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Abstract: This research article examines the correctness
of two new analytical methods for solving the internal
solitary waves of shallow seas. To get the computational
solutions to the positive (2 + 1)-dimensional Gardner–
Kadomtsev–Petviashvili model, the extended simplest
equation and modified Kudryashov methods are used.
Numerous new traveling wave solutions in various forms
are developed in order to assess the starting conditions
required for the variational iteration technique, one of the
most accurate semi-analytical methods. The semi-analy-
tical solutions are used to demonstrate the precision of the
solutions obtained and the analytical methods employed.
The dynamical behavior of internal solitary waves in
shallow waters is shown using many three-dimensional
drawings. The performance of the used schemes demon-
strates their efficacy and power, as well as their capacity to
handle a large number of nonlinear evolution equations.

Keywords: positive (2 + 1)-D GKP equation, analytical and
semi-analytical solutions

1 Introduction

In recent years, the shallow water wave phenomena have
emerged as an attractive option for researching and ana-
lyzing the bidirectional propagating water wave surface’s
dynamical and physical behavior [1]. The flow of a fluid
under a pressure surface illustrates the shallow water
wave attitude through a set of hyperbolic nonlinear par-
tial differential equations that have been recently con-
structed [2]. Adhemar Jean Claude Barr’e de Saint–Venant
has derived these unidirectional hyperbolic equations as a
model of transitory open-channel flow and surface runoff
[3–6]. As a result, these equations are referred to as Saint–
Venant equations, a contraction of the two-dimensional
(2D) shallow water equations [7]. Additionally, the famous
Navier–Stokes equations are considered a subset of shallow
water wave equations because they are used when the hor-
izontal length scale of the fluid is slightly greater than the
vertical length scale, and mass conservation ensures that
the fluid’s vertical velocity scale is small in comparison to its
horizontal speed scale [8,9]. Additionally, the 2D Kadomtsev–
Petviashvili–Benjamin–Bona–Mahony equation is included
in this hyperbolic collection [10–12]. The shallow water
wave has many applications in a variety of disciplines,
including electromagnetic theory, astrophysics, electro-
chemistry, fluid dynamics, plasma physics, acoustics,
and cosmology [13–15].

Three kinds of computational schemes (analytical,
semi-analytical, and numerical methods) have been derived
such as refs [16–20]. Each of these methods has been
applied to a large number of nonlinear evolution problems.
Numerous computational, semi-analytical, and numerical
solutions have been developed, but none of them is univer-
sally applicable to all nonlinear evolution equations; there-
fore, the quest for this unifying approach continues. The
tremendous development in computer technology has
been the most beneficial instrument in this research;
nevertheless, this technology has been utilized only to
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find new methods, and no one has used it to verify the
correctness of previously obtained systems [21,22].

This manuscript studies the ( +2 1)-D Gardner–
Kadomtsev–Petviashvili equation, which is given by refs
[23–25]

( )+ ± + + =� �� � � � �p 0,t x x xxx x yy
2 (1)

where p q, are arbitrary constants to be evaluated while
( )=� � x y t, , is a function of space and timewhich explains

the evolution of nonlinear waves where the effect of the sur-
face tension and the viscosity is negligible. Employing the
following wave transformation ( ) ( )=� �x y t ψ, , , = +ψ x

+y rt, where r is thewave velocity, and integrating the result
once with zero constants of the integration convert the posi-
tive form of equation (1) into the following ordinary differen-
tial equation:
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Using the homogeneous balance principles and the fol-
lowing auxiliary equations for extended simplest equa-
tion (ESE) and modified Kudryashov (MKud) methods
[26–29] for equation (2), respectively, F J F J( ) ( )′ = + +l l1 2
F J( )l3 2 and E J E J E J( ) ( )( ( ) ( ))′ = −kln 2 , where l l l k, , ,1 2 3

are arbitrary constants to be constructed later, given =n 1.
Thus, the general solutions of equation (2) based on the
suggested analytical schemes (ESE and MKud) [30–33] are
formulated in the following forms:
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where −a a a, ,0 1 1 are arbitrary constants.
The rest of the article is organized as follows. Section 2

investigates the analytical and semi-analytical solutions of
the considered model. Section 3 explains the paper’s con-
tributions and novelty. Section 4 gives the conclusion of
the article.

2 Accuracy of computational
solutions

Investigating the computational solutions of the investi-
gatedmodel with the ESE andMkudmethods then checking
the solutions’ accuracy by employing the VI semi-analytical

schemes, shows the applied methods’ performance and
accuracy as following:

2.1 ESE method’s solutions

Calculating the abovementioned parameters through the
ESE method’s framework gives the following families:
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Thus, the computational solutions of the positive non-
linear ( +2 1)-D GKP equation are constructed as follows:
For = >l l l0, 02 1 3 , we obtain
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Figure 1: Solitary wave solution equation (10) in (a) three, (b) two, and (c) contour plots.

where η is the arbitrary constant [30,31].

2.1.1 Semi-analytical solutions

Applying the VI method [34] for equation (1)with the follow-
ing initial condition ( ) ( )= + +� x y x y, , 0 0.5 tanh 0.4 0.4I

0.01, based on the VI method, the correction function of
equation (10) is given by
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s
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t x
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0
2
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where ∣+ ==λ1 0s t , ′ =λ 0. Thus, the Lagrangian multi-
plier gives ( )= −λ 1 . Consequently, the semi-analytical
solution of equation (10) is given by:
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2.2 MKud method’s solutions

Calculating the above mentioned parameters through the
MKud method’s framework gives:
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Figure 2: Solitary wave solution equation (28) in (a) three, (b) two, and (c) contour plots.
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Figure 3: Absolute error between analytical and semi-analytical solutions along ESE and VI methods.

Figure 4: Absolute error between analytical and semi-analytical solutions along MKud and VI methods.

Figure 5: Matching between the calculated absolute error along ESE and MKud analytical methods and VI semi-analytical technique.
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3 Results’ interpretation

Here, the analytical and semi-analytical obtained results
are explained and discussed to show the objectives of this
manuscript. Two computational schemes have been suc-
cessfully implemented to the positive nonlinear ( +2 1)
D-GKP equation, and many novel solitary wave solutions
in various forms such as exponential, trigonometric,
hyperbolic have been constructed. The physical charac-
terization of the evolution of nonlinear waves where the
effect of the surface tension and the viscosity is negligible
is explained through Figures 1 and 2 for the, respectively,
values of the parameters ( =a 20 , =−a 31 , =η 1, = −l 21 ,

=l 83 and =k e, =p 1, = −q 4). Comparing our obtained
solutions with those obtained by Kalim U Tariq et al., who
have used the auxiliary equation method, finds just one

match between both solutions(equations (5) and (33), [23]

when ⎟⎡
⎣

⎤
⎦

⎞

⎠

( )
= =

− −p λ a a2 , ω
l l

a a
l1 1 0

3 4 5 2
1 3

1 1

1
and all our solu-

tions are new and different from their solutions. The eval-
uated analytical solutions have been used to calculate
the initial condition for the studied model. Thus, the VI
method has been productively handling the semi-analy-
tical solutions that have been used to calculate the abso-
lute error between the exact and semi-analytical solutions,
which show the match between them (Tables 1, 2 and
Figures 3, 4). The superiority of the MKud method has
been shown over the ESE method (Figure 5).

4 Conclusion

Three analytical and semi-analytical methods for solving
the positive nonlinear ( +2 1)-D GKP problem have been
developed. Numerous new computational solutions have
been found. Some have been sketched in 2D, three-
dimensional, and contour plots to illustrate the physical
structure of the shallow oceans’ internal solitary waves.
The semi-analytical solutions have been described using
the VI technique to demonstrate the power and efficacy of
the analytical methods employed. The uniqueness of our
study is shown by comparing our answers to those found
in previously published studies.
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