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Abstract: The electroosmotic flow of non-Newtonian fluid—
Eyring fluid in microparallel pipes under high zeta poten-
tial driven by the combination of pressure and electric
force is studied. Without using the Debye—Hiickel (DH)
linear approximation, the numerical solutions of the fluid
potential distribution and velocity distribution obtained
using the finite difference method are compared with the
analytical approximate solutions obtained using the DH
linear approximation. The results show that the numerical
method in this article is effectively reliable. In addition,
the influence of various physical parameters on the
electroosmotic flow is discussed in detail, and it is
obtained that the velocity distribution of the Eyring fluid
increases with the increase in the electric potential under
the high zeta potential.

Keywords: high zeta potential, Eyring fluid, Navier slip
boundary condition, electroosmotic flow, parallel micro-
channel

1 Introduction

With the rapid growth of microfluidic technology, related
applications have been promoted, for instance chemical
analysis, medical diagnosis, etc., [1,2], so a variety of
microfluidic devices appear, and the electroosmotic flow
(EOF) has received more and more attention. EOF is a
kind of fluid flow caused by voltage applied at both ends
of porous media, microchannels, and other fluid pipes.

* Corresponding author: Xiaogang Chen, College of Science, Inner
Mongolia University of Technology, Hohhot 010051, China,

e-mail: xiaogang_chen@imut.edu.cn

Tiange Zhang, Meirong Ren, Jifeng Cui, Yidan Wang: College of
Science, Inner Mongolia University of Technology, Hohhot 010051,
China

Uematsu and Araki [3,4] discussed the adsorption and
hydrodynamic effects of polymers near the wall. Most of
the early studies on EOF were for Newtonian fluids. But
microfluidic equipment is sometimes used to resolve
biological fluids, for instance lymph, colloidal suspension,
etc., which are non-Newtonian fluids. So it is of great the-
oretical and practical significance to research EOF of var-
ious types of non-Newtonian fluids, such as power-law fluid
[5,6], Oldroyd-B fluid [7], Phan—-Thien—-Tanner fluid [8],
generalized Maxwell fluid [9,10], third-grade fluid [11],
and so on.

In the abovementioned studies, the electrostatic poten-
tial distribution is mostly achieved through solving the
Poisson-Boltzmann (PB) equation and using the Debye-
Hiickel (DH) linear approximation, which is only applic-
able to the low zeta potential (i.e., { < 25 mV) [12]. However,
in actual application, zeta potentials up to 100-200 mV
are often encountered, so it is of great significance to
research the EOF for non-Newtonian fluids with high
zeta potential without imposing DH linear approxima-
tion, many scholars have done a lot of research on these
problems. For example, based on the central difference
scheme, Nekoubin [13] investigated the EOF for the
power-law fluid through a curved rectangular micro-
channel under high zeta potential without imposing
DH linear approximation; by directly solving the non-
linear PB equation, Xie and Jian [14] discussed rotating
EOF for power-law fluid with high zeta potential at
microchannels; Jiménez et al. [15] discussed the start-
up of remaining EOF for the Maxwell fluid at asymmetric
high zeta potentials on the wall in rectangular micro-
channels; and so on.

It can be obtained from the above references that
different constitutive relations are used for the EOF of
different non-Newtonian fluids. However, is there a non-
Newtonian fluid model that can be used to describe the
EOF in microchannels or nanotubes? Eyring deduced
the hyperbolic sine relationship between shear rate and
shear stress in 1936 [16], namely Eyring fluid, indicating
that Eyring fluid is a non-Newtonian fluid. Yang [17]
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analyzed the flow of Eyring fluid in nanotubes by using
continuum mechanics, and the results showed that Eyring
fluid can be used to study nano-scale fluid flow. The
problem of slip boundary conditions is also very impor-
tant in the study of heat transfer and flow characteristics
of micro-nano fluids in microchannels, and their beha-
viors are different in the macro-scale and micro-scale.
As we all know, no-slip boundary conditions are widely
used in macroscopic fluid flow problems, Zhu and Granick
[18] concluded that for micro-nano-scale flows, the no-slip
boundary condition may fail, depending on the roughness
of the interface and the interface interaction between the
solid and the fluid. Therefore, it is necessary to consider
the slip boundary conditions when analyzing the flow in
the microchannel. Navier first proposed the slip boundary
condition, which is given by the linear relationship
between slip velocity and wall shear rate. Later, some
scholars developed different slip boundary conditions
[19]; however, the Navier slip boundary condition is
the easiest one and the most proverbially utilized one.
For instance, Tan and Liu [20] explored the character-
istics of EOF for the Eyring fluid under Navier slip
boundary condition in circular microtubes; by utilizing
the numerical method, Song et al. [21], investigated the
rotating EOF for third-grade fluids at parallel plate
microchannels under Navier slip boundary conditions;
Tan et al. [22] discussed EOF for the Eyring fluid under
Navier slip boundary conditions in narrow microchan-
nels; Jiang and Qi [23] analyzed the EOF for Eyring fluid
at parallel microchannels with Navier slip boundary con-
dition under the combined action of applied electric field
force and pressure; Afonso et al. [24] proposed under
the effect of the Navier slip boundary condition, an analy-
tical solution for mixed pressure-driven electrokinetic slip
flows of viscoelastic fluids in hydrophobic microchannels;
Jamaati et al. [25] presented an analytical solution for pres-
sure-driven electrokinetic flows in planar microchannels
with velocity slip at the walls; Soong et al. [26] studied an
analysis of pressure-driven electrokinetic flows in hydro-
phobic microchannels with emphasis on the slip effects
under coupling of interfacial electric and fluid slippage
phenomena. In previous studies, Navier slip boundary
conditions have been applied to predict some flow pheno-
mena in carbon nanotubes [27].

Motivated by the above, in this article, we will study
the EOF of a non-Newtonian fluid-Eyring fluid in parallel
microchannels under high zeta potential under Navier
slip boundary conditions, derive the numerical solution of
the velocity distribution, and use graphics for numerical
discussion.
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2 Mathematical model and its
solution

We consider a steady EOF for incompressible Eyring fluid
at a parallel microchannel in Figure 1, where the width,
length, and height of the microchannel are W, L, and 2H,
respectively, and satisfy L, W > 2H. The channel walls
are evenly charged to a zeta potential 1), and the Eyring
fluid flows with the combined action of a constant pres-
sure gradient P and an external direct current (DC) elec-
tric field E, applied along the x-direction. The physical
and electrical properties of the fluid are considered to be
constant. In the light of the symmetry of geometry, only
the top half of the micropipe is discussed, i.e.,0 <y < H,
and the form of velocity distribution is V = (v, (y), 0, 0).

Neglecting the influence of gravity on the EOF, Eyring
fluid satisfies the Cauchy momentum equation [22],

dr, oP

E, = —, 1
dy T Petx ox M

where p,E, represents an electric field force per unit
volume, and p, is the net charge density. E, is the applied
external electric field, and P is the pressure.

The constitutive relation of Eyring fluid is [16,28]:

1
T,x = Toarcsinh| — —= |, 2
yx 0 (yo dy) ( )

where 1, is the shear stress, 7 is a constant with the
dimension of stress, y, is a function of temperature with
the dimension of the shear rate, 7, and y, are the rheo-
logical parameters. For small shear stress (1, < 1), and
To/Y, represents the viscosity of the material [17].

From electrostatic theory, the electrostatic potential
1 satisfies the Poisson equation:

Y _ P

= _Pe 3
a4 - 3

Then, the net charge density distribution is

( ;

Figure 1: Diagrammatic sketch of flow in the parallel micropipe.
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P = —2npze sinh(%), (4)
b

where ¢ is the dielectric constant, ng is the volume con-
centration of the ions, T is the absolute temperature, z
represents the valence of the ions, k;, represents the
Boltzmann constant, and e is the unit electronic charge.

Combining Egs. (4) and (3), the electrostatic potential
distribution ¥ is given by following nonlinear PB equation:

2
Y _ 20208 i (2029 ), (5)
dy? € b
The potential distribution meets the boundary condi-
tions [22],

=0, 6)

dy |,

Y(y = H) =1, (@)

Combining Egs. (4) and (1), Cauchy momentum Eq. (1)
can be written as:
dr, oP

X 2nyze sinh ﬂ E, = —. (8)
dy kT ox

The velocity distribution satisfies the following Navier
slip boundary condition [17] and symmetry boundary
condition,

dy,
vy = H) = —Lé’d—* , 9)
-
d
ﬁ =0, (10)
dy y=0

where L2 is the constant slip length.

Considering the symmetry boundary condition (10)
and integrating Eq. (8) from O to y, the shear stress T,
can be deduced:

= 2ngzeE, Ismh( "D)dy 2P y.
ko T

(11)

Moreover, we can deduce the following ordinary dif-
ferential equation for the velocity distribution by using
Egs. (2) and (11)

dwe =y, sinh 2nozeky I sinh zy dy +
dy To kT

oP y (12)
o T

For the convenience of calculation, this article cites
the approximate method of ref. [22], the following
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approximate expression of hyperbolic sine function is
used [29]:

u, O<uc<l,

sinhu=1{1

L. 13)
2

u>1.

Such an approximation is mathematically amenable and
successfully used in previous studies to obtain the approxi-
mate solutions for different problems [29]. In practical
applications, such as elastohydrodynamic lubrication, o
is usually very large [30]. Therefore, 2nyzeE, < 19 is reason-
ably assumed in this article.

Introducing dimensionless variables

T ze _ Vx - y
l/) !1[) !1[) kT!I)w’VX VX,J’:E,
b s (14)
kH = —1, b=L2/H,
EElewyO

here V; = - is the Smoluchowski velocity [22]; k% =
(2nyz2e?) /(eka) is the DH parameter, where k! is called
Debye length, which is the characteristic thickness
of the electric double layer and d is the dimensionless
slip length. For small shear stress (1 < 7p), under
certain other conditions, as the viscosity 1/y, de-
creases, V5 increases, and the dimensionless velocity
v,/ Vi decreases.

Substituting Eq. (14) into Egs. (5)-(7), the PB equa-
tion and the boundary conditions for the electrostatic
potential distribution take the following dimensionless
forms:

&Y _ a1y sinh(p),

o (15)
dy
- =0, (16)
dy =0
lp(y = 1) = ll_)w' (17)

Applying finite difference method (step size 0.02)
for the Egs. (15)-(17), we can obtain numerical solutions
of the dimensionless electrostatic potential distribution.

Furthermore, nondimensionalizing the Egs. (9) and
(12) via Eq. (14), the nondimensional forms for velocity
distribution and the Navier slip boundary condition after
some simplification are:

i, H)?
&= !smh(t,b)dy+ Iy, (18)
a7,
_x y=1) =- = 19
=0 |, (19)
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H> 0P . .
where I' = ——— — is the ratio of pressure to electroos-

eEQp,, ox
motic driving ggvrce [24].
Integrating Eq. (18) with respect to y from y to 1 with
nondimensional Navier slip boundary condition (19), Eq. (18)
for the nondimensional velocity distribution becomes:

1y
R (- 0l N PPN T P
W) = 0 ! j fo sinh(paydy - ST+ 317

+ Vx(l);

where 7(y = 1) = b*" [ sinh(h)dy - Tb.

Because there are ?wo variables y, it is easy to
confuse. According to the property of integral, changing
the integral variable will not affect the integral result.
Therefore, a variable y in Eq. (20) is changed to a, the

results are as follows

1 a
ooy (kH)? . T o1 1.5
W(y) = —lﬁw II sinh(y)dady 21" + 2l"y
y o (21)

2 (1 B
4+ p &) j sinh(§)dy — Tb.
¥, Jo

Also, integrating Eq. (21) with respect to y from 0 to 1,
the average velocity is given by

1
_ 2
vz(’:gv!

sinh(y)dadydy

< —
O —

, Lt (22)
' b(’:b_i)j j sinh(p)dydy — Th - %r.
Y oo

By applying numerical integration method (complex
trapezoidal formulation, with a step size of 0.02) for

s

v(y)/V,

Numerical Solution

Analytical Solution

4
y/H

()
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Egs. (21) and (22), we can give approximations about
the velocity distribution and the average velocity.

In order to verify the reliability of solutions in this
article, under low zeta potential conditions, we will com-
pare the velocity distribution for Eyring fluid with the
analytical approximate solution obtained by using the
DH linear approximation [23], namely

ekEx, sinh(xky)

+ Py d
T cosh(xH)

H
V(y) = —)’/OI sinh( o KT,

y (23)
exkEap,, sinh(xH) . oP kH )

T cosh(xH)

ox KTo

— Yol sinh(

3 Results and discussion

In this part, we will study the influence of zeta potential,
ratio I' of pressure to electroosmotic driving force, charac-
teristic thickness k! of electrical double layer, and dim-
ensionless slip length b to the velocity of Eyring fluid. To
this end, we choose the dielectric constant € = 6.95 x
1071 @ N! m, the wall zeta potential ¥, = -50 mV,
the applied electric field E, = 500 V m™!, the rheo-
logical parameter 7, = 43.4 N m [31], the half micro-
channel height H = 3.04 pm, and the constant slip length
L2 ~1 nm to 10 pm [26].

Figure 2 shows the comparison of numerical solu-
tion (21) and analytical approximate solution (23) of
Eyring fluid velocity distribution under low zeta poten-
tial l/)w = 1. It is noted that they match very well, so the
numerical method used in this article is reliable.

Numerical Solution
Analytical Solution

KH=(5

0 0.2 0.4 0.6 0.8 1
y/H

(b)

Figure 2: Comparison between the numerical solution and DH analytical approximate solution of the velocity at different kH, when

(@rl=1b=0.002and (b)I =-1,b = 0.002.
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Figures 3 and 4 illustrate the effect of the ratio I' of
pressure to electroosmotic driving force for the velocity
profile at high zeta potential. It can be seen from the
figure that the dimensionless velocity enhances with
the increase in the zeta potential §, and decreases with
the increase in I', respectively, for kH = 30, b = 1/4 and
xH = 0.4,b = 1/4. when T < 0, it promotes fluid flow;
this is because the pressure field and the electric field
generate the driving force in the same direction, thus
promoting the fluid flow. Conversely, when I' > 0, the
opposite phenomenon occurs, which hinders fluid flow.

Figure 5 displays the change in trends of the velocity
distribution with the characteristic thickness k! of the

13.5

kH=30, b=1/4

y/H

()
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electric double layer at high zeta potential. The dimen-
sionless velocity enhances with the increase in the zeta
potential 1), when other conditions are the same. With
the slip boundary condition, the velocity on the channel
wall is not zero. It shows that the dimensionless velocity
profile exhibits a plug-like profile and increases with the
increase in kH for the same I’ when the value of H and b
are fixed and xH > 1, which is consistent with the previous
experimental results [17], and exhibits a parabolic-like
profile when O < kH < 1. Furthermore, for 0 < xH < 1,
the dimensionless velocity enhances with the increase
in xH for I' < 0, and the absolute value of dimensionless
velocity decrease as kH increases for I > 0 (Figure 6).

45

kH=30, b=1/4

-

v(y)/ 'V,

40

y/H

(b)

Figure 3: The change in dimensionless velocity distribution for different I'(kH = 30, b = 1/4). (a) ([]w =2.(b) (ﬁw =5.
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Figure 5: The change in dimensionless velocity distribution for different k=, where b = 0.1, kH > 1. (a) t[lw =2.(b) JJW =5.

s

v(y)/V

y/H
(@)

Figure 6: The change in dimensionless velocity distribution for different k™, where b = 0.1, kH < 1. (a) §§,, = 2. (b) §,, = 5.

Figure 7 indicates the relationship between the dim-
ensionless average speed and the electric parameter kH
for various dimensionless slip lengths. The diagrams
show that: the dimensionless velocity increases as zeta
potential lﬁw increases for different dimensionless slip
length values; it can be seen that the average velocity V
approaches the Smoluchowski velocity V; when kH — oo,
under the no slip boundary condition. But, when the
dimensionless slip length is not zero (b # 0) and the
electrokinetic parameter kH is larger, the average velocity
can be several times larger than that for the Newtonian
fluid with the no slip boundary condition. Under the same

~ - — kH=02 |
kH=0.4

electrokinetic parameter xH, the dimensionless average
velocity increases with the increase in b.

Figure 8 represents the relationship between the
dimensionless average velocity and the zeta potential
Y, on the wall. It can be seen from the figure that
the distribution of fluid velocity increases as the zeta
potential l/)w of the wall increases. It is because the high
zeta potential can generate greater electric field force
and pressure near the EDL area. It shows that the dim-
ensionless velocity profile exhibits a plug-like profile
when xH > 1, and exhibits a parabolic-like profile when
0<kH< 1.
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Figure 8: The influence of different values of (,DW on the dimensionless velocity distribution, where (a) kH = 20, = -1, b = 0.002 and

(b) kH = 0.4,T = -1, b = 0.002.

To compare the EOF of Eyring fluid with other fluids
in the microchannel, Figure 9 shows the comparison
of Eyring fluid and Newtonian fluid (n = 1). The exact
solution of the power-law fluid velocity is given by
Zhao et al. [32]. When the behavior index of the power-
law fluid is n = 1, the result is a Newtonian fluid. It can be
seen from the figure that the Eyring fluid has a higher
velocity than the Newtonian fluid (n = 1). In addition,
Eyring fluids are easier and faster to be driven than New-
tonian fluid in microchannels. Therefore, Eyring fluid
can be better used to study the flow phenomenon in
carbon nanotubes [27].

4 Conclusion

The EOF for Eyring fluid under Navier slip boundary con-
dition at high zeta potential is discussed under the com-
bined action of applied electric field force and pressure at
a parallel microchannel in this work. The electrostatic
potential distribution and velocity distribution of the
fluid are given by the finite difference method, and the
influences of relevant physical parameters for the veloc-
ity are studied. The results show that the relationship
between the dimensionless velocity distribution and the
electrokinetic parameter xkH is nonlinear. The velocity
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Figure 9: Comparison of the velocity distribution of Eyring fluids and Newtonian fluids (i.e., n = 1), where ([-Jw =1,T=0,b=0.(@)kH>1. (b)kH< 1.

profile of the Eyring fluid exhibits a plug-like profile at
high values of xH. In addition, increasing the values
of xH can remarkably improve the average velocity;
increasing the values of ll_)w can improve the velocity dis-
tribution significantly.
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