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Abstract: The current work focuses on the solutions of the
Kadomtsev and Petviashvili (KP) equation, which models
nonlinear waves in a dispersive medium. The modified
auxiliary equation approach is utilized to find analytical
solutions of the KP equation. Consequently, a set of solu-
tions including Jacobi elliptic solutions and solitary and
periodic waves solutions is obtained. The geometry of the
derived solutions is plotted with an appropriate choice of
the parameters. It can be seen that the proposed method
is powerful and can be used to solve nonlinear partial
differential equations due to its simplicity.
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1 Introduction

In 1970, Kadomtsev and Petviashvili [1] proposed an equa-
toin as a generalization of the KdV equation. The (2+1)-
dimensional Kadomtsev and Petviashvili (KP) equation
describes water waves and waves in ferromagnetic media;
see [2,3]. The KP equation is given by the following form

)

(ur + 6ULly + Uy )x + Kty = 0,

where u(x, y, t) is a function in spatial directions x and y,
and time t and x = +1. This equation has received much
attention and many authors have been studied the numer-
ical attention and the exact solutions of the KP equation
[4-8]. Rational solutions were obtained by Ablowitz
and Satsuma in ref. [9]. Different solutions for the KP equa-
tion were founded by Wazwaz using two analytical
approaches [2]. By utilizing the Hirota formulation, several
Lump solutions were derived in [3]. The exp-expansion
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method and extended complex method were used to find
analytical solutions of the KP equation [10].

Nonlinear partial differential equations (NPDEs) have
an important role in describing a great variety of phe-
nomena. For instance, in physics, many problems in fluid
mechanics, plasma physics, nonlinear dynamic, and wave
motion are described by nonlinear partial differential
equations. Moreover, the applications of NPDEs extend
to other areas such as engineering, ecology, mechanics,
and chemistry; see ref. [11]. Finding the exact solutions,
of NPDEs may help us to understand these nonlinear phe-
nomena. Thus, many methods have been proposed earlier
to obtain the exact and numerical solutions of NPDEs, for
example, Backlund transform, Homotopy perturbation
method, etc [12-17]. In addition, various powerful methods
are introduced recently, for example, F-expansion method,
exp-function expansion method, auxiliary equation method,
sub-equation method, the extended sine-cosine method, the
(G'/G)-expansion method, the direct algebraic method,
and other methods; see [18-31]. Also, one of the applica-
tions of the Lie symmetry analysis is finding the exact
solutions of NPDEs; see [32-35] for more details.

This paper is devoted to find analytical solutions for KP
equation in terms of Jacobi elliptic functions and other func-
tions. As a result, more general analytical exact solutions of
the KP equation are obtained. These solutions might be
useful in the study of fluid physics and nonlinear waves.

This article is organized as follows. In Section 2, the
main steps of the proposed method are sketched. In
Section 3, the modified auxiliary equation approach is
used to find analytical solutions of Eq. (1). Finally, a brief
summary of the obtained results is given.

2 The modified auxiliary equation
method

The steps of this method are briefly outlined here. Consider
the nonlinear partial differential equation shown below
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where Q is a polynomial in u and its derivatives.
Step 1. To begin, we employ the transformation

ulx,y, t) =U0¢), &=x+ry-ct, 3)

where & converts the variables x, y, t into a single form and r
and c¢ are constants to be determined. By using Eq. (3), Eq. (2),
can be written in the form

G, U", ..)=0, (4)

and G is a polynomial in G and its derivatives.
Step 2. It is assumed that Eq. (4) has a solution in the
form

n
U@ = ) A ¢, (5)
i=—n
where n is a positive integer and A; are arbitrary constants
to be determined. Also, ¢p(¢) satisfies

PAE) = py + WPAE) + wd*E), (6)

where u,, i, 4, are arbitrary constants. Eq. (6) has the
following solutions

CaseL.Ifp, =1, u, = —(1 + m?), u, = m?, then Eq. (6)
has a solution ¢(¢) = sn(é, m), where sn(¢, m) defines
the Jacobi function and m denotes the elliptic modulus
such that0 < m < 1.

Case 2. If y, =1-m? y, =2m? - 1, 4, = -m?, then
Eq. (6) has a solution ¢(¢) = cn(¢, m), and cn(é, m)
defines the Jacobi function and m denotes the modulus
where 0 < m < 1.

Case3.If y, =m? - 1, u; =2 — m?, i, = -1, then Eq.
(6) has a solution ¢(¢) = dn(¢, m), where dn(¢, m) defines
the Jacobi function and m denotes the modulus such
that0 <m < 1.

Case 4. If yy =m?, y, = —-(1 + m?), y, = 1, then Eq.
(6) has a solution ¢(¢) = ns(&, m), where ns(¢, m) defines
the Jacobi function and m denotes the modulus such
that0 <m < 1.

Case 5. If y, =1-m?, u, =2 - m?, u, =1, then Eq.
(6) has a solution ¢p(¢) = cs(é, m), where cs(é, m) defines
the Jacobi function cs and m denotes the modulus such
that0 < m < 1.

Case 6. If p, = 1, u; = 2m? — 1, u, = m*(m? - 1), then
Eq. (6) has a solution ¢(¢) = sd(é, m), where sd(&, m)
defines the Jacobi function sd and m denotes the modulus
such that0 < m < 1.

Step 3. The positive integer n in Eq. (5) can be found
by the use of the balance principle.

Step 4. By substituting (5) and (6) into (4) and put-
ting all terms with the same power of ¢(¢) to zero, yields
a set of overdetermined equations for A;. Consequently, a
solution of Eq. (2) is obtained.
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3 Analytical solutions of the KP
equation

The extended auxiliary equation method will be used to
solve the KP equation. By using the transformation,

u(x, t) = U(¢),

where r and ¢ are nonzero constants, Eq. (1) can be
written in the form

E=x+ry—ct, @)

(xr2 - c)U" + 6UU" + 6U'2 + U"" = 0. (8)

Using the balance principle in Eq. (8), it is found that
n = 2. Thus, the solution of Eq. (8) is written as follows:
A4 A,
+ M)V + —=. (9
P& $(£)?
Substitution Eq. (9) together with Eq. (6) into Eq. (8)
and putting the coefficients of ¢(¢) to zero gives

U(§) = 2o + hp(§) +

120p3A_; + 60pA% = 0,
242 + T2UA A = 0,
48U A% + 18ugA 2 + 120uu,A + 36H,A 2Ao
— 6UyCA_; + 6 KA % = 0,
20po 1Ay + SAUA LA + 12upA 44,
+ 12U A oA — 2pcAy + 2ugkA_gr? = 0,
361,12 + 12uA% + 16725 + T2uguA
+ 24U A A0 — 4p,cAy + 4prAr? = 0,
MIALL + 120pA 1 + 36,4 51 + 6A iAo
+ 6 A A — pycAy + pkAr? = 0,
6L + 6UAL + 8U LA,
+ 12,4540 + 8ugp Ao + 12u Aoy — 2u,cA,  (10)
= 2uychy + 2UKAor? + 2uKAor? = 0,
ML+ 120040 + 6 A0k + 6A A
+ 36U — pichy + pkAir? = 0,
12UAL + 36UAs + 1674 + 720000
+ 24p,A0A; — 4pychy + ApikAor? = 0,
20p, 1A + 120,A0M + 120,A174,
+ 54U, — 2,ch + 2U,kAr% = 0,
18,AL + 48uAd + 1201, 1,1
+ 36A0A; — 6),cAy + 6K = 0,
245 h + T2MA; = 0,
120p74; + 607 = 0.
Solving the resulting system (10) for Ag, A, A, A1, A,
yields the following sets
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Ay=0,4=0,
1 2 (11)

On substituting these values into Eq. (9), various
exact solutions can be contracted as the following cases.

Case 1. If yy = 1, y; = —(1 + m?), p, = m?, then the kp
Eq. (1) has a solution in the following form:

u(x, y, t) = %(4 +C+4m?-r¥k) - 2 (12)

sn(¢&, m)?’
where £ =x+ry — ct as defined earlier. Solution (12)
leads to

(%, Y, ) = (4 + ¢ - 1) - 2§,
¢ (13)
us(x, y, t) = g(8 + ¢ - r’) — 2coth(§)?,

when m — 0, m — 1, respectively. Figure 1 represents
solutions u,, us whent =1, x = 1, ¢ = 1, and r = 2. Figure 1
illustrates the periodic soliton solution as in (a) and the dark
solitary solution as in (b).

Case 2. If yy =1-m?, y, =2m? - 1, u, = -m?, then
Eq. (1) has a solution

1 2m? - 1)
w,y,)==l+c-8m> —rx) + ———=. (14
406y, ) 6( ) on(Z, my? (14)
When m — 0, this solution reduces to
us(x, y, t) = %(4 + ¢ - r’) — 2sec(&)2. (15)

The solution (14) is plotted in Figure 2whenm = 0, m = 0.9,
andt=1,k=1,c=1,andr = 2.
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Case 3.If yy =m? — 1, u, =2 - m?, u, = -1, then Eq.

(1) has a solution in the following form:
1 2m? - 1)
Ug(x, v, t) = =(-8 + c + 4m? — rx) - ——=.(16
6063, 1) = = )~ e 219

In Figure 3(a), the solution (16) is shown when
m = 0.3. The corresponding results for m = 0.9 is plotted
in Figure 3(b). It can be seen that Figure 3 illustrates the
periodic soliton solution of Eq. (16).

Case 4.1f y, = m?, u, = —-(1 + m?), u, = 1, then Eq. (1)
has a solution:

2
u;(x, y, t) = %(4 +C+4m? - r’x) - Lz (17)

ns(§, m)
The solution (17) leads to

ug(x,y, t) = %(8 + ¢ — r’) - 2tanh(¢)?, (18)
when m — 1. Figure 4 represents solution (17) when
t=1,x=1,c=1,r = 2. Figure 4 illustrates the periodic
soliton solution as in (a) and the bright solitary solution
as in (b).

Case 5. If p, =1-m?, u, =2 - m?, u, = 1, then Eq.
(1) has a solution:

2 _
us(x, y, t) = é(—S +C+4m? - rk) + Am” -

sE my (19)

When m — 0, Eq. (19) becomes
Uo(x, y, t) = %(—8 +c-r¥k)-2tan(£)?.  (20)

Solution (19) is plotted in Figure 5 whenm = 0, m = 0.95,
andt=1,x=1,c=1,andr = 2.

Figure 1: The graphs (a) and (b) the 3D plots of solutions u, and us, respectively.
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(a) (b)
Figure 2: The graphs (a) and (b) contour plots of solution (14) when m = 0 and m = 0.9, respectively.

Case 6. If p, = 1, u, = 2m? - 1, u, = m*(m? - 1), then Set 2.

Eq. (1) has a solution: 1
Ao = g(—lml +c-xr?),,=0,1,=0,

1 2 (23)
un(x, v, t) = =(4 + ¢ - 8m? - r) - ————.
1, y, t) 6( ) sd(£, m)? (21) Ah=-2u,A,=0.
When m — 1, Eq. (21) becomes Putting these values into Eq. (9) leads to the fol-
1 , . lowing cases.
up(X, y, t) = g(‘4 +c¢—r%) - 2csch(§)”. (22) Casel.Ify, = 1, y, = (1 + m?), y, = m?, then Eq. (1)

) . has a solution:
Figure 6 represents the solution 21) whent =1,k =1,c =1,

r = 2. Figure 6 illustrates the periodic soliton solution as in (@)  y5(x, y, t) = 1(4 + ¢+ 4m? - r%) - 2m?sn(&, m2.  (24)
and the dark solitary solution as in (b). 6

Figure 3: The graphs (a) and (b) the 3D plots of solution (16) when m = 0.3 and m = 0.9, respectively.
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Figure 4: The graphs (a) and (b) the 3D plots of solution (17) when m = 0.3 and m = 1, respectively.

Case 2. If y, =1-m? y, =2m? - 1,4, = -m?, then Figure 7 illustrates the bright solitary solution as in (a) and

Eq. (1) has a solution: the periodic soliton solution as in (b).
1 . , , Case3.If yy =m? — 1, u, =2 - m?, u, = -1, then Eq.
u(x, y, t) = g(‘* + ¢ —8m’ —r) + 2m*en(§, m)>.  (25) (1) has a solution in the following form:

When m — 1, Eq. (25) becomes (X, y, t) = %(—8 +C+4m? - rx) + 2dn(é, m)?.  (27)

1
s(x, y, t) = g(—4 + ¢ - r’) + 2sech(§)%.  (26) Case 4.1f p, = m?, u, = —(1 + m?), u, = 1, then Eq. (1)

has a solution:
The solution (25) is plotted in Figure 7 whent = 1, x = 1,

c=1,r=2,andm = 1, m = 0.3 for (a) and (b), respectively. Uy (x, y, t) = %(4 + ¢+ 4m? - r’x) - 2 ns(£, m)?.(28)

Figure 5: The graphs (a) and (b) the contour plots of solution (19) when m = 0 and m = 0.95, respectively.
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Figure 6: The graphs (a) and (b) 3D plots of solution (21) when m = 0.4 and m = 1, respectively.

Case 5. If y, =1-m?, u, =2 - m?, u, = 1, then Eq.
(1) has a solution:

Uo(x, y, t) = %(—8 +C+4m?-rk)-2cs(&,m?.  (29)
When m — 0, Eq. (29) becomes
Uy(x,y, t) = %(—8 +c-rXk) - 2cot(é)’..  (30)

Case 6. If uy = 1, y, =2m? - 1, and p, = m*(m? - 1),
then Eq. (1) has a solution:

un(x, y, t) = %(4 +c - 8m? - r%) a1

- 2m*(m? - 1)sd(&, m)2.

Set 3.
1
Ao=—=(-4u, + c — kr’), A, =0,A_; =0,
0 6( My ) A 1 (32)
/12 = —2,112, A_z = —2}10.

Again by substituting these values into Eq. (9), the
following solutions can be obtained.

Case1.If y, = 1, y, = (1 + m?), u, = m?, then Eq. (1)
has a solution,
2

1 e
ot Y, = g4+ vt = 1) - s

- 2m?sn(&, m)?.
This solution becomes
uns(x,y,t) = %(8 + ¢ - r’) — 2coth(¢)?

(34)
- 2tanh(¢)?,

(b)

Figure 7: The graphs (a) and (b) 3D plots of solution (25) when m = 1 and m = 0.3, respectively.
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Figure 8: The graphs (a) and (b) 3D plots of solution (33) when m =1 and m = 0, respectively.

when m — 1. Solution (33) is plotted in Figure 8 when
t=1,x=1,c=1,r=2,andm =1, m = 0 for (a) and (b),
respectively.
Case 2. If yy =1 - m?, y, =2m? - 1, u, = -m?, then
Eq. (1) has a solution:
2
Up(x, y, t) = %(4 +c—-8m? - rk) - % 35)
+ 2m%cn(¢, m)?.

Case3.If y, =m? - 1, u; =2 - m?, y, = -1, then Eq.
(1) has a solution in the following form:

2(m? - 1)

1
Uxs(x, y, t) = g(—8 +C+4m? - rx) - an(E, m)?

(36)
+ 2dn(¢, m)?.

Case 4.1fu, = m?, u, = —-(1 + m?), u, = 1, then Eq. (1)

has a solution:
1 2m?
ey, == +c+ 4m? - rk) - ———

26(X, Vs t) 6( ) ns@ P (37)

- 2 ns(¢&, m)%.

Case 5. If p, =1-m?, u; =2 - m?, i, = 1, then the
kp Eq. (1) has a solution in the form:

Figure 9: The graphs (a) and (b) The 3D plots of the solution (40) when m = 0.2 and m = 1, respectively.
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_l_ 2 _ 2 M
6,y 0= (=8 e+ ame =10 + LS 58)

- 2 cs(&, m)%.

When m — 0, Eq. (38) becomes
1
ws(x, y,t) = =(-8 + ¢ — r’x) — 2cot(¢)?
8\ X, Y 6 3 (39)
- 2tan(¢)2.

Case 6. Ifu, = 1, pu, = 2m? — 1, u, = m?u(m? - 1), then
Eq. (1) has a solution:
2

sy - —2
(s s )= g4+ ¢ = 8m* = 1) = T o)

- 2m*(m? - Dsd(&, m).

Solution (40) is plotted in Figure 9 when t =1,k =1,
c=1,r=2,and m=0.2,m=1 for (a) and (b), respec-
tively. Figure 9 illustrates the periodic soliton solution
as in (a) and the dark solitary solution as in (b).

4 Conclusion

In this article, the modified auxiliary equation method
has been employed effectively to derived analytical solu-
tions to the Kadomtsev—Petviashvili equation. These solu-
tions are given in terms of Jacobi elliptic functions. When
m = 0 and m = 1, solitary and periodic waves solutions are
obtained as special cases. Also, the physical explanations
of the obtained solutions have been demonstrated in some
distinct figures. All of our solutions are verified by inserting
them back into Eq. (1). This study shows that the proposed
method is powerful, simple, and effective. This technique
can be used to solve many problems in fluid mechanics,
plasma physics, optical fibers, biology, solid mechanics, etc.
Finally, the obtained results can be important for computa-
tional and experimental studies in water waves. All compu-
tations in this article were carried out with the help of
Mathematica.
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