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Abstract: This article aims to address the exact solution of
the prestigious partial differential equation, namely, a
double dispersive equation. Here, we are obtaining some
new traveling wave solutions of the double dispersive
equation with the more general mathematical technique,
which is a direct algebraic extended method. This pro-
posed technique is more general and integrated. The
obtained solutions contain dark, bright, dark-bright,
singular, periodic, kink, and rational function solutions.
More illustration of traveling wave solutions of the
double dispersive equation is given by plotting the
two- and three-dimensional graphs with the suitable
selection of parameters. This graphical presentation of
solutions identifies the pattern of wave propagation. The
acquired consequences are new and may play a significant
role to examine the physical phenomena of wave propaga-
tion, where this model is used.
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1 Introduction

The first water wave model was introduced by a Swiss
Mathematician Leonard Euler in the eighteenth century
[1]. Afterward, various scientists and mathematicians
derived a variety of models in the fields of Physics and
Applied Mathematics. Joseph Boussinesq was the first to
present the Boussinesq equation utilizing the Euler equa-
tion [2]. The Boussinesq model is utilized to describe the
motion of the water waves with a long wavelength and a
small amplitude [3]. The Boussinesq model is also sui-
table for delineating the phenomenon of plasma waves,
heat transfer, acoustic waves, and propagation of elec-
trical signals on the dispersive transmission [4]. There are
many different Boussinesq-type models that exist in the
literature, which have different physical and geometrical
structures [5], sudden variation in the motion of the deep
water [6], higher-order gradient elasticity, and narrow
rod [7]. The two-dimensional (2D) non-linear longitu-
dinal long-wave models have been introduced [8]. The
numerous variety of Boussinesq-type models with dif-
ferent dispersive terms are depicted [9,10].

The partial differential equations containing non-line-
arity have been utilized for the illustration of various note-
worthy non-linear physical phenomena in the diversified
disciplines of science. Some of them are, solid-state physics,
plasma physics, ocean waves, non-linear and linear optics,
chemistry, condensed matter physics, atmospheric waves,
and mathematical material science [11-14]. A large number
of Mathematicians have paid attention to analyze such
types of non-linear phenomena and to uncover the com-
plexity of the solutions [15-18]. The exact solutions are
imperative for understanding the vital characteristics of
the various phenomena. The exact consequences are at
the high priority to make difference between the mechan-
isms of distinct remarkable non-linear models, like non-
appearance of steady state under the different constraints,
the existence of peaking regimes, etc.

Various effective and efficient mathematical techni-
ques have been developed to construct the soliton
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solutions of Boussinesq-type completely integrable models.
To analyze the (2 + 1)-dimensional Boussinesq-type model,
many N-solitons solution have been produced by using the
bilinear method [19]. Many different kinds of solitary solu-

tions have also been produced by ( %) expansion method

[20]. Wazwaz has studied the soliton solution and singular
soliton solutions of the Boussinesq model [21]. Samsonov
investigated the dependence of a traveling wave solution on
the general cubic double dispersive and phase variable of
double dispersive equation [22]. The traveling and simi-
larity solutions of double dispersive equations for multi-
dimensional have been investigated using the classic Lie
group method [23]. Jacobi elliptic function has appeared
as a solution of the double dispersion model in the non-
homogeneous Murnaghan’s rod and also introduced non-
topological, topological, compound solitons and singular
periodic wave solutions [24].

Some latest work is added here. Two integrated
schemes have been applied to establish the chirped
W-shape bright, dark, and other soliton solutions to per-
turbed nonlinear Schrédinger’s equation with conform-
able fractional order [25]. Nestor is investigating a series
of new optical soliton solutions to the perturbed non-
linear Schrodinger equation [26]. The exact traveling
wave solutions to the higher-order nonlinear Schrodinger
equation having Kerr non-linearity form are derived uti-
lizing the extended sinh-Gordon expansion and Jacobi-
elliptic function method [27]. The nonlinear multicore
coupling (coupling with all neighbors) with the parabolic
law non-linearity and optical meta-material parameters
is done by using the sub-ordinary differential equation
scheme [28]. The authors investigate the solitary waves to
the discrete nonlinear electrical transmission lines with reso-
nant tunneling diode [29]. The diverse soliton solutions and
new chirped bright and dark solitons, trigonometric function
solutions, and rational solutions have been obtained by
adopting two formal integration methods [30]. The obtained
results of the Klein-Gordon—-Zakharov equations are diverse
and some specific ones emerge as dark, bright, and bell-
shape [31]. The modified Sardar sub-equation method is
used to construct optical soliton solutions to the coupled
nonlinear Schrédinger equation having third-order and
fourth-order dispersions [32]. The new extended auxiliary
equation method and the generalized Kudryashov method
have been applied to secure soliton solutions for the higher
order dispersive nonlinear Schrédinger’s equation [33].

The semi inverse variational law has been used to find
the exact solution of (1 + 1)-dimensional Boussinesq-type
models [34]. Some remarkable tools are presented here,
which are used to construct the exact solution of prestigious
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evolution non-linear equations like sinh-Gordon equation
method [36], F-expansion method [37], Hirota bilinear

method [38,39], Jacobi elliptic method [40], (%) expansion

method [41], modified Kudryashov method [42,43], Bernoulli
sub-equation function method, [44] etc. The new extended
algebraic equation method is a significant technique,
which provides the generalized solution to peruse the
soliton solutions of a highly nonlinear and integrable par-
tial differential equation. Thus, it is meaningful to use in a
broader way to investigate the physical phenomenon [45].
The considered equation is

_ 2
b = = Lo - DT

9c2R?
+

T ¢xxxx ’

¢xxtt
@

where y represents the material density, ¢ is the wave
speed with linearity, the Poisson ratio delineates by 9,
R is the radius of rod, and B is the constant. This
appraised model is non-linear evolution partial differen-
tial equation with double dispersion term. It gives rise to
the specification of properties of mechanics states with
time fluctuation in the quantum mechanics. It has an
indispensable significance in mathematics as well as
physics and other fields of science in which including
optics, molecular biology, fluid mechanics, quantum
mechanics, water surface and plasma physics, etc. This
equation is proficient to utilize as a model of diverse phy-
sical problems. In the field of optical fiber with non-line-
arity, the optical soliton is a strange subject matter because
it has extensive applications in telecommunications (short
optical pulse) and ultra-fast routing signal system. The
attaining of exact consequences in the sort of solitons and
solitary waves has become a glowing avenue.

The soliton solutions of the double dispersive equa-
tion were obtained by various researchers but the latest
work on this model was done with the sine-Gordon
expansion method by Yel [1], which was the generalized
work till now. But in this work, the used scheme is not
much as compared to our used technique, that is why
some special types of solitons solutions missed such as
rational solution, logarithmic solutions, kink-type solu-
tion, and many more. So, to fulfill this curiosity, the direct
extended algebraic method has been operated on the
double dispersive equation and acquired some novel
results that did not exist in the literature. The achieved
results have decisive applications in the field of applied
mathematics, engineering, and physics.

This article is sorted as Section 2 is dedicated to the
illustration of the direct extended algebraic method. The
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application to the method on the considered model and
graphical delineation is given in Section 3. Finally, at the
end concluding comments are embellished.

2 lllustration of proposed
technique
The proposed scheme is reliable [46].

Consider non-linear partial differential equation of
the form:

Q(¢’ ¢t’ ¢x’ ¢m ¢xx’ ) =0, (2

which can be converted into non-linear ordinary differ-
ential equation:

G, Y, Y",..)=0, (3)
by applying complex transformation:
d(x, O) = (x,), (4)

where y; = kix + kot and here prime in Eq. (3) represents
the notation of differentiation. Assume the solutions of
Eq. (3) is in the form:

V0w = a0 + Y [a(Wie), (5)

where
W'(x,) = In(e)(u; + W (x) + WA(x,)), p # 0,1, (6)

while ¢, u;, and v; are real constants.

The general solutions with respect to parameters y,,
vy, and ¢ of Eq. (6) are as follows:

(Case 1): When v - 4u,{ < 0 but { # 0,

Wit
N ! (
= —— 4+ tan,

-7 - 40) @)
2( 2( 2 Xl )

W (x,)

N A ) (
— = cot,
% %
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W)
2
—(V2 -4
- - ;’_2 + @(cotp(m)ﬁ) (10)
+ \/Wcscp(m)ﬁ)),
Ws(x,)
v A0 - A ~0f — 40)
-, tan, X
x 4y 4 (11)

[—M—wm D
- cot, x|

(Case 2): When v - 4p,¢ > 0 and { # 0,

V2 4 V2 _ 4

We(x;) —;—;— i % yl(tanhp[ i > ”1{)(1],(12)
V2 _ 4 W2 _ 4

W7(x,) —;—é _ VA % Mcothp[ i > “1()(1],(13)

JVE -4
Ws(x,) = -y 1Tyl((_tanhp(\/ v - 4111()(1)(14)
+ ivmnsech,(\vE - 4u,0x)),

Vi -4
Wo() = — -1 + 17111(;(—0()“1/)(\/‘/12 - 4u,¢) (15)

2% X

+ ymncschy(\VE - 4u,0x,)),

N TR YW - 4ud
W10(X1)=—;/—2 - W0 ! [tanh,{ ! i ! X
(16)
2 —

+ cothp[%wxl]].

(Case 3): When ;¢ > 0 and v; = O,
m&o=f§mwwﬁ%x an)
Wi(y) = - \/? cot,(\/m ) (18)

Wis() = E (tanyJIdx) £ T sec 2 Tfu)s (19)

Wii(¢) = \/? (—coty(2,/px)

+ VI cscy(2410x)s

(20)
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Wis(x,) = % %[tan;{ \/];_1()(1] - cotp( \/12_1()(1]]. (21)

(Case 4): When p,{ < 0 and v; = O,

Wis) = - tanhy( 1), @)
Wir) = == cothy(Hln), 23)
121
Wis(x,) = |—-— (~tanh,(2,/- )
1804 7 02y -0 28)
+ ivmnsech,(2,/-1,{x)),
K
Wis(x,) = |-— (-coth,(2,/- )
1904 ¢ p 1nea (25)
+ Jmncschp(2\-pi$x))s
1] Naw 4
Wio(yy) = -3 —%[tanh,{ . 1 )(1]
(26)
+ cothp( '_2111()(1]].
(Case 5): When v; = 0 but y; = ¢,
Wa(x,) = tan,(ux,), (27)
sz(X1) = _COtp(Hl)ﬁ)s (28)
Was(x,) = tanp(2u.x;) + ~/mn secp(2u.,), (29)
W (x)) = —COtp(2F1X1) + WCSCp(ZﬂlXI), (30)
1 M u
Wis(x,) = 5( tanp(?l)(l) - cotp(?l)(l)). (31)
(Case 6): When v; = 0 but { = -,
Was(x;) = —tanh,(uyx;), (32)
Wy (x,) = —coth,(pyxy), (33)
Wis(x,) = —tanh,(2u,x,) + ivmnsech,(2u,x,), (34)
Wao(x;) = —cot,(2uxy) £ vymnesch,(ux,), (35)
1
Wso(xy) = —E(tanhp(%xl) + cotp(%xl)). (36)
(Case 7): When v{ = 4u,(,
-2 1 2
W) = “4(viglnp +2). (37)

vix; Inp
(Case 8): When vy = p and y, = pq, (g # 0) but { = 0,

Wa(x,) = pP% - q. (38)
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(Case 9): When v, = { =0,

Wis(xy) = pyx; Inp. 39)
(Case 10): When vy = pu, = 0,
-1
W) = ——- 40
V= G lnp (40)
(Case 11): When y; = 0 but v; # 0,
mv;
Wss(x,) = — ,
500 = = coshyvar) - sinbyg) + )’ 4D
vi(sinh,(vyx,) + cosh,(viy;))
Wielx) =~ el PV (42)

¢ (sinh,(vyy,) + coshy(viy) + 1)’
(Case 12): When vy = p, and { = pq, (g # O but y, = 0),

m pPXl

War(x,) = —m- (43)
mopX — np™X mopX + nop™X
SinhP(XI) = u’ COShP(X]) = %’
mpl)( — np*Xl mplX + np*)ﬁ
tanhp()(l) = Xif){’ Cothp(Xl) = X—*X’
mp}X + np™X mp)X — npx
sechy(x,) = 2 cschy(y,) = 2
PV mp1X + np™ ’ o mP1X - np™ ’
. mo% — np~% mo% + np~%
Slnp()ﬁ) = u, COSp(X]) = %’
.mp% — np~ .mp¥% + np~
tan,(y;) = —1%, coty(x;) = l%,
mp”* + np mp*% — np™™
sec,(y) = ———— csc(X)—zii
AL mpl)( 4 np—)ﬁ ’ [ mpl)( — np‘Xl )

The deformation parameters m and n are arbitrary con-
stants greater than zero.

3 Application to Eq. (1)

To find the solution of Eq. (1), we introduced a linear
traveling wave transformation:

¢ = p(x, t), where ¢(x, t) = P(x) = Plolx — kt)).

By the implementation of Eq. (44) on the Eq. (1), we will
obtain:

OR?%y((1 = NI = YY" + 2y(k? - ¢ — fy? = 0. (45)

(44)

By setting of homogeneous balancing constant for Eq.
(45), we assume the solution of the form:

Y = a0 + (W) + (W), (46)
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where
W'(x) = In(p)(uy + viW(y) + (Wz()ﬁ))’p #0,1. (47)

After plugging Eq. (46) in Eq. (45) and then equating the

coefficients of distinct powers for W(y,), we obtain the

algebraic system. After solving the obtained system by

using Mathematica, we obtain following sets of solutions:
Set 1:

2yc2?9?RA(vf + 2¢uy) log[p]?

- , 48
0= A2 + Q29R2(1 - 9)log|p?]) (“8)
21292p2 2
a = 12yc?p?9°R*v({ log|p] ’ 49)
d(-2 + p?9R*(1 - NIllog[p?])
212922772 2
a 12yc?p?9°R*{* 1og[p] (50)

T d(—2 + 09R¥(1 - )Illoglp?])’

- JcX(=2 + p29R M log[p]?)

=+ . 51
V-2 + 029RX(1 - )l log[p]? GV

The general solution of Eq. (1) after plugging Eq. (48),
Eq. (49), and Eq. (50) in Eq. (46) we obtain:

2yc?Q*9°R*(vf + 24u,) logpP?
PO 0= 2+ 9RA1 — 9)Tloglp?])
. 12yc?p%9’R?v,( log[p]?
d(-2 + @?9R?’(1 - 9l log[p?])
12yc?p%9?R?¢? log[p)?
d(~2 + 029RX(1 - 9)log[p?])
x [Wi(uy(x — k).

[Wi(uy (x — kt))]

(52)

(Case 1): When v - 4u,{ < 0 and { # O,

DE GRUYTER
Set 2:
12yc?*9°R*¢u, log[p]
ap = — ) (53)
d(2 + p%9R*(1 - N log[p?])
202922 2
4= 12yc?p?9%R*v{ log[p] , (54)
d(2 + p*9R*(1 - 9l log[p?])
2292R22 2
4= - 12yc?p?9°R?{*log[p] , (55)
d(2 + p%9R*(1 - 9 log[p?])
2(2 + p%IR1] 2
P Je22+ o oglpl?) 56)

2+ 9RX(1 - 9)log[p |

The general solution of Eq. (1) by plugging Eq. (53),
Eq. (54), and Eq. (55) in Eq. (46) is as follows:

2yc’*9°R*¢u, log[pP?
d(Q2 + p29R2(1 - 9 log[p?])
12yc?p?9%R%v ( log[p]?
"~ d(2 + p%9R2(1 - 9)log[p?]
12yc?p?9%R*¢? log[p]?
d(2 + p?9R%(1 - 9)log[p?])
x [Wi(uy(x - kt))?].

P(x, t) =

)[Wf(/ul(X - k)]

(57)

3.1 Traveling wave patterns of Eq. (1)

Set 1:
Now, we will obtain many different solutions by
taking W; from (7)-(43), respectively.

d,06 ) = (v + 20u)Y + 6v1{Y(_;_2 +

V1
+ 6¢ ZY(—Z + T

%woqﬁw%w+maf——

+ 6(”(—2 T

Ps(x, t) = (V12 +20u)Y + 6V1(Y(—ﬂ + V-1

2 X
+ 6(2Y(—ﬁ + V-1
x T

T tanp( \/;_H (o(x - kt))))

2
J-I tanp(g(g(x - kt)))] ,

(58)

\/2_? cotp(?(g(x - kt)))]

2
v V-I cotp(g(g(x - kt)))) ,

(tan,(v-TL(e(x — kt))) + vmn sec,y/~TI (Q(x — kt))))

(59)

2
(tan,(v-TI(e(x — kt))) + /mn sec,(~-TI (e(x ~ kt))))) )
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B, ) = (O + 20u)Y + 6v1(y(_ﬂ + V-1

X (coty(+=TT(R(x - kt))) + ~mmcscy(v/~TT(Q(x - kt)))))

(60)

Ra ;
+ 6¢2Y| - 2( e (cot,(V-TI(a(x - kt))) + vmncsc,(+-I (p(x - k) | ,
P(x, t) = v+ 20u)Y + 6v1('Y(—ﬂ + VoI (ta p( VoI (o(x - kt))) - COtp(E(Q(X - kt))))]
2 4l 4 4
S, (JH JoT ’ v
-II -II -II
+ 6(2Y(—;—é + i (tanp( 7 (ox - kt))) - cotp(T(Q(x - kt))))) .
(Case 2): When v{ — 4, > 0 and { # 0,
B, 1) = (Of + 20u)Y + 6vi{ Y(—z— - ﬂt (L(Q(X - kt))))
¢ X
i i , (62)
I I
+ 6(2\((—f - ?tanh (T(Q(X - kt)))) ,
2
I I I1
B,(x, )= (O + 200)Y + 6vl(Y(——( - 2£? oth (\/Z_X )] 6(2Y(—z - \é; coth (\/2_)(1)] , (63)
Pe(x, ) = (0 + 20u)Y + 6vi{ Y(_i + %( tanh, (VI (e(x - kt))) + ivmnsech,(VTI (a(x — kt)))))
) (64)
+ 6(2Y(—;—2 + 2£I;(—tanhp(\/ﬁ(g(x - kt))) + ivmnsech,(VTI (p(x - kt))))) ,
o, £) = (V2 + 20u)Y + 6vlcY(—2V—2 + zﬂg(—cothpwﬁ (o(x - ki) + vmmcschy(VTT (o(x - kt)))))
) (65)
+6¢ ZY( % + %( coth,(+VII(p(x — kt))) + vmncschy(VII ((x - kt)))))
o, ) = (V2 + 20u,)Y + 6V1(Y(—§ - %(t nh (£<9( - kt))) + coth (T(e(x - kt)))])
JI JI JI 2 o
oy| v _ VI NI - NI -
+ 6¢ Y( X W (tanhp( 4 (p(x kt))) + coth,,( 4 (p(x kt)))]] .
(Case 3): When ;¢ > 0 and v; = 0,
2
Bt ) = 200X + 62X E tany(y il (o0x - kt»)) , (67)
2
P06, £) = 200 Y + 6¢2Y| - \/? coty(y/p ¢ (0x - kt)))) , (68)
2
Bi3(x, ) = 200 Y + 642 %(tanp(Z\/yT((Q(x — kt))) + Jmn secy(2,/u ¢ (0(x - kt))))) , (69)
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2
By, (6, £) = 200, + 6(2Y( \/? (—coto(2,/m g ((x — kb)) + Jmncscy(2,/p ¢ (elx - kt))))) , (70)
2
bs(x, ) = 20u,Y + 6(2Y[% %[tanp(@(g(x - kt))) - cotp( \/};_I((Q(X - kt))]]) . (71)

(Case 4): When y,{ < 0 and v; = 0,

2
(6, 1) = 2q4,Y + 642Y] - —%tanhp(J—pl((Q(x - kt)))) , (72)
2
¢, (x, t) = 20u,Y + 6¢2Y| - /—% coth,(\ /-, ¢ (ox - kt)))] , (73)
2
(X, ) = 2q4,Y + 6¢2Y —% (~tanh,(2,/-p,¢(p(x — kt))) + iv/mnsech,(2,/-p,¢(o(x - kt))))) , (74)
2
Pio(x, £) = 2G4,Y + 6¢2Y —% (—coth,(2/-p,¢(e(x — kt))) + Vmncsch,(2,/—p,{(o(x - kt))))] , (75)
2

B, 1) = 200, + 602Y] —% | —% [tanhp[ v _2” l((g(x - kt))] + Cothp( v _2” 1((9()( - kt))]]) . (76)
(Case 5): When v; = 0 but y, = ¢,

by, 1) = 2u7Y + 62X (tan,(uy(R(x — kt))))?, (77)

P (x, t) = 2]'412Y + 6H12Y(_C0tp(V1(Q(X - kt)))?, (78)
P, t) = 2u7Y + 6u2Y(tan,(2u, (p(x — kt))) + vmn sec,(2u,(o(x — kt))))?, (79)
(X, t) = 21112Y + 6’112Y(_C0tp(2]11(g(x - kt))) = vmncsc,(2u,(e(x - kt)))?, (80)

. 2
B, £) = u2Y + 6}412Y(§(tanp(%(g(x - kt))) - cotp(%(g(x - kt))))) . (81)
(Case 6): When v; = 0 but { = -,
Bre(x, t) = =2u2Y + 6p2Y(—tanh,(u,(0(x — kt))))?, (82)
By, (x, £) = =2u2Y + 62X (—cothy(uy(p(x — kt))))?, (83)
Pag(x, £) = =2u7Y + 6pY(~tanh,(2u,(0(x — kt))) + ivmnsech,(2u,(o(x - kt))))?, (84)
Bao(x, £) = =2u2Y + 6 Y(—cot,(2u,(p(x — kt))) + Vmncschy(2u,(e(x - kt))))?, (85)
2
s £) = —2u2Y + 6}112Y(—%tanhp(%(g(x - kt))) + cotp(%(g(x - kt)))) . (86)
(Case 7): When v = 4p,(,
e (vi(e(x - kt))Inp + 2) (vi(@x - k) Inp +2) )’

Pl 0= 3V1Y( (e(x — k) Inp ) ' Y( (e(x - k) Inp ) | o
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(Case 8): Whenv; =p, u; =pg,and g # 0 but { = 0,

¢32(X’ t) = pz- (88)
(Case 9): Whenv; = (=0,
It is the trivial solution.
(Case 10): When v; = 0 and y, = 0,
-1 2
— 2 _
¢33(X’ t) =6¢ Y( C(o(x — kb)) lnp) . (89)
(Case 11): When y; = 0 but v; # O,
_ 2 _ mvy
¢5,06, £) = VY + 6w Y( {(cosh,(i(p(x — kt))) - sinh,(vi(p(x — kt))) + m)] ©0)
+ 6¢ ZY(— mvi )2 ,
{(coshy(vi(p(x - kt))) — sinhy(vi(e(x - kt))) + m)
BosC )= VY + 6V1(Y(_ vl'(sinhp(vl(g(x - kt))) + coshy(vi(e(x — kt)))) )
{(sinh,(vi(p(x - kt))) + cosh,(vi(p(x — kt))) + n) 1)

T 6 (ZY(— vi(sinh,(vi(e(x — kt))) + cosh,(vi(e(x — ki)))) ]2

{(sinh,(vi(p(x — kt))) + cosh,(vi(p(x - kt))) + n)

N

JUUUUL

-10 -5 5 10 X

Figure 2: 2D and 3D graphical illustration of ¢.(x,t) atp=e,y=1,c=1,d=-3,p=1,R=1,9=1,w=1,{=1,and y, = 1.
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L L L L
-10 -5 5 10 X

Figure 3: 2D and 3D graphical illustration of ¢ ((x,t) atp=e,y=1,c=1,d=-1,=1,R=1,9=1,v,=1,{=1and y; = -1

(Case 12): When v; = p, { = pq, and q # O, but y; = 0, where

d(-2 + p29R3(1 - 9)Ilog[p?]) (93)
M=y - 4puc.

5 2~2Q9202 2
v s ] O Yo A0SR o]
P5c(x, t) = p°Y + 6p QY( m — qnpP@ukD) and
, (92
mpPx-kt) )

PATq I
+ 6(pq) Y( m— qin(Q(X—kt))
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Figure 5: 2D and 3D graphical illustration of ¢,,(x, ) atp=e,y=1,c=1,d=-1,0=1,R=1,9=1,m=1,v=1,¢{=1,and y, = 0.
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Figure 6: 2D and 3D graphical illustration of ¢;¢(x, ) atp =e,y=1,c=1,d=-1,0=1,R=1,9=1,m=1,n=1,p=1,9=1,n=1,0=1,

and y, = 0.

Set 2: We will adopt the same pattern as for set 1 to
obtain the solutions for set 2.

4 Graphical interpretation

In this section, the physical descriptions for some of the
obtained solutions are graphically explained: the 3D and
2D graphical explanation of the explored solutions to the
double dispersive equation assuming the particular values
of the free parameters in these solutions. These graphics
are visualized to display the spatio-temporal distribution
of the acquired.

Figure 1 is 2D and 3D graphical representation of
¢,(x, t) with appropriate free parametric values, which
is displaying the dark-periodic wave (the bell shape
soliton) solution and propagating along x-axis.

Figure 2 is 2D and 3D graphical representation of
¢.(x, t) with appropriate free parametric values, dis-
playing the dark-periodic wave (the bell shape soliton)
solution and propagating along x-axis.

Figure 3 is 2D and 3D graphical representation of
¢,0(x, t) with appropriate free parametric values, dis-
playing the dark-singular wave solution (the bell shape
soliton) and propagating along x-axis.

Figure 4 is 2D and 3D graphical representation of
¢5,(x, t) with appropriate free parametric values, dis-
playing the bright singular wave solution (the anti-bell
shape soliton) and propagating along x-axis.

Figure 5 is 2D and 3D graphical representation of
¢,,(x, t) with appropriate free parametric values, dis-
playing the dark wave (the bell shape soliton) solution
that is stable. It is passing through origin and symmetric
about vertical axis and propagating along x-axis.

Figure 6 is 2D and 3D graphical representation of
¢P5¢(x, t) with appropriate free parametric values, dis-
playing the kink-singular wave solution, and it is passing
through origin and propagating along x-axis.

5 Conclusion

In this present work, the extended direct algebraic tech-
nique has been successfully applied to the integrable and
highly non-linear double dispersive partial differential
equations. This proposed method is amalgamation and
generalization of the various tools. We have investigated
the traveling wave solutions and observed that the acquired
solutions have satisfied the governing wave propagation
model. In the acquired soliton solutions, the dark soliton,
bright solitons, dark—bright, kink, dark singular, bright sin-
gular, periodic and rational solitons etc., are incorporated.
The functions of such type are beneficial because it permits
us to comfortably remark on the physical functioning of
waves in any case of a range of graphs for function. All
obtained solutions are entirely new and useful. These solu-
tions are obtained with the help of mathematical computa-
tional program packets. These solutions are reported by
2D and 3D graphics. The graphical illustration provides a
more comprehensive way to understand the physical phe-
nomenon and importance of solutions into experimental,
theoretical physics, and engineering. The effectuate conse-
quence dispenses the reports about productivity, mastery,
competence, and potential of the applied tool.
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