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Abstract: Three effective methods, namely, the simplified
extended tanh-function method (SETFM), variational method
(VM) and He’s frequency formulation method (HFFM) are
employed to investigate the Fokas system that arises in the
monomode optical fibers. Fifteen sets of the soliton solutions
such as the bright soliton, dark soliton, bright-dark soliton,
double-dark soliton, double-bright soliton, triple-bright soliton,
kinky periodic soliton and perfect periodic soliton solutions are
developed. The dynamic performances of the different soliton
solutions are plotted via the 3-D contours and 2-D curves to
interpret the physical behaviors by assigning reasonable para-
meters. From the results obtained from this study, it is found
that three proposed methods are promising ways to seek var-
ious soliton solutions of the PDEs in optical physics.

Keywords: abundant soliton solutions, simplified extended
tanh-function method, He’s frequency formulation method,
variational method, Fokas system

1 Introduction

The study of the nonlinear partial differential equations
(NPDESs) is important since it can help us understand the
complex phenomena occurring in optics [1-5], hydrody-
namics [6-10], vibration [11-14], plasma physics [15,16]
and so on [17-24]. And different effective methods, such
as exp-function method [25-28], variational method (VM)
[29-31], ancient Chinese algorithm [32], extended rational
sine-cosine and sinh-cosh methods [33,34], are used to
study the PDEs and many research results have been
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obtained. Under the current study, we consider the Fokas
system which reads as [35]:

(1.1)

9, + W@, + pd =0,
w9, — 1, (19 = 0.

In the above equation, ¢ and ¢ are the complex func-
tions which indicate the nonlinear pulse propagation in
monomode optical fibers, and py, pp, ps and y, are arbi-
trary constants. As for Eq. (1.1), different results are made
by many outstanding scientific researchers. In ref. [36],
the lump-soliton solutions were established by applying
the Hirota’s bilinear method. The exp-function based
method was employed to seek the soliton solutions in
ref. [37]. In ref. [38], the Jacobi elliptic function expansion
method is employed to solve Eq. (1.1). In ref. [39], the
extended rational sine-cosine and sinh-cosh methods
were used to study Eq. (1.1). The simplified extended
tanh-function method (SETFM) is a powerful tool to con-
struct the soliton solutions, but it has not been used to
solve Eq. (1.1). Recently, the VM and He’s frequency for-
mulation method (HFFM) have attracted wide attention
and are used widely to develop the soliton solutions since
they are simple and effective, which can construct the
solutions via one or two step. Encouraged by the recent
research results, the main purpose of this work is to make
use of the SETFM and VM to develop abundant soliton
solutions for Eq. (1.1). We arrange the structure of this
article as follows: in Section 2, a brief introduction of the
three methods is presented. In Section 3, we use the pro-
posed methods to construct the different soliton solutions.
In Section 4, we plot the behaviors of the results in the
form of 3-D contours and 2-D curves, and discuss their
physical explanations. In Section 5, a conclusion is made.

2 The three methods

The considered PDE is given as:
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The traveling wave transformation is introduced as:
qix, y, t) = P(&), £ = wx + my + kt, (2.2)

where w, m and k are arbitrary nonzero constants.
Applying Eqg. (2.2) in Eq. (2.1), we can get an ordinary
differential equation (ODE) as:

f@W, Ye, Yesose.) = 0. (2.3)
2.1 The SETFM
The solution of Eq. (2.3) is supposed as [40-42]:
m .
&) = Y oy, (2.4)
i=—m
where 0; is an undetermined parameter. There is:
y = tanh (£). (2.5)
With
Y =1-y% (2.6)

Substituting Eq. (2.4) with Eq. (2.6) into Eq. (2.3) and
using the balance principle, the value of m can be deter-
mined. With the obtained m, bringing Eq. (2.4) into Eq.
(2.3) and merging the same power of y, we have:

Zé‘kyk = 0.

Setting &, = 0 leads to a system of equations. Solving
the system, the coefficients o; can be obtained.

2.7)

2.2 The VM

Adopting the semi-inverse method [43-45], the varia-
tional principle of Eq. (2.3) can be established as:
1) = [ew w0 e, 2.8)

Its solutions can be assumed as:

Type-1: Y(&) = Esech (£), (2.9)
. —_— Ez
Type-2: (&) = T+ cosh &) (2.10)
25 sinh
Type-3: (¢) = L(i) @.11)
[cosh (§)]2

Taking them into Eq. (2.8), respectively, and applying
the stationary conditions [46,47]:
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condition 1: dH] =0, (2.12)
d:l

condition 2: dH] =0, (2.13)
o]

condition 3: dJ = 0. (2.14)

=)

=3

By above conditions, we can easily determine Z;, =,
and Es, respectively.

2.3 The HFFM

To study the Eq. (2.3):
Y+ f@) =0,

where f(i) is a function about i and there is " = 3%/;.
We assume Eq. (2.15) has the periodic solution as:

P(&) = O cos (wé).

We can attain the amplitude-frequency relationship
by one step via the HFFM [48-50] as:

oo [&F

dy

With Eq. (2.17), the period soliton solution of Eq. (1.1)
can be easily gained.

(2.15)

(2.16)

(2.17)

c]
=

3 Applications

Using the following transformation:

90y, 1) = p(§)ei@nrora,
¢(Xr Y, t) = Q(é’)’ ‘f: Xty _Xt'
where wy, w,, w3 and y are non-zero arbitrary constants.

Substituting Eq. (3.1) into Eq. (1.1), Eq. (1.1) can be decom-
posed into:

(3.1)

[mp" - ip'(x - 2wp,) - (WK - g
+ w3)p]ei(w1x+wzy+w3t) — 0,

Ksq' - 2u,pp' = 0.

(3.2)

Integrating the second equation of Eq. (3.2) with
respect to & once and ignoring the integral constant
yields:
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pz
g=17 (3.3)

!

Taking Eq. (3.3) into the first equation of Eq. (3.2), the
real and imaginary parts are obtained, respectively, as:

oM
mp" - @ + w3)p + —=p* = 0, (3.4)
3
p'(x - 2mpy) =0 (3.5)
Setting that:
X = 2o4,. (3.6)

Then, Eq. (3.5) vanishes, next we aim to consider the
Fokas system as:

y2y4 3 _

3

wp" - (@, + wy)p + ——p> = 0. (3.7)

3.1 Application of the SETFM

By the SETFM, the solution of Eq. (3.7) can be written as:

m

p©) = _ZU ’

=-m

(3.8)

Taking Eq. (3.8) into Eq. (3.7) and applying the bal-
ance theory, we have:

m+ 2 =3m. (3.9)
It gives:
m=1. (3.10)
Then, Eq. (3.8) reduces to:
a
p(&) =0y + 0o + 71 (3.11)

Substituting above equation into Eq. (3.7), merging the
same power of yand setting the coefficients as zero, it yields:

y2: 3020044, =0,

Yy =20 + 304081, + 3040061, — O U 0]
- 03 = 0,
YO 1 OgMol, + 60.10001H, — OoUy L — O3 = 0,
Yl =205 + 30001LH, + 30407 M, — O LDE — O3

-0,

y?: 30{00H, = O,
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Y21 20,0 + O, = O.

Solving them, we have:
Family 1:

2
Mol

{01 —0,00— 0,0, — *i , W3 > —2U; - ylwf}.

So the solution of Eq. (3.7) can be obtained as:

2Ll

HHy

p&) = coth (&). (3.12)

In the view of Egs. (3.1) and (3.3), the soliton solu-
tions of Eq. (1.1) are attained as:

Set 1:
Py, t) =1 Ay coth(x +y
Hy,
) - 2wlylt)ei[w1x+mzy—u1<z+wf>r], (3.13)
¢y, ) = - M coth? (X +y = 2m,t).
2
Set 2:
0,067, 8 = =i | 25 Cothx + y
Wy,
) - Zwlylt)ei[mlx+mzy-lll(2+w12)f], (3.14)

(x5, y, t) = - coth2 (x +y - 2w t).

2
Family 2:

2 2
O'1—>—i y3,0'0—>0,0'_1—>—i M,ZD3
KW, \ Foly

— =8y - Vlwlz}-

The solution of Eq. (3.7) is:

V1.“3

HHy,

@) = - [tanh (§) + coth (£)].

(3.15)
The soliton solutions of Eq. (1.1) can be expressed as:
Set 3:

s

2K4

o5, y, t) = —i [tanh(x + y — 2o:ut)

(3.16)

+ coth(x +y — Zmlylt)]ei[ml"*mly’l‘l(s*m12>‘l,

2,
b, y, t) = —ﬁ[tanh(x +y - 2ogut) + coth (x + y - 2o, )12
13
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Family 3:
2 2
O'1—>i ’1—1}13',0'0—>0,0'_1—>i IJIIJB,ID')‘
\ HaoHy \ Haly

— =8y, - }111312}.

The solution of Eq. (3.7) is:

24595 [tanh (£) + coth (&),

WU,

&) =i (3.17)

The soliton solutions of Eq. (1.1) can be obtained as:
Set 4:

2,
0,0y, t) =i s [tanh (x + y - 2@,t)
Holy

+ coth (x + y — 2wy, t)]eil@r+oy-pE+a)),

(3.18)

b, (x, ¥, t)
2,
= —ﬂ[tanh (x +y - 2ot) + coth (x +y - 2w )P.
153
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Family 4:

2 2
o — i yly3,00—>0,0_1—>—i M,@
Joll, Joll,

- -4y, - ﬂlwlz}-

We get the solution of Eq. (3.7) as:

24145

204

p) =i [tanh(§) - coth($)].  (3.19)

Then the soliton solutions of Eq. (1.1) can be attained

as:
Set 5:
os(x,y,t) =1 f‘% [tanh (x + y - 2my,t)
\ momy
— coth (X +y- 2wlult)]ei[m1x+mzy—y1(4+m12)t]’ (3.20)
ds(x,y, t) = —%[tanh (x+y - 2mt) - coth (x +y - 2.
7]
10— ———
S si -
<
\"f: 0 — /
.
>
3 -5} ]
54
—-10kL : : .
-2 -1 0 1 2
X
(b)
0F =
. ]
S
= ol ]
E
N -30 ]
_40 .l . . , . , ‘-
-2 -1 0 1 2
X
(d)

Figure 1: The behavior of Eq. (3.13) forpy, = 2, p, =1, g3 = -1, 4, =1,y = 1and @, = 1 (a) and (c) fort = 0. (b) and (d) fory = O and t = 0.
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P 2
Family 5: @ty O =i |25 [ tanh(x +y - 206)
YA
] 2}11’13 ) 2“1“3 + COth(X +y- zmlult)]ei[wlnwzy—m(lé+w12)t] (3.22)
o — -1 ,0'0—>0,0'_1—>1 , W3 2u
oy, INTA Pe(x,y, 1) = —y—[— tanh(x + y - 2oyt) + coth(x +y - 2o 0)) .
2

— —4y, — ylwf}_ Family 6:

P THIA 2
Here the solution of Eq. (3.7) can be expressed as: {01 — i1, i, 0o — 0,041 — 0, @3 — -2, — o5 (.

2
pé) =i falee) [- tanh(é) + coth(é€)]. (3.21) We can get the expression of Eq. (3.7) as:
HHy
2 h
We can develop the soliton solutions of Eq. (1.1) as: p(§) = +i o tanh(¢). (3.23)
HHy
Set 6:

_10f
Qﬂ st
S
S st
Q
™ _10}
2 —i 0 1 2
X
(b)
80}
70}
< 60
S
5 %
§40
30}
20}
] 1 0 1 2
X
(d)

Figure 2: The behavior of Eq. (3.16) for y, = 2, p, = -1, p3 =1, 4, = 1, w; = 1and @, = 1. (a) and (c) fort = 0. (b) and (d) fory = O and t = 0.
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Thus, we can obtain the soliton solutions of Eq. (1.1) 3.2 Application of the VM
as:

Set 7: We can establish the variational principle of Eq. (3.7) as:
| 24 NE iy, + s
o, y,0) =i |—— tanh (x + y J(p) = j -~ - ———p’
Fau A ? 3.26
J _ Zwlylt)ei[w1x+w2y—y1(2+w12)t]’ (3.24) o (3.26)
204 4
2 + —p }df .
d,(x,y, ) = _ 2 tann? (x +y - 2o,t). 4
h

Now we seek the solutions of Eq. (3.7) in the fol-
Set 8: lowing forms:
Form 1. The solution of Eq. (3.7) is supposed as:

(p(xyt)z—i%tanh(x+y =
g Vs Yotls p(&) = Eisech(d). (3.27)
\ - Zwlylt)ei[wlxwzyful(zwlz)t], (3.25) Taking it into Eq. (3.26) yields:
2 —2ro
Pe(x, y, t) = ~ A tann2 (x +y - 2o4t). J(E) = El[ETu, — (1 + 307) - 3u,m5] (3.28)
7A 51) = . . 3.
Hs
6F
= &l
S
. 2L
S
B 0
< -2
3
~ -4
-6}
-2 -1 0 1 2
X
(b)
TOF
60
s S50
< 40t
X 30}
¥ 20
10F
0Ot .
-2 -1 0
X
(d)

Figure 3: The behavior of Eq. (3.20) forp, = 2, y, = -1, 3 =1, , = 1, @, = 1 and w, = 1. (a) and (c) fort = 0. (b) and (d) fory = O and t = 0.
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Its stationary condition is:

dJ(E) _
ds;

0.

which gives:
1_ | i,
37

Solving Eq. (3.30), we have:

[1]

. \/ My + 3uof + 3w3)
1= = .
21,

Equation (3.27) can be re-written as:

1)

- +\/V3(V1 + 31, @; + 303)
21,

Taking Egs. (3.1), (3.3), and (3.32), we can develop the

soliton solutions of Eq. (1.1) as:

-1+ 3wf) - 3w3| = 0.

Abundant optical soliton structures for the Fokas system = 499

Set 9:
+ 3uw + 3w
Ps(x, ¥, t) = ol + 340 3) sech (x +y
LM,
_ i[mx+m,y+wst]
J 20, 0)e ) = (3.33)
3u,w 3w
Py, y, 1) = Gy + 3o + 303) sech? (x +y
2,
- 2w1ylt).
Set 10:
+ 3uwl + 3w
ProX, ¥, £) = —\/ K * 3,0; ) sech (x
2L,
_ flox+moy+mst]
‘ ty 2“"1'”1:)‘* L 330
3u,w 3w
¢10(X1 Y, t) = (yl * I’ll it 3) SeChz (X +Yy
2,
- 2myt).
2
S 1}
© |
£ of
.
3 -1}
34
-2
-5 0 5
X
(b)
4F
— 3 [
S
&
. il 2 [
Ra*
~
N 1
0Ok
] = 0 2 4
X
(d

Figure 4: The behavior of Eq. (3.24) forp, = 2, p, = -1, y; =1, 4, = 1, m; = land @, = 1. (a) and (c) fort = 0. (b) and (d) fory = O and t = 0.
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Form 2. The solution of Eq. (3.7) is supposed as:

=2 (3.35)

P& = T cosh@)’

By the same way, taking Eq. (3.35) into Eq. (3.7) and
applying the stationary condition, it yields:

52[6522112]14 - Tugps(1 + 5w1) - 35u,w;]
105,

=0. (3.36)

We can determine =, by solving Eq. (3.36):

(3.37)

[1]

. \/ Tus(uy + S + 503)
2 = % .
1L,

So the solution of Eq. (3.7) is obtained, which is:

(3.38)

p&) = +\/7}13(}11 + 5]'111312 + 5m3) 1
- 61,1,

1+ cosh (&)
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Thus, the soliton solutions of Eq. (1.1) are got as:
Set 11:

7us(py + 5}111312 + 503) 1
0,06y, t) = 3
JINTH 1+ cosh (x +y - 2o1u,t)

ei[m1x+m2y+m3tj’ (3.39)
R ) SR
R 61y 1+ cosh(x +y-2mpt) |
Set 12:
ooy, ) = Tus(uy + Su@f + 503) 1
A 61,1, 1+ cosh (x +y - 2ou,t)
ellowroy+o3t] (3.40)
Bty ) = 7, + 5H,@7 + 5m3) 1 2
127 61y 1+ cosh(x +y - 2opt) |

Form 3. We also assume the solution of Eq. (3.7) with
the following form:

03}
S o2}
=
5 olf
N
S o0
V
34
77
s 0 5
o o
(b)
2 0 2 4
X
(d)

Figure 5: The behavior of Eq. (3.33) forpy, =1, 4, =3, ;= 1, y, =1, =1and w, = 1, @3 = 1. (a) and (c) fort = 0. (b) and (d) fory = 0

andt = 0.
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£) = S38i0hE) (.41
[cosh(&)]2 '

We can get the following expression by taking Eq.
(3.41) into Eq. (3.26) via the stationary condition:

1 :3[ 64E34,1,

- 5mu,(11 + 16w7) — 80w
320 Hl( 1 ) 3]

I8 (3.42)

= 0.
Solving Eq. (3.42) gives:

(3.43)

[1]

- Smu(11y, + 16p,0f + 16w3) .
81,

So Eq. (3.41) can be expressed as:
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)
. \/571;43(11;11 + 16p,@7 + 16m3)  sinh (£) (3-44)
B 8HH, [cosh (&)1

Then, we get the soliton solutions of Eq. (1.1) as:
Set 13:

@,y 0)
~ \/571;43(11;11 +16p,@7 + 16ws) sinh (x +y - 2ot)
8y, [cosh (x + y — 2mp,t)]

3
2 (3.45)
ei[m1x+mzy+m3t]’
st(1ly, + 16u@f + 16ws) sinh? (x +y - 2m,t)

8u, [cosh (x +y - 2o, )P

¢13(X, y, t) =

= b0
S
5 -0.1
S
S -02
V
R 03
-5 0 5
X
(b)
1.0}
S 08
=
~. 06
X
S 04
X
0.2
0.0t
—4 5 0 2 4
X
(d)

Figure 6: The behavior of Eq. (3.34) forpy, =1, i, =3, 3 =1, p, =1, @, =1, w, = 1 and @3 = 1. (a) and (c) for t = 0. (b) and (d) fory = 0

and t = 0.
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o+ o1 ol

Set 14: s p’ =0. (3.47)
06y, O H Mz
~ \/ Smuy (11, + 16p,@7 + 16w3) That is:
T 81, p" +f(p)=0. (3.48)
sinh (x + y — 2o,,t) i ellmixsmy o] where:
| leosh(x ;L ny( § yzley;;]l; o (3.46) o) = _wlzuju+ N Zﬂ: . (3.49)
06y, ) = B, 1 1
sinh? (x + y - 20046) Suppose the solution of Eq. (3.47) is:
[cosh (x +y - 2o,t) P~ p(€) = © cos (wé), w > 0, (3.50)
In the light of Eq. (2.7), there is:

i \/_ oL Wiy (3.51)

e H A

[af
o= |
d,
3.3 Application of the HFFM P -9

So the period soliton solution of Eq. (1.1) is:

Eq. (3.7) can be expressed as:

= 0.4
-
" 102
&
S 00
Y
- -0.2
-5 0 5
X
(b)
15}
S
S 1.0t
X
§ 0.5
0.0 ks ; y
—4 2 0 2 4
x
(d

Figure 7: The behavior of Eq. (3.39) for y, =1, p, =3, 3 =1, 4, =1, w; = 1, @, = 1 and @3 = 1. (a) and (c) fort = 0. (b) and (d) fory = 0
andt = 0.
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Set 15:

2
D + @3

@.:(x,y,t) = Ocos \/—
v [ M A

_ Zmlul t)]ei(m1x+m2y+m3t),
(3.52)

0? 2 3]
Brs, 1) = LA e Ve B R LT Y
5] M Ay

- 2w1y1t)].

A comparison between our solutions and those given
by ref. [39] shows that Egs. (3.13) and (3.14) from our
work are the same as Eq. (3.37) and Eq. (3.38) given by
ref. [39], Egs. (3.24) and (3.25) in our study are the same
as Egs. (3.27) and (3.28) provided by ref. [39] via using the
special parameters. However, the other solutions obtained
in our study have not been reported in the literature [39].

Abundant optical soliton structures for the Fokas system

— 503

4 Physical explanation

In this section, the numerical simulation of some solu-
tions are presented via the 3-D plot and 2-D curve to
interpret the physical behaviors by assigning the proper
parameters. It should be noted that in the following
content, the labels (a) and (b) represent the 3-D plot
and 2-D curve of the real part of p(x, y, t), the labels (c)
and (d) indicate the 3-D plot and 2-D curve of ¢(x, y, t),
respectively.

We plot the solution Eq. (3.13) in Figure 1. It can be
seen that the wave of the real part (RE) of ¢,(x,y, t) is
bright-dark soliton, and performance of the ¢,(x, y, t) is
the dark soliton.

The behavior of Eq. (3.16) is drawn in Figure 2, where
we can observe the contour of the RE of ¢,(x,y,t) is
bright-dark soliton, and the contour of the ¢;(x,y, t) is
the bright soliton.

2
SN
e
5 0 /\
: \./
S
S -
~
D
=5 0 5
X
(®)
10
S 8
S 6
=
x 4
X
2_
oL
= =3 0 2 4
X
(d)

Figure 8: The behavior of Eq. (3.45) for p, =1, p, =3, g3 =1, i, =1, wy = 1, w, =1 and @3 = 1. (a) and (c) fort = 0. (b) and (d) fory = 0

and t = 0.
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Figure 3 plots the performance of Eq. (3.20), the con-
tours are the same as Figure 2.

From the Eq. (3.24) plotted in Figure 4, it is found the
wave contour of the RE of the ¢,(x, y, t) is a kinky peri-
odic soliton, and the contour of the ¢,(x,y, t) is dark
soliton.

The performance of Eq. (3.33) are presented in Figure 5.
Obviously, the contour of the RE of ¢4(x, y, t) is the double-
dark soliton, and the contour of ¢4(x, y, t) is the bright
soliton.

From the description of the solution Eq. (3.34) in
Figure 6, we can find the contour of the RE of ¢y(x, y, t)
is the double-bright soliton, on the other hand, the con-
tour of ¢y(x, y, t) is the bright soliton.

From Figure 7, it can be found that the contour of the
RE of ¢,,(x, y, t) is the double-dark soliton and the con-
tour of ¢,;(x, y, t) is the bright soliton.

As shown in Figure 8, it can be seen that the contour
of the RE of ¢5(x, y, t) is the triple-bright soliton and the
contour of ¢5(x, y, t) is the double-bright soliton.

Refyrs]

(c)
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Figure 9 illustrates the solutions of ¢y5(x, y, t) and
@15(x, y, t). It is noticeable that the wave form of the RE of
the ¢1s(x, y, t) is the kinky periodic soliton and that of the
@15(x, y, t) is a perfect periodic soliton.

5 Conclusion

The Fokas system has been studied in this work by three
powerful approaches, the SETFM, VM and the HFFM.
Fifteen sets of the soliton solutions in the term of bright
soliton, dark soliton, bright-dark soliton, double-dark
soliton, double-bright soliton, triple-bright soliton, kinky
periodic soliton and periodic soliton solutions are obtained.
By comparing our results with those provided by ref. [39], it
is found that some solutions obtained by our study are new,
which provide a good supplement to the existing literature.
Finally, the performance of the solutions are presented
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Figure 9: The behavior of Eq. (3.52) for p, =1, p, =3, 3 =1, 4, =1, wy = 1,w, = 1, m3 = -2 and 6 = 2. (a) and (c) for t = 0. (b) and (d) for

y=0andt=0.
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hrough the 3-D contours and 2-D curves to interpret the
physical behaviors by using proper parameters. The results
reveal that the presented methods are powerful and effec-
tive, which can be used to develop the abundant solition
solutions of the PDEs arising in physics.
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