the viscoelasticity factors

The only difference between the elastic and viscoelastic
substances is that viscoelastic materials have a mechan-
ical relaxation factor (viscosity) to, whereas elastic sub-
stances do not. Because of the viscosity component,
viscoelastic materials have a strain rate that varies
over time. When a load is applied and released, pure
elastic materials do not lose heat (energy), but a viscoe-
lastic substance does. Viscoelastic materials are used for
vibration isolation, noise damping, and shock absorp-
tion. They release the heat they received as a result of
the energy they absorbed.

The last case of the discussion will show how the
temperature change, radial displacement, and the stresses
vary with the change in mechanical relaxation duration ¢,

which appears in the viscosity term 7, =1 + tO% in the
fundamental equations. For the purpose of comparison,
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in numerical computation, the values K; = -0.5 and

Tp = 0.1 will be used. The profiles were examined for

three different values due to the viscosity t,.

The MGTE is applied only in this case. In two distinct
instances, comparisons are made for the dimensionless
physical quantities: (i) in the case of the MGVTE model,
we will take to = 0.1 and t; = 0.2 and (ii) in the case
of the MGTE model (non-viscosity), we will set t; = 0.
Comparisons for different domains with r are displayed
in Figures 5-8. We summarize the following important
notes:
¢ The viscosity factor has a prominent influence on all

the studied fields.

o When a substance is deformed, it has both viscous and
elastic properties, which is referred to as viscoelasticity.
Noticeable viscoelastic influences may be observed
in synthetic polymers, wood, and biological tissues,
as well as metallic element at elevated temperatures.
Even a minor viscoelastic response might have a big
impact in a particular situation.

e It can be seen from Figure 9 that the viscosity coeffi-
cient tends to increase in temperature. It is also noticed
that the temperature distribution curves in the MGVTE
theory are larger than those in the case of the MGTE
theory.

e It can be seen from Figure 10 the significant effect of the
viscosity coefficient t, on the values of the displace-
ment distribution. The displacement curves decrease
with increasing mechanical relaxation time 7. In addi-
tion, it was found that the displacement distribution in
the case of the MGTE model is greater than in the case
of the MGVTE model. With the differences in both the-
ories, the radial displacement distribution curves are
similar, as indicated by ref. [40].

¢ The effect of the viscosity coefficient on the distribution
of thermal stresses 0, and 0y is clarified in Figures 11
and 12. The figures showed the prominent effect on the
thermal stress curves as mentioned in refs [38,41]. It
can be seen from the two figures that the absolute
values of the stresses increase with the increase in
the value of the viscosity parameter.

e Over time, inside the body, the effect of viscosity dis-
appears, away from the surface of the cavity and away
from the area of turbulence.

e From the numerical results, it is clear that the linear
viscoelastic materials are rheological materials that
appear depending on the average loading time tem-
perature. Their response is not only a function of the
current entry but also the date of the current and past
entry [37,62].
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¢ The effect of the viscosity coefficient on the distribution
of thermal stresses o0y, and o was clarified in Figures 11
and 12. The figures showed prominent effect on the
thermal stress curves as mentioned in refs [38,41].
It can be seen from the two figures that the absolute
values of the stresses increase with the increase in the
value of the viscosity parameter.

¢ From the numerical results, it is clear that the linear vis-
coelastic materials are rheological materials that appear
depending on the average loading time temperature.
Their response is not only a function of the current entry
but also of the date of the current and past entries [37,62].

e Understanding the viscoelastic properties of polymeric
materials is critical for optimizing elastic formulations
and mixtures, as well as regulating material handling
parameters.

¢ The results obtained in this subsection are important in
the field of viscoelastic materials, for designers of new
materials based on them, physicists working in the low-
temperature field, as well as those working on hyper-
bolic viscoelastic theory (MGVTE).

8 Conclusion

In the current work, a new generalized theory of thermo-

viscoelasticity is introduced that includes the MGT equa-

tion, which allows heat waves to spread at finite velocities.

The thermal conductivity equation was derived based on

the LS theory and Green—Naghdi theory of thermal elasti-

city of the third type (GN-II). Thermal and mechanical
disturbances of an infinitely viscous anisotropic medium
with a cylindrical bore subjected to a time-dependent
thermal shock as well as traction-free were investigated.

The following observations can be drawn from the pre-

vious discussions:

e The change in thermal conductivity plays an important
role in raising or lowering the distributions of the stu-
died fields.

e The presence of the viscous term in the fundamental
equations plays a significant role in the numerical
results and the distribution of various fields.

e Heat waves propagate as waves of finite velocity in
the case of MGT’s generalized thermoelasticity theory,
rather than infinite speed in the viscoelastic medium in
the classical elastic model.

e The conduct of the studied fields in the case of GN-III
and CTE models is very close to that of the proposed
MGTE model. This result displays a significant of taking
into account the presented visco-thermoelastic theory.
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Those working in the fields of science and engi-
neering, as well as those working on developing the
mechanics of viscous solids, can benefit from the results
obtained in this work. The method that was used in
this research can also be applied to solve a variety of
problems in thermodynamics and engineering structures.
We also believe that the theoretical results obtained will
provide relevant information for scientists and experi-
mental researchers working in this field.
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