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Abstract: In this article, we investigate the time-periodic
pulse electroosmotic flow (EOF) of Jeffreys fluids through
a microannulus. By using the Laplace transform method,
the velocity expression of the pulse EOF is derived. The
effect of some variables on the time it takes for the fluid to
go from a static state to a flowing state is analyzed. We
find that increasing the relaxation time A; and decreasing
the inner and outer radius ratio a will result in longer
time for the fluid to reach the flowing state, but the retar-
dation time A, and the inner and outer zeta potential ratio
B have little effect on it. The impact of some related para-
meters on the pulse EOF velocity for different inner and
outer radius ratios (a) is discussed in detail. The results
show that for a smaller inner and outer radius ratio a, the
velocity amplitude increases with the relaxation time A;
and decreases with the retardation time A,. As the inner
and outer radius ratio a increases, the effect of relaxation
time A; on velocity amplitude gradually weakens or even
becomes insignificant, and the effect of the retardation
time A, on the velocity amplitude remains unchanged.
Moreover, the velocity amplitude will decrease with the
increase in the inner and outer radius ratio @ and its
change range will expand from the electric double layer
near the annular wall to the entire flow region.
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1 Introduction

In the past few decades, because of the rapid development
of microfluidic devices and their innovative applications in
the microelectromechanical system and microbiological
sensors such as lab-on-a-chip [1,2], the electroosmosis
flow (EOF) has become an interesting topic among researchers.
The principle of the EOF is explained as follows. In general,
when most substances come into contact with polar solutions,
they tend to generate negative charges on the surface. The dis-
tribution of ions close to the wall in the solution will be affected
by this phenomenon. The ions with opposite polarity to the wall
will be attracted to the wall, while the same ions will be repelled
away from the wall. In this way, an electric double layer (EDL)
will be formed [3]. Furthermore, when an external electric field
is applied to both ends of the channel, the ions in the EDL will
move under the electric field force. This is mainly due to the
viscosity of the fluid itself, which causes the moving free
ions to drive the movement of the nearby fluid mass, ulti-
mately forming an EOF. At present, the EOF has become
increasingly important owing to its operational advan-
tages, like plug flow type behavior, absence of mechanical
pumping equipment and better flow control [4].

By viewing the existing literature studies, a large
number of theoretical and experimental studies on the
fully developed EOF of the Newtonian fluids in micro-
channels under different geometric domains and physical
conditions have been found [5-8]. Very recently, the
time-dependent EOF as an alternative mechanism of
microfluidic transport has attracted increasing attention
from many researchers [9-12].

Although we know from the above-mentioned litera-
ture studies that many constructive results have been
achieved in the study of Newtonian fluids, there are
many applications of fluids with non-Newtonian fluid
structure characteristics in actual situations. Especially
in the biomedical field where microfluidic devices are
widely used, many biological fluids such as blood, saliva
and DNA solutions are essentially viscoelastic, and blood
viscoelasticity is a useful clinical parameter. Since biolo-
gical fluids are conductive in nature, electroosmotic flow
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is also very important for drug delivery and separation
and mixing at the atomic level. These biological fluids are
usually simulated with non-Newtonian fluid models such
as Maxwell fluids model, Phan-Thien-Tanner fluids model,
Burgers fluids model, Jeffreys fluids model, Oldroyd-B fluids
model, etc. Unlike Newtonian fluids, the shear stress and
flow field of non-Newtonian fluids are relatively more com-
plex. Hence, we can use the more general Cauchy momentum
equation to replace the Navier—Stokes equation to describe
its complex motion model [13]. Some more work related to
the current study on non-Newtonian fluids can be seen in
references [14-19].

The Jeffreys fluid model, as a typical non-Newtonian
fluid model, has received special attraction from researchers
due to its wide application in biology, industry, and other
fields. In this fluid model, the two parameters A; and A,
describe the behavior of the relaxation and retardation
times, respectively [20]. If these two parameters take spe-
cific values, the Jeffreys fluid model can be degenerated into
two classical fluid models, for instance, the Newtonian
fluids model (A; = A; = 0) and the Maxwell fluids model
(A, # 0, A = 0) [21]. In particular, a recent study [22] has
found that the Jeffreys fluid model was used to simulate
blood flow through a narrowed tapered artery, and the
blood and other biofluids are usually analyzed by electro-
kinetic mechanisms in blood-based microfluidic transmis-
sion systems. Therefore, it is very important to carry out
more in-depth research on Jeffreys fluids. For recent various
studies on Jeffreys fluids, see references [23-30].

However, to the best of our knowledge, until now,
research on pulse EOF of Jeffreys fluids has not been
discovered much. Also, taking into account the wide
application of pulse current (PC) in materials engineering
in recent years [31,32], combined with the remarkable
advantages of the annular channel (for instance, compact
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structure, large heat transfer area, good fluidity, and high
heat transfer coefficient), the main purpose of this article
is to study the time-periodic pulse EOF of Jeffreys fluids
through a microannulus. The semi-analytical expression
of velocity is obtained and the influence of some para-
meters on it is discussed.

2 Problem formulation

2.1 Cauchy momentum equation and
constitutive relation

Consider the time-periodic pulse EOF of incompressible
viscoelastic fluids through an annular region with an
inner radius aR (0 < a < 1) and outer radius R; the length
of the channel is L, and is assumed to be much larger
than the radius R (i.e. L > R), as shown in Figure 1 [33].
Introduce a two-dimensional coordinate system, where
the r- and z-axis are the radical and flow of the fluid’s
direction, respectively. The pulse EOF is pumped by a PC
electric field of strength E, applied in the z-axis direction.
It should be mentioned here that the viscoelastic fluids
and pulse are described by Jeffreys fluids and rectangle
pulse, respectively. The rectangle pulse is defined by a
rectangle square wave with a pulse amplitude of 1, a
pulse repetition period of 2a, and a pulse width of a
(see Figure 2), and can be expressed as
1, te]0,a),
f© = {—1, t € (a,2al. W
If we assume that any external pressure gradient and
gravity effects are ignored, the one-dimensional momentum
equation can be given by

(b)

Figure 1: (a) Sketch of the time-periodic pulse EOF of Jeffreys fluids through a microannulus. (b) Cross-section of the microannulus.
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Pulse electroosmotic flow of Jeffreys fluids through a microannulus
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Figure 2: Schematic of the rectangle pulse wave.
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where u(r, t) is the velocity along the z-axis direction, p is
the fluid density, t is the time, and 7, and p,(r) are the
stress tensor and the volume charge density, respectively.

Generally speaking, the transient relaxation effect of
the EDL can be neglected. The reason is that the time
scale related to electromigration in the EDL is at least
two orders smaller than the characteristic time associated
with the evolution of the pulse EOF and also much less
than the relaxation time of the viscoelastic fluids [34]. If
we further assume that the boundary conditions of equa-
tion (2) are no-slip, then the no-slip and the initial con-
dition can be written as [16,33]

u(r’ t)|r:R = O) u(r9 t)lr:aR = Oa (3)
ou(r, t
u(ry t)|t=0 =0, u( ) = (4)
ot o

For the Jeffreys fluids, its constitutive equation satis-
fies the following form [35]:

ou(r, t)

o 5)

3d 3d
T, + Al&‘rrz = —no(l + /12&)

where A, is the relaxation time, A, is the retardation time,
and 1, is the zero shear rate viscosity.

2.2 Electric potential field solution

For a symmetrical low-concentration binary electrolyte
solution and the thin EDL, the net charge density is gov-
erned by the Poisson—-Boltzmann equations

[,dnp(r) __20)

dr £

1d
rdr

; (6)

kT

where (r) is the electrical potential of the EDL, € is the
dielectric constant of the electrolyte liquid, z, is the valence
number of ions, ng is the ion density of the bulk liquid, e is
the electron charge, and kg and T are the Boltzmann con-
stant and the absolute temperature, respectively.
Combining equations (6) and (7), the electrical poten-
tial in the annular region can be derived as
]- (8)

1d[ dy
rdr dr

This equation is subject to the following boundary

conditions:

ZveOII)(r)
ksT

_ Znonveo sinh[
€

Y@=k = Co» Y@ )lr=ar = Gis

where ¢, and ¢; are the outer and inner capillary wall zeta
potentials, respectively.
The following dimensionless groups are introduced:

9

2, 2\1/2
f:L, K = kR, K:(M) ,
— . _ Zye
@, S §l= k;]? (Y, S il

where x is the Debye-Hiickel parameter and K is the
dimensionless electrokinetic width.

Provided that the wall potentials are axially invariant
and low enough (3| < 25 mV), we can apply the Debye-
Hiickel approximation in equation (8) and with the aid of
dimensionless groups (10), the electrical potential (8) and
its corresponding boundary conditions (9) can be simpli-
fied as

[r

dy(7
dr

~—

(11)

~i| =
&l

] K,



870 — Dongsheng Lietal.

YD1 = S PPlr=a = Gp» (12)

We notice that equation (11) is a modified Bessel
equation, so its solution can be written as

Y(r) =
here Iy and K, are the zero-order modified Bessel func-
tions of the first and second types, respectively.

By using equation (12) to solve equation (13), the
coefficients A’ and B’ can be determined by

A'Io(Kr) + B'Ko(KF), (13)

. Ko(Ka)g - Ko(K)g
= Ko(Ka)Io(K) — Ko(K)Io(Ka)" )
B - I(Ka)g, — Io(K)g;

Ko(K)Ip(Ka) — Ko(Ka)Io(K)

The solution of the electric potential field can be
derived by integrating equations (13) and (14)

() = G [AL(KF) + BKo(KP)], (15)
where
_ Ko(Ka) - BKo(K)
Ko(Ka)Io(K) — Ko(K)Ip(Ka)’ 16)

_ Io(Kar) — BIn(K)
Ko(K)I(Ka) - Ko(Ka)Io(K)’

with B = ¢/¢, being defined as the ratio of the zeta
potentials of the inner wall to the outer wall of the micro-
annulus. It needs to be further expanded here that
if a = B = 0, it means that the EDL of the pulse EOF is
in the circular microchannel. At this time, I5(0) = 0 and
Ky(0) = oo; thus, equation (16) becomes A = 1/Iy(K),
B = 0; the corresponding electric field potential (15) is
exactly the same as that of the circular microchannel [36].

Finally, the charge density can be obtained by sol-
ving equation (11) with boundary conditions (12):

p.(r) = —2nozeP(F) = —ex%,[AI(KT) + BKo(KP)].  (17)

2.3 Velocity field solution

In order to solve the velocity field, some dimensionless
variables are defined as

acr, by = M08 o B
Ueo rl()er/R (18)
-~ £ 1 1 (a, t’ Aly AZ)
(a’ t, /115 AZ) = S Y
PR*/7,

where Uy, = —&6,Eo/n, denotes the steady Helmholtz—
Smoluchowshi EOF velocity of Newtonian fluids. Applying
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equation (18), equations (2) and (5) and conditions (3)—(4)
are normalized as

%}’D - Ji(f?,z) + F(ORYALL(KF) + BKo(KP)], (19)
‘i—, _ Kl ou(r, t)
Tz + /\1 at_‘ Tz = (1 + /12 af) oF (20)
ﬂ()_', f)|?:1 = 0) l._l(I_’, E)li:a = Oa (21)
a(F, Dlr-o = 0, a‘_‘g_j Dl o 22)
t=0

Eliminating the dimensionless stress tensor 7 from
equations (19) and (20) yields

( AZ_)[azu(r D, 12, f)]
or? FoooF
-(1+/1 )au(r f)
of ot

= - (1 + Xlg)[(f)I(Z[AIO(KF) + BKo(KP)].

(23)

Let us employ the method of Laplace transform
defined by

UG, s) = 7, e stdF. 4)

0'—:8

With the help of the initial condition (22), the trans-
forms of equation (23) and boundary conditions (21) can
be rewritten as

RUG,S) |, 1UCS) _ oy )
or2 Fooor (25)
_ 1anh(as/2) o a1 (k7) + BR(KF),
1 + A8)s
U(f’ s)|f=1 = Oa U(f’ 5)|i=a = O’ (26)

where y = \/ (1 + A4s)s/(1 + Ays). Tt is clear that equation
(25) is a linear and inhomogeneous ordinary differential
equation, and thus, the solution of equation (25) can be
written as the sum of a homogeneous solution Uy(7, s)
and a particular solution Uy(F, s):

U(r, s) = Un(r, s) + Uy(F, s). 27)

On the one hand, by solving the homogeneous equa-
tion (25), we can get

Un(#, s) = Clo(yT) + DKo(y7), (28)

where C and D are constants and can be determined from
the boundary conditions of equation (26).

On the other hand, the particular solution is given by
considering the variable form of the right-hand side of
equation (25)
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U,(7, s) = EIo(K¥) + FKo(KF), 29 2I(KF 7
P( ) 0( ) 0( ) ( ) d Idoglfr) + %d](:i{o‘) — I(zlo(KF),
7 7 7
where E and F are also constants. Inserting equations (29) _ _ (31
d’Ko(K 1 dKy(K
into (25) yields 0_(2 D, = 0(_ D _ K2Ko(KF).
dr rodr
2 1 _
E[ d I°g<r) + %dIO({(r) - yZIO(Kf)] After substituting equation (31) into equation (30),
dr Fodr and equalizing the coefficients in front of the modified
1dKo(Kr) Bessel functions I, and K, on the two sides of the equa-

S o
. F[dKO(Kr)

A —— 0% y’K (Kf)] (30)
dr? roodr ° tion, we have
_ _1anh(@S/2) por a1 (KF) + BKo(KP)).

= AK? tanh(as/2
1 + A8)s anh(@s/2)

T (K2 - y)(A + As)s’
BK? tanh(as/2)

32
From equation (11), we can obtain the following (32)

conclusions: K- YA + As)s”
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Figure 3: Effects of the relaxation time when A, = 0.1, a = 0.2 and (a); the retardation time when A; = 0.5, = 0.2, and 8 = 1 (b); the inner to
outer radius ratio when A; = 0.8, 4, = 0.1and 8 = 1 (c); the inner to outer wall zeta potential ratio when 4; = 0.2, 4, = 0.1and a = 0.2 (d) on
the pulse EOF velocity profiles of Jeffreys fluids when K = 20 and @ = 1 in the microannulus.
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Therefore, the solution of the velocity U(¥, §) can be
expressed as

U(7, s) = Cly(yr) + DKo(y7) + Elo(K7) + FKo(KT). (33)

The coefficients C and D with boundary conditions of
equation (26) can be determined as

B Ko(ya)[EIo(K) + FKo(K)] — Ko(y)[EIp(Ka) + FKo(Ka)]
- TIo(ya)Ko(y) — In(y)Ko(ya)

3 Io(ya)[EI(K) + FKo(K)] - Io(y)[El)(Ka) + FKo(Ka)]

- L(y)Ko(ya) - I(y)Ko(y) '

C

>

D

(34)

The analytical solution of the Laplace transform of the
time-periodic pulse EOF velocity through a microannulus
is shown by equation (33) and the correlation coefficients
are determined by equations (16), (32), and (34). Then, we
use the method of inverse Laplace transform defined by

1.6 = LG 9) = - [UF 9eds, (35
r

whereT is a vertical line to the right of all singularities of
U(7, s) in the complex s plane. The numerical inversion
must be performed by the numerical inverse Laplace
transform [37] method because of the complexity of the
expression U(7, s).

3 Results and discussion

Although the important results of our work on dimen-
sionless parameters have been presented in the above
section, we still need to point out some typical values
of the corresponding dimensional parameters when
solving practical engineering problems. The typical para-
meter values are given as follows [13,36]: O <a <1,
p =10°kgm>, no = 10°kgm's™!, R = 100 um, and
10™*s < A; < 103 s. Considering that the relaxation time
is larger than the retardation time and it should be
much smaller than the observation time (i.e. the period
of the pulsed electric field), that is A, < A4; < 2a. Besides,
the pulse EOF velocity in the center (F = (1 + a)/2) of the
annular microchannel is shown in Figures 3 and 7. In
other words, when the inner to outer radius ratio a =
0.2, 0.4, 0.6, and 0.8, the corresponding radius 7 = 0.6,
0.7, 0.8, and 0.9, respectively. All symbols used in this
work are defined in Table 1.

It is well known that studying the time required for
the fluid to change from a static state to a flowing state is
a very important aspect of pulse EOF research. The effects
of some variables (such as the relaxation time A;, the
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retardation time A,, the inner to outer radius ratio a,
and the inner to outer wall zeta potential ratio §) on
the velocity profiles are presented in Figure 3. From the
above figures, we can easily see that increasing the
relaxation time A, and decreasing the inner and outer
radius ratio a will lead to the fluid taking longer time to
reach the flowing state. The main reason for this fact is
that longer relaxation time A, means larger elastic effect
and weaker recovery ability of the Jeffreys fluids, which
results in the pulse EOF velocity profiles changing easily
under the action of an external electric field [38]. For a
smaller inner and outer radius ratio a, there is a larger
gap between the two microannulus walls, and the fluid
flow region is relatively larger, so the longer it takes for
the fluid to reach the flowing state. In addition, no matter
how the retardation time A, and the inner to outer wall

Table 1: List of symbols

Symbol Meaning

€ Elementary electric charge (C)

Eo Strength of the rectangle pulse electric field (Vv m™)

K Dimensionless electrokinetic width

ks Boltzmann constant (J K™%

T Temperature of the fluid (K)

z, Valence number of ions

ny Bulk volume concentration of the charge of positive
or negative ions (m~>)

Ueo Helmholtz-Smoluchowski electroosmotic
velocity (ms™)

R Outer radius of the annular channel (m)

L Length of the annular channel (m)

a Pulse width of the rectangle pulse electric field (s)

a Dimensionless pulse width of the rectangle pulse
electric field

u Velocity field (ms™)

a Dimensionless velocity field in the axial direction

f) Time-periodic rectangle pulse function

lo, Ko Zero-order-modified Bessel functions of first and
second types

r, 6, z Cylindrical polar coordinate components

£ Fluid permittivity (CV'm™)

p Density (kg m~>)

Mo Zero shear rate viscosity of the fluid (Pas)

Pe Local volumetric net charge density (C m~>)

A Relaxation time of the fluid (s)

X Dimensionless relaxation time of the fluid

¢ Electrical potential (V)

g Dimensionless electrical potential

Zo G Zeta potential of the outer and inner capillary wall (V)

& & Dimensionless zeta potential of the outer and inner
capillary wall

a, B Inner to outer radius ratio and inner to outer wall

zeta potential ratio
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Figure 4: Variations of the pulse EOF velocity at different relaxation times A; with the radius for different inner to outer radius ratios (&) when

K =20,4,=0.1,f=0.8,d=1and B =1.(a) a = 0.2 and (b) @ = 0.8.

zeta potential ratio 8 increase, they have little effect on
the time required for the fluid to reach the flowing state
(see Figure 3(b) and (d)).

Figures 4-7 depict the effects of several related para-
meters on the velocity profiles for different inner and
outer radius ratios (a), respectively. On the whole, with
the increase of the inner and outer radius ratio a, the velo-
city amplitude decreases and its variation range begins
to expand to the entire region of the flow instead of
being confined to the EDL near the two annular walls
(see Figure 4(b), 5(b) and 6(b)). The reason is that a larger
a value means that a smaller gap between the two annular
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walls, namely, a narrower flow area, thus the velocity ampli-
tude will be reduced and the velocity variation will be rela-
tively faster to expand to the entire flow field. It can be
observed from Figure 4 that when the a value is smaller, the
velocity amplitude increases with the increase of relaxation
time A;, but this effect will become extremely insignificant
for a larger a value. This implies that the reduction of the
wall gap will restrict the elastic effect of the fluid. More inter-
estingly, we can see from Figure 5 that the velocity amplitude
decreases as the retardation time A, gradually increases due to
the suppression effect of the retardation time, and this result is
not affected by the a values.
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Figure 5: Variations of the pulse EOF velocity at different retardation times A, with the radius for different inner to outer radius ratios (a)
when K = 20, 4,=0.5,f = 0.8,d=1and = 1. (a)a = 0.2 and (b) a = 0.8.
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The impact of the inner to outer wall zeta potential
ratio 8 on the velocity profiles of pulse EOF is illustrated
in Figure 6. As expected, it can be found from Figure 6
that the magnitude and direction of the pulse EOF velocity
are determined by the S value. The pulse EOF velocity
directions of the EDL near the wall of the two annular
microchannels are opposite when the § value is negative.
On the contrary, the directions are the same for a positive
B value. Larger B value causes larger velocity in the
area near the inner wall of the microannulus. The main
reason is that most of the electric field force determined
by the electric potential is concentrated on the EDL close
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to the annular wall, and the inner and outer wall zeta
potential is affected by the f value, so the § value can
indirectly determine the magnitude of velocity. The above
conclusions agree well with those obtained in references
[33,36].

The variations of the pulse EOF velocity with time for
different pulse widths @ are shown in Figure 7. It is evi-
dent that no matter what value the pulse width a is, the
velocity profiles tend to a steady state over time, and the
change in velocity is not significant at this time. It should
be clarified here that the value of change is only of a
small order of magnitude, but not really zero, and it
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Figure 7: Variations of the pulse EOF velocity at different pulse widths a with time for different inner to outer radius ratios (&) when K = 20,

A =02,4=01andB =1 (a)a=0.2and (b) @ = 0.8.
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does not mean that the fluid flow is stationary either. This
phenomenon can be explained by the fact that the effect
of the electric field force on the fluid is a process that
gradually weakens with time, which is also one of the
characteristics of the unsteady EOF. The larger the pulse
width a, the longer it requires for the velocity profiles to
attain the steady state. This may be because a larger pulse
width @ means that the pulse force has a relatively long
duration in orientation.

4 Conclusion

A semi-analytical solution of the time-periodic pulse EOF
of Jeffreys fluids in a microannulus under the Debye—Hiickel
approximation is presented in this work. The effects of some
related parameters on pulse EOF velocity are investigated
and the following conclusions can be drawn. Increasing
the relaxation time A; and decreasing the inner and outer
radius ratio a will prolong the time for the fluid to reach the
flowing state. However, the increase of the retardation time
A, and the inner to outer wall zeta potential ratio 8 have little
effect on the time it takes for the fluid to reach the flowing
state. For a given smaller a value, the velocity amplitude
increases with A;. But as the a value increases, this effect
will gradually weaken and become no longer significant.
The velocity amplitude decreases with the increase of the
retardation time A,, and the result is not affected by a. The
magnitude and direction of the pulse EOF velocity are deter-
mined by the 8 value. When f takes a positive or negative
value, the corresponding directions of the EDL near the wall
of the two annular microchannels are the same or opposite,
respectively. Larger § value results in larger velocity in the
area near the inner microannulus wall. The velocity profiles
tend to a steady state with time for any pulse width a. The
larger the pulse width a, the longer it takes for the velocity
profiles to reach a steady state. Furthermore, increasing the
inner and outer radius ratio a will cause smaller velocity
amplitude.
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