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Abstract: The fundamental objective of this article is to
find exact solutions to the stochastic fractional-space
Allen—Cahn equation, which is derived in the Itd sense
by multiplicative noise. The exact solutions to this equa-
tion are required since it appears in many discipline areas
including plasma physics, quantum mechanics and mathe-
matical biology. The tanh—coth method is used to generate
new hyperbolic and trigonometric stochastic and fractional
solutions. The originality of this study is that the results
produced here expand and improve on previously obtained
results. Furthermore, we use Matlab package to display 3D
surfaces of analytical solutions derived in this study to
demonstrate the effect of stochastic term on the solutions
of the stochastic-fractional-space Allen—Cahn equation.

Keywords: stochastic Allen—-Cahn equation, fractional-
space Allen—-Cahn equation, tanh-coth method

1 Introduction

Fractional derivatives have attracted a lot of attention in
recent decades due to their possible applications in a

* Corresponding author: Wael W. Mohammed, Department of
Mathematics, Faculty of Science, University of Ha’il, Ha’il 81481,
Saudi Arabia; Department of Mathematics, Faculty of Science,
Mansoura University, Mansoura 35516, Egypt,

e-mail: wael.mohammed@mans.edu.eg

Sahar Albosaily: Department of Mathematics, Faculty of Science,
University of Ha’il, Ha’il, Saudi Arabia, e-mail: s.albosily@uoh.edu.sa
Amjad E. Hamza: Department of Mathematics, Faculty of Science,
University of Ha’il, Ha’il, Saudi Arabia

Mahmoud El-Morshedy: Department of Mathematics, College of
Science and Humanities in Al-Kharj, Prince Sattam bin Abdulaziz
University, Al-Kharj 11942, Saudi Arabia

Hijaz Ahmad: Information Technology Application and Research
Center, Istanbul Ticaret University, 34445, Istanbul, Turkey;
Department of Mathematics, Faculty of Humanities and Social
Sciences, Istanbul Ticaret University, 34445, Istanbul, Turkey,
e-mail: hijaz555@gmail.com

variety of fields, such as finance [1-3], biology [4], physics
[5-8], hydrology [9,10] and biochemistry and chemistry
[11]. Since derivatives of fractional order allow the memory
and heredity qualities of various substances to be described,
these fractional-order equations are more suited than integer-
order equations [12].

On the other hand, random perturbations arise from
many natural sources in the practically physical system.
They cannot be denied and the presence of noise can lead
to some statistical properties and important phenomena.
As a result, stochastic differential equations were devel-
oped, and they began to play an increasingly significant
role in modeling phenomena in chemistry, biology, phy-
sics, fluid mechanics, oceanography and atmosphere, etc.

Recently, some related research on approximate solu-
tions of fractional differential equations with stochastic
term have been explored such as Liu and Yan [13],
Mohammed [14], Zou [15,16], Ahmad et al. [17,18], Li
and Yang [19], Kamrani [20] and Taheri et al. [21].

In this article, the fractional-space Allen—-Cahn equa-
tion induced by multiplicative noise in the It sense is
taken into account as follows:

u
— =D +u -1’ +pup,

forO<ac<i, (1)
ot

where a is a parameter that defines the order of the frac-
tional space derivative and f(t) is the standard Brownian
motion and f, = g—lf. Throughout this study, we take into
account S(t), which is a function of ¢ only.

When p = 0 and a = 1, Eq. (1) is known as the clas-
sical Cahn-Allen equation. It appears in a variety of
scientific applications, including plasma physics, quantum
mechanics and mathematical biology.

For a = 1, Mohammed et al. [22] used three different
methods including the tanh-coth and the generalized
% -expansion, the Riccati-Bernoulli sub-ordinary differential
equation (ODE) methods to get the stochastic exact solutions
for Eq. (1). On the other hand, there are several ways to find the
exact solutions of deterministic Eq. (1) with integer-order (i.e.
p =0 and a = 1) such as the double exp-function method
[23], the modified simple equation method [24], the Haar
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wavelet method [25], the tanh—coth method [26] and the first
integral method [27].

The purpose of this article is to find the exact solu-
tions of the stochastic fractional-space Allen—-Cahn Eq. (1)
derived by a one-dimensional multiplicative white noise
by using the tanh—coth method. Furthermore, we expand
and improve on some earlier results. The obtained solu-
tions would be quite useful in explaining certain exciting
physical phenomena. This is the first work to provide exact
solutions to the stochastic fractional-space Allen-Cahn
Eq. (1). Also, we discuss the effect of stochastic term
on the exact solutions of the stochastic fractional-space
Allen—Cahn Eq. (1) by utilizing MATLAB program to plot
some graphs.

This article is organized as follows. In Section 2, we
define the order a of Jumarie’s derivative and we state some
significant properties of modified Riemann-Liouville deri-
vative. In Section 3, we use appropriate wave transforma-
tion to find the wave equation of stochastic Allen—Cahn
Eq. (1). In Section 4, the tanh—coth method is applied
to obtain the exact fractional stochastic solutions of the
Allen—Cahn equation. While in Section 5, we see the effect
of noise term on the exact solutions of the Allen—-Cahn
Eq. (1). Finally, we present the conclusions of this article.

2 Modified Riemann-Liouville
derivative and properties

The order a of Jumarie’s derivative is defined by ref. [28]:

1 d
I - a) dx
Dip(x) =

O<acxl,

[T,

where ¢ : R — R is a continuous function but not necessa-
rily first-order differentiable and I'(.) is the Gamma function.

Now, let us state some significant properties of modi-
fied Riemann-Liouville derivative as follows:

j(x e - (O],
0

n<a<n+1, nx1,

I'a+r)
I'i+r-a
Dilagp(x)] = aDp(x),
D¢lag(x) + bp(x)] = aDi$p(x) + bD(x)

a _
Dix" = x4 r>0,

and

Do) = 0,32 pa,
du

where 0, is called the sigma indexes [29,30].
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3 Wave equation of the Allen—Cahn
equation

To derive the wave equation of stochastic fractional-
space Allen—Cahn Eq. (1), we apply the next wave
transformation:

1

= [pB(O-pt] S R N
u(t, x) = P(&)elPPO-rtl, & C(F(1+0{)X

a—_ /\t), )
where i is a deterministic function, p is the noise inten-
sity and ¢, A are nonzero constants. By differentiating u
with regard to t and x we obtain

du _

dﬁ 1 2
du_( aw s o Ly elso-ot
i (””*‘"”dt 2p¢)e

Dfu = cog'elPPO-rtl and D2y = 22 elPPO-,"1),

©)

Substituting (3) into Eq. (1), we get the next ODE:
2" + Ay — PelPBO-P"t 4 (1 + %pz)lp =0, (&)

where we put o, = £. Taking expectation on both sides
yields

2" + AP’ — Yle ¥ E(eBO) + (1 + %pz)lp =0. (5

Since[E(ef?) = epzZ‘ for every standard Gaussian random vari-
able Z and for real number p, the equality E(ePf©)) = €% as
a result of pB(t) is distributed like p~/tZ. Now Eq. (5)
becomes

" + A -3+ (1 + %Pz)l/) = 0. (6)

In the following, we apply the tanh-coth method to
attain the solutions of the wave Eq. (6). And we, there-
fore, get the exact solutions of the stochastic fractional-
space Allen—-Cahn Eq. (1).

4 The exact solutions of the
Allen—-Cahn equation

To find the exact solutions of the stochastic fractional-

space Allen—-Cahn Eq. (1), we are using the tanh-oth

method that Malfliet proposed [31]. We define the solu-
tion ¢ in the following form:

M
&) = Y axk, @
k=0
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where y = tanh¢ or y = cothé. First, let us calculate M
by equating the order of 1) with the order of 1" to obtain

M=1. 8
Hence, Eq. (7) takes the form:
u(é) = ao + ay. ©)
Substituting Eqgs. (9) into (6) we obtain
=2a,c%¢%(1 - x2)x + Aa(1 - x?) - (ap + ay)?
+ (%pz + 1)(a0 +ay)=0

Hence,
Qac2? - ad)y® - (cAay + 3apai)y?
+ (%amz +a; - 3ada; - 2a1c2€2)x + cAay — a?
+ %aop2 +ag = 0.

We have by equating each coefficient of y*(k = 0,1, 2, 3)
to zero:

cAay — ag + ao(%p2 + 1) =0,

1
a1(§p2 + 1) - 3ada; - 2a,c22 = 0
cAa; + 3apal = 0

and
QacX? - af) =
We solve these equations by using Mathematica to obtain

five cases as follows:
First case:

a =0, ==+ %p2+1, C=i%1/p2+2 and A = 0.

The solution of wave Eq. (6) in this case is

W) = + /%p2 +1tanhé or (&) = + /%p2 +1 cothe.

Therefore, the stochastic fractional-space Allen—Cahn
Eq. (1) has the exact solution:
XIX
(10)

2
w(t, x) = + 1pz+1tanh 1/p+r2 1
2 14 I+ a)
pPP+2 1 a]

or

1 1
t,x) = +,/=p? + 1 coth| =
u(t, x) lzp +1co ({’,

X e[Pﬁ(t)*Pzt]_

X e[PB(f)*sz]
X
I+ a)

(11)

Second case:
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1 /1

ap==|=p? +1, /— 1,

2 2p+ a = p+ c
—1/p +2.

In this case Eq. (6) has solution in the following form:

=—p?>+2 and A =

lp({)—% lp2 + 1[1 + tanh{] or
l/’(f)—l,— + 1[1 + coth{].

Consequently, the stochastic fractional-space Allen-Cahn
Eqg. (1) has the exact solution:

1

us(t, x) = % 2p2 + 1[1

a

1 X
_tanh| L o7 7 2[ X
an (443 P (F(1+a)

- % p2 + zt))]emﬁ([)PZ[]

(12)
or

_ 13 Xt
COth(lHZ P+ 2(1"(1 s (13)

LN P t))]emﬁa)—pth
2

—% 1p2+1, a1=—l 1p2+1,
11/p +2 and)l——dp +2

In this case Eq. (6) has solution in the following form:

Third case:

B

11

‘p“)—g/; +1[-1 - tanh¢&] or
11

t,b(é')—g,/z +1[-1 - coth{].

Therefore, the stochastic fractional-space Allen—-Cahn
Eq. (1) has the exact solution:

15

— 1]1-1

(PLa [

+ tanh i\/2+2X7a
48 P Il + a)

L \/P + 2t))]e[pﬂ(t>pzt]

U5(t, X) =

N |-

(14)
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Solution "u"
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Figure 1: 3D-Graph of solution us in Eq. (12) with o = 1.

or

ug(t, x) = % %pz +1 [—1

1 x%
th| L o7 72 X"
e (443 P (F(1+(x)

EN Zt))]e[pﬁa)—pzrl,
2

Fourth case:

11, 11
ag=—,=p>+1, ay==,[=p> +1,
0=7 2P 1= ZP

c:%«/,o2 +2 and A = %Jpz +2.

In this case, the solitary wave solution of Eq. (6) is
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Solution "u"

2

Space "x" 0 o0

x10°

Solution "u"

(=)

2

Space "x" 0 o

lﬁ(é’):% /%p2 +1[1 + tanh¢] or
()= 1 lpz +1[1 + coth{].

2\ 2
Consequently, the exact solution of the stochastic frac-
tional-space Allen—-Cahn Eq. (1) is

(15)

Xa

1
+ tanh| —./p? + 2| ——
(4@ P (r(1 s
35— g
4+ == + 2t e[ﬁﬁ(f) p°t]

(16)

or
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Figure 2: 3D-Graph of solution us in Eq. (12) with a = 0.5.

lpz+1[1 ¢(£)=—%4/%p2+1[1+tanh$] or

1
2\ 2

1 [1
1 (X W(&)=-=./=p? + 1[1 + coth¢].
" COth(zuz e Z(m el 22

Therefore, the exact solution of the stochastic fractional-

ug(t, x) =

+ % Ip? + zt))]e[pﬁ(t)—pzt]. space Allen—Cahn Eq. (1) is

11
us(t, x) = —=,[=p? + 1|1
Fifth case: ot 1) 2 2p [
__1[1, _11 stanh| 2 71 2[ X s
D=-gyf th a=gyp L w P I(1 + a) 18

1 -3¢
c=—4p?+2 and 1 = —/p? + 2. 3¢ 2
+ = + 2t elpBO)-p°t]
40 SNP

2

The solution of Eq. (6) in this case is
or
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Solution "u"
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Figure 3: 3D-Graph of solution u3 in equation (12) with @ = 0.2.

lll()(t, X) = —% %pz +1 [1
+ coth ixl 242 X
48 p I'ad+a)
3 .
+ = p? + 2t || |elrPO-r1I,
o))

(19)

Remark 1. If we put a = 1 in Egs. (10)—(19), then we get
the same results as mentioned in ref. [22].

Remark 2. If we put p = 0, a = 1 in Egs. (10)—(19), then
we obtain the same results as reported in ref. [26].
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5 The effect of noise on the
solutions of Eq. (1)

Here, we investigate the effect of the noise on the exact
solutions of the stochastic fractional-space Allen—-Cahn Eq.
(1). To describe the behavior of these solutions, we give
various graphical representations. We utilize the MATLAB
program to plot some figures for different values of p (noise
intensity). We simulate the solution us(t, x) defined in Eq.
(12) for t € [0, 5] and x € [0, 6] as follows.

In Figures 1-3, when the intensity of the noise is equal
to zero, the surface is less flat, as indicated in the first graph
in the table. However, when noise appears and the strength
of the noise grows (p = 1, 2, 3), the surface becomes more
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planar after minor transit behaviors. This shows that the
solutions are stable as a result of the noise effects.

6 Conclusion

By using the tanh—coth method, we derived the exact
solutions of the stochastic fractional-space Allen—Cahn
equation driven in the It6 sense by multiplicative noise.
Furthermore, we expanded and enhanced several results,
such as those mentioned in refs [22,26]. These solutions
play a key role in understanding some fascinating com-
plicated physical phenomena. Finally, we showed the
effect of stochastic term on the exact solutions of the sto-
chastic fractional-space Allen—-Cahn equation by using
MATLAB package to plot some graphs.
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