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Abstract: A mathematical model representing the tem-
poral dynamics of hepatitis B virus (HBV) is discussed
in this research work. This is based on the asymptomatic
carriers and symptomatic individuals keeping in view the
characteristics of the disease. We also incorporate the
vaccination parameter to vaccinate susceptible indivi-
duals. Moreover, we use fractional calculus to extend
the model to its associated fractional-order. For this, we
particularly use the fractional operator of the Caputo-
Fabrizio type to fractionalize the proposed model. First,
the model formulation has been derived in classic order
and then extended to its associated fractional-order ver-
sion for generalization. The model equilibria was calcu-
lated, and the basic reproductive number was found.
Then we will discuss the existence with properties of
the uniqueness of the proposed fractional version of the
model that is under consideration. The positivity with
boundedness is shown to investigate that the considered
model is feasible biologically as well as mathematically.
Finally, we use the Mittag—Leffler approach to visualize
the model of fractional-order and to support the results
carried out in the theocratical part. We also demonstrate
the solution curves for different values of the fractional
parameter to differentiate between integer-order and frac-
tional-order on the disease transmission.
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1 Research background

Hepatitis B is a contagious disease among other infec-
tious diseases. This causes inflammation of the liver.
Around 350 million individuals globally have chronic
HBV, with 25-40 percent of these cases leading to chronic
liver disease, hepatocellular carcinoma, and cirrhosis
[1,2]. As a result, HBV infection has become a huge public
health issue all over the world. A patient with a chronic
stage has a serum burden [3]. If we assume the average
mass of the liver to be 1.5 kg, a human liver should have
the same number of cells. Due to the large numbers, we
must use the conventional incidence rate rather than the
mass action incidence rate.

Epidemiological models yield some intriguing mathe-
matical insights, particularly in the prevention and man-
agement of infectious diseases, see, for instance, [4-9].
Varied models of infectious diseases with various proper-
ties and characteristics have been produced and studied in
the literature. Different elements (such as temperature,
precipitation, absolute humidity, and others) have a major
impact on the force of infection in human viral infections.
Various deterministic and stochastic models have been pro-
posed by different authors and investigated the dynamics of
infectious diseases with some real applications (see, for
instance, [10-16]). However, models with fractional-order
are proved to be useful for describing the complicated and
cross behavior because the range of derivative order is
optional in this case [17-22]. The information about the spec-
trum between the integer orders has been provided via frac-
tional-order calculus [23]. Fractional calculus is more rea-
listic from integer order while producing more accurate
outputs [24-29]. Therefore, problems with real-world situa-
tions can be studied with derivative of fractional-order, with
a greater degree of freedom. Instead of classical cases nowa-
days, researchers are very much interested in fractional-order
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derivatives while applying them to real-world problems. With
this, many analyses has been made, i.e., the existence theory,
uniqueness theory, approximating solutions, and stabilities
of the fractional equation. Physical problems in various forms
have been formulated using differential, functional, and inte-
gral equations with fractional-order, such as a logistic model,
model of microorganism, dingy problem, and Lotka—Volterra
equation. These equations are foundation models in the field
of formulating models in case of biological situations [31-35].
Further various concepts are examined for FODEs using ana-
lytical, semi-analytical, and approximation analysis. Many
more methods like Euler, Taylor, Adams-Bashforth, pre-
dictor-corrector, etc., are the transforms with many more
other well-known techniques [36,37]. Various fractional deri-
vatives have been applied in different shapes of biological
models to show the temporal dynamics of distinct infectious
diseases (see, for more detail, [38—42]).

In the present article, we analyze and formulate a
novel model to represent the temporal dynamics of HBV
using the CF fractional operator based on the asympto-
matic, symptomatic, and vaccination assumptions from
the findings of the previous studies. All of the models
in the literature have distinct perspectives for studying
HBV dynamics, but we use asymptomatic and sympto-
matic carriers with vaccination of susceptible individuals
to examine the dynamics of the disease more thor-
oughly. HBV-infected people can live for 30-180 days
without showing symptoms and can infect others, which
can lead to mortality in humans [43]. As a result, the
goal of the study is to forecast and develop a novel
model with asymptomatic, symptomatic carries, and
vaccination parameter for immunization. The model is
established first with integer order and then extending
to the generalized form of fractional derivatives keeping
in view the CF derivative operator. We calculate the
basic reproductive number and examine the equilibria
of the classical model. Once the reported model fractio-
nalizes, we will then study the existence analysis with
unique properties. Finally, we perform some numerical
simulations and show a graphical representation of the
analytical results.

We organized the reported studies as the formulation
of the novel HBV model, and primary definitions of the CF
derivative are presented in Section 2. In Section 3, we
discuss the analysis of existence with unique properties
of a positive solution. In Section 4, some numerical visua-
lization has been provided and also compared the results
to show for different fractional values. We end our work
with the conclusion in Section 5.
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2 HBV transmission models

We consider a model to describe the time dynamics of
hepatitis B virus transmission by following the work pre-
sented in ref. [44]. For this purpose, we will introduce
some notations in the form of state variables and para-
meters. Particularly, we assume that W(t), X(t), Y(t), and
Z(t), respectively, denote the vulnerable population, the
fraction of population with HBV positive, the portion of
the population with positive HBV chronic, and recovered
individuals. Further, the vulnerable are those individuals
who at any time may catch the disease. Likewise, we
divide the total population as symbolized by N(t) in var-
ious compartments of W, X, Y, and Z. Obviously, the
entire compartments are dependent on time, which can
be written as N(t) = Z(t) + Y(t) + X(t) + W(t), and so
the model looks like

dw® _ , _ BWMLX()  BLWHY()
dt N N
— (do + V)W(t) — SAY(L),
dX(t) _ BWHX(t) N B, W(H)Y(t)
dd N N )
- (di + n + dp)X(1),

% =rX() - (d + K + do - SHY(D),
% =diX(t) - doZ(t) + vVIW(t) + xY(b),

where the description of the parameters is as A is the rate
of birth and v is assumed to be the rate of vaccination.
The rate of offspring prenatally infected portion is denoted
by 6, while d,, dy, and d; are reduced rate of disease trans-
mission, natural, and disease death rates respectively.
Further, f and d; are the transmission co-efficient and
recovery rate, but ¥ and r; symbolize the transfer rate of
acute to chronic population.

To shorten our calculation, we assume that y; = v + do,
“i=d +n+dy, and y;, = k + d; + d — An, then using the
theory of the dynamical system, we always admits a disease-
free point for our proposed model as symbolized by Eg,
which looks like

Eo - (A, 0,0, ﬂ) @
% doy,

We use the disease-free state and applying the next-gen-
eration approach to calculate the reproductive number.
Let us assume that this quantity is denoted by RS, then

Rp = BA d0,0B .
V%) WaYs

3
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Further, the dynamical properties of the reported model

(1) has been described as follows:

e The equilibrium point Eq is table if RY <1, but if
Rg > 1, then the model is unstable.

o If Rg > 1, the unique endemic state E, = (W,, X,, Y., Z,)
is stable both locally and globally, implies that the
infection of HBV persists.

We will now study the fractional-order version of the
afore-reported model, so first we present some preliminary
knowing of CF fractional derivatives to derive acquainted
with customary notations [7,23].

Definition 1. Let ¢p € H'(0, T),ifn - 1< 9 <n,9 > 0and
n € N. The derivative in sense of Caputo as well as in
Caputo-Fabrizio operators are defined by

I(p() (

1<(3)

pg (b)) = — 09 )dz @)

and

D¢ fp(t)} = ———— f( —zymgnz)dz,  (5)

F(S

where CF and C symbohzes the Caputo-Fabrizio and

Caputo, respectively.

Definition 2. Let 0 < 9 < 1, then the integral

Ry fp(t)} = f (t - 2 p(z)dz ©)

T(9)

is the Riemann-Liouville and

CF 19 B 2
Jo, dp(D)} = 2 9K®)

« (1 9p(t) + 9 I(p(z)dz

is the Caputo-Fabrizio-Caputo (CF) integral operators.

We now incorporate the aforementioned fractional
operator into model (1) to study the associated fraction
version, which looks like

BWMDX()  BLWHY(H)
N N
~ (do + V)W(t) — SAY(D),
BWMDX(H)  BLW(DY(L)
N N ®)
- (dy + n + do)X(t),
DY Y(®) = nX(t) - (d + K + do - SA)Y(H),

DS Z(t) = diX(t) - doZ(t) + VW(E) + KY(D).

g W(t) = A -

Fp§ X(t) =

Asymptotic analysis of hepatitis B epidemic model using Caputo Fabrizio fractional operator

— 291

3 Existence and uniqueness

The proposed fractional-order system will be transformed
to its associated integral equation system to show the
existence analysis. We will apply the fixed-point theorem
and show existence uniqueness. Thus taking the trans-
formation of the aforementioned system leads to the inte-
gral system as given by

_ BWOX(®) WY
N N

W(t) = CFJ&{A

- (do + VW(t) - 6AY(t)} + W(0),

BWOX(®) | pWBY(H)
N N

X(t) = X(0) + Y {

- (di+n+ do)x(t)},

Y(t) = F8 nX(®) - (d + k + do - MY} + Y(0),
Z(t) = Z(0) + IS AdX (1) — doZ(t) + VW(E) + kY(D)}.
To simplify our calculations, we assume Y = K(9)(2 — 9) for

simplicity, and by applying integration in CF sense, we
obtain the following equivalent system:

BWM®X®)  SLWMBY(H)
N N

W(t) = W(0) + 2(1; 9 {A -
~ (do + V)W(t) - 8AY(t)}

.\ 9 I { BWOOKED) _ WY

N

1
- (do + v)W(X) - 5AY(X)}dX(m),

Xty=21-9) {BW(t)X(t) , PEWOY®
K(@9) N N
- (di+n+ do)X(t)}( ) + X(0)
J {BW(t)X(t) BLWDY(1)
K(S) N

C(dine+ do)X(t)}dx( . 2—89))’

A =90 X(t) - (d + x + do — SAY(D)}

2
Y- K(@9) 2-9)
t

+ Y(0)

{nX(x) - (d + x + do — 6A)Y(x)}dx,

9
T2 9K©) I
2(1 )

Z(t) = Z(0) + {dX(E) — doZ(t) + VW(D) + kY(D)}

t

29
j{dlx(x) — doZ(x) + VW(X) + xY(X)}dX( K(S))'
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Let L, b, L, and [, represents the kernels, then

_ BWOX(®)  BWBY(D)
N N

LW(t), t) = {A

- (do + V)W(t) - 6AY(t)},

BWOX®)  pdWOY(E)

9)
N N

LX(t), t) = {

- (d+n+ do)X(t)},

LY(), ) ={nX(t) — (d + x + do — 6N)Y(D)},
L,(Z(t), t) = {d X(t) — doZ(t) + VW(T) + xkY(b)}.

Theorem 1. Lipschitz conditions hold for the aforemen-
tioned kernels I;,i - 1, 2, 3, 4.

Proof. We assume W and Wi, X, and X;, Y and Y3, Z, and
Z, are the functions of [;; thus, we have

uwaxozmwmx0+{A—ﬂ”“”‘““mxm

N
B (WD) — WyH)Y()
N

= (do + v)(W(t) - Wy(D)) - 5AY(t)},

PWOXD® - Xi(t)  BLWDOY(H)

Mmuozu&mxw{ ¢ L

- (dy + 1 + do)(X(t) - Xl(t))},

L(Y(®), £) = h(h(®), ©) + {nX(®) - (d + Kk + do — SA)(Y(D)
- i)},
L(Z(), ) = W(Zy(D), ©) + {dX(1) — do(Z(t) — Zy(1)) + VW(E)
+ kY(t)}.
We apply the Cauchy’s inequality implies that
1L(W(B), ¢) — L(Wi(t), D)l

H _ BOW(D) - mmmm B (W(t) - Wy(t)Y (1)

N

= (do + V)(W(t) - Wy(D)) - 5AY(t)} ,

ILX(®), ) = LD, O
SH BWOX®) - Xu(t) | fd;WHY(H)

N N

= (di + n + do)(X(t) - Xl(t))} ,

1LY (), ©) — LD, O

< [{nX(®) - (d + x + do - 6A)(Y(H) - (D),
IL(Z(®), t) = h(Zy(1), )]

< HiX(1) - do(Z(t) - Zy(1)) + vIW(D) + kY (D)}

We then obtain the relations given by
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1 - HhWy-1(D), )

wt) = X ¥

t
+$jmm4mmw,

0
21 - HLXp(D), t)
Y

X(t) =

t
29
+7ju&4mmm,

0
21— HLY,0), ) (10)

(2-9K (9)

Y(t) =

a_ﬁﬁgjunxnmm
201 - .9)14(Zn,1(t), t

20= @- oo

————— | L(Z_1(x), x)dx.

K@g_wjanm))

Taking the difference between successive terms and applying

norm as well as majorizing, we then lead to the assertions
[ARON = IW(t) — Wi p_1(OIl

< 2(lT_S)IIh(Wn-l(t), ) = LWy o0, D)

t

29 Hum«&m
0

L2
K2 -9

= LWy, (%), X)]dx H,

Bl = I1Xn(t) = Xy, n-1(Ol
S NLXn-1(1), 1) = LKy n-2(t), O

t

”umxmm
0

21 - 9)
K92 - 9)

29
=
K92 -9)

= b(Xyn-2(x), X)}dXH,

ICAOl = 1Y) — ¥on i O] ()

20-9) ey, 0,0 -

< m LY, n—o(0), Dl

t

29 jhm«mm
0

s
K®)2-9)

= B(Y,n-200), x)]dx H s

IDR(ON = 1Zn(t) = Z1,n1(OI

< WZar0, ) = LoD, Ol

KH2-9)

t
jhmxmm
0

= 1y(Zy,n2(), X)]dx H .

In the aforementioned system
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DA = WD), Y BA) = XulD), ICA(OI < IYO)] + {( =5 8)) }

g 3 . 29t Y

Y Cit) = Yu(t), Y Dit) = Zo(t). .\ {( m ) }

o N n (14)
Since, the kernels ; satisfy the conditions of Lipschitz, so DOl < I1Z(O)]| + {(M) }

B 2 - 9K
AR = [Wi(t) = Wi, n (D] { ( - )n}
+ O~~~ o~ .
< 20w, ) - Wi (0 K@)z - 9)

Furthermore, let us assume that Y, «(t), i = 1,..., 5 repre-
Wi_1(x) — Wy, ,0(0) || dx, sent the remainder terms, and then to prove that Eq. (14)
satisfies the model (8), we make the substitution as follows:

W(t) = Wi(t) + Y,n(0),
X(t) = Xn(t) + Yon(0), Y(0) + (1) = Ye(0),  (15)
Z(t) =+ Yy n(t) + Zn(t).

29
RO l I
IBa(Ol = [Xe(t) — Xy na(O)]

< 1l Xp-1(t) = Xy, n—2(D)l

21-9)
Y

+ —T4 IHX" 1(0) = Xq,p—2(0)lldx, Thus,

Ol =T%0 %O (13) WO - W, (o) = 2L~ VWD) - %5,(0)

_ o K©9)@2 - 9)
< Yy r(8) = Yoo 2=

5 jzl(W(x)

29 1<(3)(z
_— Y. Y- dx,
o Ok ju {00 = YO o
IDA(ON = 1Zn(t) - Zl,n—l(t)” X(t) — X, _4(t) = 2L(X(8) - L) - 9)
1-92 K@®2 - 9)
< HlZp_o(t) - Zl,n—Z(t)”ﬁ ¢
2 - 9DK©®) 2 _[
¢ +—=2 LX)
29 2 -9NK®)
+ 75 120100 - a0l 5o | O o
) 2 - 9KO) — Y, ,())dx, 16)
_2B(Y(t) - B34(6)(A - 9)
. Y(t) - Ya(t) =
Theorem 2. Model (8) poses a solution. K®2-9)
E:':(;ls’.s ZJI:EE S;:l.f (SIZ(: V:\;i.th the recursive scheme leads to + m Il3(Y(X)
: 0
1AL < IWO)] + (M) . (@) ) 33’"(;()1) d;,t Y
A < ~ Y , Z(t) - Zyo(t) = (1 - Dly( l9( I)(—S ()
21— 9))" 2- )()
IBA(OI < IX(0)|| + {(%) }
ju(zo{)

{( 2T4t|9 )n} (2 - S)K(Q)
"We-oxk® ) I’ — Y, (0))dx.
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The application of norm with Lipschitz conditions may lead to

AW, 1 - 9) 1

H W= K(©9) oy VO
t
- ? jll(W(X), x)dx
0
< ||Y1,n(l‘)||{1 + (2(1 ; u 28ert)}’

2LX(), HA - 9)
Y

| xo-

- X(0)

7(2 0 jbo«x) x)dx ‘

< "YZ,n(t)"{l + (2(1 _YS)T3 + 2I9Y‘l'4t)}’

H () - 213(Y(t),;)(1 -9

17)
~ Y(0)

29
) lzg(v(x), x)dx

21,(Z(), H(A - 9)
Y

-

- Z(0)

m Il4(Z(X), X)dX

< |m,n<t>u{1 (a0, 29;8t)}.

Taking lim as t approaches co, we reach to

fl (W), x)dx( 2‘9)

2L(W(), (A -
Y

W(t) =

+ W(0),

t
ZIz(X(t),Yt)(l -9, Ilz(X(X), x)dx(?)
0

+ X(0),

X(t) =

(18)
2(Y(t), )1 - 9)

Y(¢t) = .

t
N ? Il;(Y(X), X)dx

+ Y(0),

2(1 - DI(Z(2), t)
Y

t
Z(t) = N ? j 1(Z(x), x)dx

+ Z(0).
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This completes the conclusion. O

Theorem 3. The proposed model as reported by system (8)
exists a unique solution.

Proof. Let (W(t), X*(t), Y'(t), Z*(t)) is also the solution,
then

{LW(®), ) - L(W* (), H)}2(1 - 9)
Y

W) = WHE) +

t
+ ? J W,y - w ), yiax,
0

X()- (0 + X0 0 - LX©, 0201 - 9

t
+ ? [ x, ) - 1w, o,

) (19)
t
= Jxe, 0 - e, o,
0
200 =20 + 0.0~ W W, 0120 =)
t
+ ? [, 0 - L@ o, .
0
The application of majorizing gives
||W(t) _ W+(t)" — ||11(W(t), t) - Il(‘YN+(t)x t)||2(1 - ’9)
t
+ ? [ I, 0 - kW, ol
0]
||X(f) _ X+(t)" — ||12(X(t), t) - 12(§+(t), t)llz(l - 9)
t
+ ? [ rxeo, 0 - boxeo, ot
0 ) (20)
t
+ ? [ eveo, » - bevco, i,
0
26 - 20 < WO, 0 - L@ ©. 0120 - 9)

Y

t
+ ? [ 1@, 0 - @0, olax.
0

By using Theorems 1 and 2, we may lead to the assertion
as described by
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W) - w2289 (m% )

Y Y
) 25(1- 9y,  (2nI9p,t)
IX(t) - X (Ol < Y i 5
21 -9) (29t \! @

v+ 5¥s\L — 6%e
IY() - YOl < Y + Y s
. 2tp,(1-9)  (29mpgt \'
I1Z(t) - Z* (D)l < Y + Y .

This implies that the aforementioned formulas hold for
every n, so we obtain

W(t) = Wi(t), X(0) = X(t), Y(t) = Y(0),

(22)
Z(t) = Z(b). O

Further, we will discuss that the model under con-
sideration is feasible by Lemma 1.

Lemma 1. Since (W(t), X(t), Y(t), Z(t)) is the solution of
system (8). Let us assume that the initial population sizes
are nonnegative, then (W(t), X(t), Y(t), Z(t)) is also non-
negative for every t > 0.

Proof. Since 9 is the fractional parameter, then
BWMOX()  BLWH)Y(T)
N N

- (do + VW(t) — SAY(L),
BW(DX(t) N BLWY(H)
N N
- (dy + n + do)X(1),
Dy (Y(1)) = nX(t) - (d + K + do — SA)Y(D),

SDE (Z(1)) = dX(1) — doZ(t) + VW(E) + KY(t),

DY (W(t)= A -

pg (X(1) =

(23)

where G is a general fractional operator. Thus, we have

5§ (W)l xwery = A > 0,

D§ (Y(®)xvey = nX(®) > 0,
5D§ (Z(1)|xawy = AX(®) + VW(E) + xY(t) > 0,

(24)

where k(§)={=0 and W(t), X(t), Y(t), Z(t) is in
C(R; x R,)} and & € {W(t), X(t), Y(t), Z(t)}. We then reach
to our conclusion by using the same methodology as
adopted in [30], that the solutions of the considered model
are nonnegative for all ¢ > 0. O
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Figure 1: The graph visualizes the fitting of model parameters to real
data for the reported HBV model.

Table 1: The estimated value of epidemic parameters

Parameter Description Value Source

A Birth rate 260,479 Assumed

B Transmission coefficient 14.24 Fitted

d; Reduced transmission 7.02529 Fitted
coefficient

v Vaccination rate 5.8480 Fitted

n Portion of acute leads to 5.5650 Fitted
chronic

d; Recovery rate of acute 0.97 Fitted

do Natural death 0.0005 Fitted

d; Death from disease 0.001253133 Fitted

0 Offspring prenatally infected 0.0004 Fitted
portion

K Rate of recovery of chronic 0.00001 Fitted

Table 2: Parameters values used in simulating model 8

Parameter Value Source

A 1.5 Assumed

B 0.5 Assumed

d 0.03 [44]

v 0.07 Assumed

n 0.01 Assumed

d; 0.9 Assumed

do 0.005 Assumed

dy 0.001253133 Fitted

0 0.02 [44]

K 0.00001 Assumed

w 110 (44]

X 80 (44]

Y 30 [44]

z 10 [44]
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4 Parameters of estimation and
numerical simulation

In this section, we will present some numerical simula-

tions to show the significance of our model. We will first

estimate the model parameters and then use the estimated
value to present the long-run numerical simulation.

4.1 Estimation of parameters

We use real data to estimate our model parameters that
are important to show the validation of the reported model.

120 T T T
== = Deterministic
100 1
80 1

W

Susceptible
3

40
1
20" |
\
-
0 ‘\‘-—F—-q—--—‘-—-‘—--‘--_.‘-—--‘- —-‘
0 5 10 15 20 25 30 35 40 45 50
t
(a)
140 : ‘ ‘ ‘ ‘
———
7 .\~\ — CF
s N |™ = Deterministic
120 4 ~

o
o

80

Chronically

60

40

20 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

t
(c)
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We used a number of infected cases as reported in district
Swat Khyber Pakhtunkhwa Pakistan from January 1, 2020,
to December 28, 2020. To estimate the value of epidemic para-
meters, the method of parameter estimation technique
under Isqcurvefit routine via MATLAB software has been
used, while to measure the goodness of fit, the associated
approximate

112 | 42 -x

average relative error of formula -,

1.5685 x 107! is used. This verifies the suitability of
small relative error’s value (1.5685 x 107!). Once to
perform the estimation analysis as presented in
Figure 1, we estimate the epidemic parameters pre-
sented in Table 1.

real
X

80 T T T
70 === Deterministic | -
\

60 Y 8

40 \, 8

Acute
4

20 S 1

60

== Deterministic | |

50 g 1
45 d 1
40 S’ =
35 / 1

L P 4
30 /

Recovered

25 / 1
20t A, J

15 ¢ 1

10 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

t
(d)

Figure 2: The visualization of the dynamics of system (8), when 9 = 0.90. (a) Susceptible individuals, (b) acute individuals, (c) chronically

individuals, and (d) recovered individuals.
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4.2 Numerical simulation

We will present some graphic descriptions of the analy-
tical results to present the justification as well as the
authenticity of the analytical work. We present the simu-
lation of the reported fractional HBV epidemic model (8).
For this, we assume that the units of time is 50, while the
value of parameters is taken from Table 2. Moreover, we
also use various values of fractional-order parameters to
show the impact of fractional-order on disease transmis-
sion. We further assume that time step integration is

h =1073 and [0, t] is the interval of time. Moreover, let
T
E;
of the proposed model looks like:

n=-neN,andu=0,1,2,..., n, then the discretization
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Figure 3: The visualization of the dynamics of system (8), when 9 = 1.0. (a) Susceptible individuals, (b) acute individuals, (c) chronically

individuals, and (d) recovered individuals.
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Figure 4: The visualization of the dynamics of system (8), when 9 = 0.95, 0.85, 0.75, 0.70, 0.60. (a) Susceptible individuals, (b) acute

individuals, (c) chronically individuals, and (d) recovered individuals.

The collective execration parameters values taken
from Table 2 with the aforementioned algorithm leads
to the graphical representation in Figure 2. To show
the difference between the classical and fractional-order,
we present the simulation for § =1 and 9 = 0.95 (see
Figure 2), which clearly shows the significance of the
fractional-order. Moreover, we represent the dynamics
of the different compartmental of the proposed model
for 9 = 1.01 to show the effect of fractional on disease
dynamics as described in Figure 3. Likewise to perform
the numerical simulation for the various compartments of
reported model for various values fractional-order, we
present the simulation carried out in Figure 4. Particu-
larly, Figure 4(a) demonstrates the time variation of

vulnerable individuals, which describe that decrease, or
increases in the value of § cause increase or decrease in
the size of vulnerable population. This verify that there is
an inverse relation between the time dynamics of vulner-
able population and fractional parameter. Similarly, the
time dynamics of acute and chronic is given in Figure
4(b) and (c), while the dynamics of recovered is described
in Figure 4(d), which, respectively, indicates the relation
between compartmental sizes and fractional parameter.
We also demonstrated the phase portraits of system (8) to
show the relative impact of compartmental population on
each other as shown in Figure 5. There is inverse relation
of 9 with acute and chronic sizes while there is direct
relation with recovered compartment. So the numerical
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Figure 5: The graphs represent the phase portrait diagram for susceptible vs other compartments of the proposed system. (a) Phase portrait
of the acute vs susceptible population, (b) phase portrait of the susceptible vs chronic carries population, and (c) phase portrait of the

recovered vs susceptible population.

visualization analyzes that there is a strong dependency
of fractional parameter on the compartmental population
and disease transmission, which are clearly visible.

5 Conclusion

We formulated a novel model for the dynamics of HBV
transmission with the asymptomatic carriers and symp-
tomatic individuals as well as vaccination of susceptible.
By formulating the model, then we studied the equilibria
and calculated the basic reproductive number. Further,
we used the fractional calculus and extended the model

to its associated fractional-order. For this, we used the
operator in the sense of CF derivative. Moreover, the
fixed-point theorem has been utilized and showed
the existence analysis with unique properties. Also, the
biological feasibility has been discussed. We also used
real data of hepatitis B to parameterize the proposed model
and estimate the value of epidemic parameters. Based on
estimated parameters values, all the theocratical results
and the impact of fractional-order on disease transmission
have been presented with the help of some graphical
visualization. The numerical results are produced for var-
ious values of the fractional parameters. It has been also
observed that vaccination has a positive and effective role
in eradicating the infection of hepatitis B.
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