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Abstract: In this article, a hybrid Haar wavelet colloca-
tion method (HWCM) is proposed for the ill-posed inverse
problem with unknown source control parameters. Applying
numerical techniques to such problems is a challenging
task due to the presence of nonlinear terms, unknown
control parameter sources along the solution inside the
given region. To find the numerical solution, derivatives
are discretized adopting implicit finite-difference scheme
and Haar wavelets. The computational stability and theo-
retical rate of convergence of the proposed HWCM are
discussed in detail. Two numerical experiments are incor-
porated to show the well-condition behavior of the matrix
obtained from HWCM and hence not required to supplement
some regularization procedures. Moreover, the numerical
solutions of the considered experiments illustrate the reli-
ability, suitability, and correctness of HWCM.
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1 Introduction

Inverse problems with source control parameters are
nonlinear parabolic partial differential equations and
are among some of the difficult problems to be handle
by numerical methods. Due to the numerous embedded
challenges, which are still barriers to get the solution of
such inverse heat conduction problems (IHCPs), researchers
have concentrated their study on the numerical treatment of
these models. Applications of such problems can be wit-
nessed in the modeling of various scientific observable facts
like aerospace engineering, metallurgy, nuclear physics,
chemical diffusion, optics, nondestructive measurement of
stress and strain, control theory, communication theory,
computer vision, oceanography, cardiography, thermo-elas-
ticity, and medical imaging.

The general form of a class of IHCPs to be investi-
gated in this article is refs [1,2]:

ut(Xa t) = uXX(X’ t) + p(t)u(X’ t) + F(Xa t)’
a<x<h, t>0,

ey

with initial and boundary information:

u(x, 0) = g(x),
u(a, t) = uy(t),
u(ba t) = UI(t),

where p(t) and u(x, t) are the source control parameter
and solution, respectively, which have to be determined
numerically. For the determination of these parameters,
additional data are presented and is called overdetermi-
nation condition:

u(x*, t) = q(t),

Unavailability of these specific parameters, the existence,
stability, and uniqueness of the IHCP is usually not guar-
anteed, and prevention methods of the numerical scheme
from these issues are discussed with detail in ref. [1] and
the references therein. Inverse problems are generally

a<x*<bh. 2)
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classified as ill-posed [3,4], and their solutions do not
depend on the boundary conditions continuously; there-
fore, the computational results are affected by the noise
intensity available in the input data. In recent literature,
many numerical and analytical methods can be found for
the complex and challenging problems in refs [5-18], and
the references therein. For the IHCPs, some of the recent
attempts include backward euler finite difference scheme
[19], finite difference scheme [1,2], methods of fundamental
solutions [20], boundary-element method [21], lie-group
method [22,23], and the modified polynomial expansion
method [24]. Some applicable collocation methods focusing
on the numerical results of IHCPs include meshless colloca-
tion method [25,26] and Haar wavelets collocation methods
[27-30]. Mallat has also included a chapter about the
inverse problem in his book [31].

The prominence of Haar wavelet for numerical compu-
tation for many kinds of scientific and engineering problems
can be observed from the recent literature. These scientific
and engineering problems include differential and integral
equations, which have been solved by several wavelets tech-
niques such as wavelet meshless methods [32], wavelet col-
location method [33], wavelet Galerkin method [34], and
wavelet-based method [35]. Multi-resolution Haar wavelet
collocation procedures have also been used for accurate
analysis of time and space-dependent heat sources in IHCPs
[28,29]. Haar wavelets have also been utilized to find the
approximate solutions of fractional order problems accu-
rately [36]. The employment of Haar wavelet can also be
found in other areas such as image compression [37], dose
calculation [38], image processing [39], delamination iden-
tification [40], detecting and localizing texture defects [41],
magnetic resonance imaging [42], identification of software
piracy [43], and signal processing [44].

Holding the challenges encountered in the numerical
treatment of IHCPs, an easy, suitable, and accurate numer-
ical procedure with the help of Haar wavelets is suggested
in this article. This advanced procedure provides stable
and efficient results. In this procedure, the Haar wavelets
convert the PDE into the well-conditioned system of equa-
tions, which has a remarkable impact on the approximate
solution. The added beauty of the suggested procedure is
that various kinds of given boundary data can be easily
utilized in the algorithm to find the solution.

2 Haar wavelets

A Haar wavelet function for x € [a, b] can be defined as
follows:
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1 forxel(, (),
hi(x) = {-1 for x € [, {5), (3)
0 otherwise,

where

(1:a+M, (2:a+(k+0'5)(b_a),
m m

=a+ (k+l)(b—a).
m

In the aforementioned function,m = 2, j = 0, 1,..., J shows
different level of the wavelet and k = 0, 1,..., m — 1 shows
the translating parameter. The highest level of resolution is
represented by J. The index i in equation (3) can be obtained
with the help of equationi = m + k + 1. For smallest values
of m = 1, we can obtain k = 0 and the indexi = 2. The largest
value of index i is M = 2/. Here, we can also present the Haar
wavelets scaling function as follows:

1 for x € [a, b),
0 otherwise.

h(x) = {

A function that is finite and can be integrated in the
domain [a, b] can be approximated as by Haar wavelet
series:

fO) =Y chi(x).

i=1

These Haar coefficients
b
G= ZfIf(x)hi(x)dx, P=1..2+k+1
a

can be calculated following [45] from the minimal condi-
tion of the error as follows:

b
j Ejydx — min, Byl = [f(x) - fy(0], and

M
fu®) = Y chi(x),

i=1

where f(x) and f3(x) denote the analytical and estimated
functions, respectively. We define the following notations
for the integration of the Haar wavelet in equation (3):

Pa(0) = jh&x’)dx’ P(x) = jPi,l(x')dx' and
a a

b
G- jPi,l(x')dx'.
a

By using equation (3), we can easily obtain
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x-§ forxel, (),
Pai(x)=1¢ - x for x € [{, &),
0 otherwise,
_ 2
L 2(1) for x € [(}, §),
(b-a? (G-x)7?
P =1~ frxelG 8,
(b - a)?
4m2 for x ¢ [(3) 1)’
0 otherwise,
and
CEY
4m?

3 Haar wavelets scheme for
nonlinear inverse problems

To determine the solution of considered IHCP, we elim-
inate p(t) by putting x = x* in equation (1), and by uti-
lizing the overdetermination data given in equation (2),
we get

q(t) = qu(t)
q(t)

Using equations (4) and (1), we get a nonhomogeneous
partial differential equation:

q(t)

PO = sti.als]

(%)

B qXX(t) - F(X*’ t) u(X t)
q(t) T 5)

U(X, 1) = (X, t) +

+ F(x, t).

Next we introduce the procedure for approximating the
time and spatial derivatives. Starting with construction of
Haar wavelet approximation scheme for spatial deriva-
tives in equation (5), we let

2M
U (X, ) = Y cihi(x). (6)

i=1

By integrating equation (6) from a to x, we acquire

M
u(x, t) = ula, t) + Y cPia(x). )
i=1
By integrating equation (7) from a to b and then simpli-
fying the result, we have
2M

Ci
- —— (8)

i=1 -a

B(t)
b-a

u(a, t) =

DE GRUYTER

where B(t) = u(b, t) — u(a, t). By inserting equation (8)
in equation (7), we acquire

B(t) ( )
0 = ==+ lzlcz - ©)
Finally integrating equation (9) with respect to x, we acquire
u(x, t) = At) + W
(10)
+ Zcz( 12(X) - M),
i=1

where A(t) = u(a, t). Introducing an implicit scheme for
approximating the time derivative, we let t, represent the
present time level and ¢ = ¢, + At be the subsequent time
level. Consequently, equation (5) can be revised as follows:

u(x, t) — u(x, t,)
At
q(to) = qu(to) = F(x*, t,)

pren u(x, t) + F(x, t,).

= uxx(x’ t) +

By re-arranging, we acquired
(1 + Atd(to) - qu(to)
q(t)

— Ntug(x, t) = u(x, t,) + AtF(x, t,).

u(x, t)

- F(x*, to))
(11)

Inserting equations (10) and (6) into equation (11) and
then discretizing at the nodal points x; = a + %,
k=1,2,..., 2M produces the algebraic equations, which is

given as follows:

M
Zci[(l + At
i=1

(ot - - )

q(to)

- qu(ty) — F(x*, to))
q(to)

) _ Ath,-(xk)]
a

At q(to) = qu(ty) = F(x*, to))
q(ty)

X (A(to) + (X — a)%) + AtF(xy, t,).

(12)

= u(x, t,) — (1 +

Equation (12) can be presented in matrix form as follows:

((1 + At 4(to) — gulto) — F(x7, l‘o))
q(to)

¢ ) - AtH)c

- a

- qu(t,) - F(x*, to))
q(ty)

(A(to) +(x - a) B B(t"t)z) + AF(X, t,)

P,-x-a
( b 13)

= u(x,t,) - (1 + At q(t)
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where
X:[XI’ X2, --~’X2M]T3 C = [Cls CZ; --~’C2M]T’
C= [Cl’ O, ~--’C2M]T’
[ hGa)  h(x) hom(x)
H=| o) h(x) ham(%) | and
| iOom) haOem) .. hom(Om)
[ P,(a)  Pro(x) Pou,2(a)
P, - Piy(6)  Pra(%) Pow,2(%)
Pr0om) PooOom) ... P (o)

Equation (13) can be written as follows:

Ac=B (14)

where
Ao [(1 + apdlto) — dnlto) - FOx', to))
q(to)
CT
X(Pz—(x—a) )—AtH]
b-a
and

q(t,) — qult,) — F(x*, to))

B= ,t)— |1+ At
[”(X ) (+ at,)

x (A(to) + (X - a)B(tO))
b-a

+ AtF(x, to)].

We can solve equation (14) for ¢ using any linear solver
program in MATLAB and then utilizing these ¢ in equa-
tion (10), we can calculate u(x, t). However, p(t) can be
updated by replacing gy, (t) with the new values u,,(x*, t)
in equation (4):

Q(t) - uXX(X*’ t) - F(X*a t)
q(t)

and we can calculate uy,(x*,t) from equation (6) by
inserting x = x* for each iteration.

pt) = , (15)

4 Stability and error analysis

In this portation, we study the stability along with the
convergence of the HWCM.

4.1 Stability analysis

Following [30] equation (5) can be written as follows:
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du(, £) _ ( 4 ~ gult) - F(, t))u(x o
o 2 q(t) " ae)
+ F(x, t),
% = L{u(x, )} + F(x, t),

4(t) - gu(t) - F(x*, t)
q(t)
Following the time discretization, we acquire

where £ = aa—; + , is the differential operator.

U = (1 — AtH)Y U™ + (I — AtH)YALF (x, t,)), (17)

where identity matrix is represented by I and H is the
Haar-based matrix for the analogous operator £. If A
denotes the largest eigenvalue of H and the eigenvalue
of the identity matrix I is always 1, then from equation
(17), we can notice the following stability condition

I- AT <1, (18)

Equation (18) will be fulfilled if (I — AtA) > 0, that is only
possible when A < 0. The computational value of A < 0
has been observed and found satisfied in Figure 1. The
real parts of A are sketched against t in Figure 1, where
the values of A stay aside from O on the left side of the
complex-plane. This condition influences us about the
satisfactory requirement on the stability of HWCM.

4.2 Error analysis

To perform the convergence of HWCM, we take the exact
representation of equation (10) as follows:

u(x, t) = A() + 2OX =@
. (19)
S o0 - GX=@
' i1Cl(Pl’2(X) b-a )

The convergence of HWCM is presented as a theorem. To prove
this theorem, we refer the following two lemmas [45,46].

Lemma 1. [46] Assume that u € C%(—o0, co) with [u'| < K,
Vxe(a, b); K>0andu = Y Ahi(x), then|A;| < K2-G1-272,

Lemma 2. [46] Let u € C*(—co, co) be a continuous on

(a, b). Then, the error will be
2
E|? < =277,
[1E] 5

where |U'| < K, Vx € (a, b) and K > 0. The real number
M = 2 > 0 is the wavelet resolution.

Theorem 1. If equation (19) (u(x, t)) denote the analytical
solution and equation (10) (uy(x, t)) denote the Haar
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Figure 1: Verification of stability condition equation (18) on the basis of negative values of A for Example 1 and 2 with M = 16 and At = 0.01

for different time t = 1.
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b o _
wavelet-based solution of the inverse problem equation (1), where K;;=Sup; l-[a (P,-,z(x) - M) (Pl,z(x) - %)dx

b-a
the error norm at ] th level resolution is given by Now equation (21) can be written as follows:

Bl = |ju - = 0(23@)). \
] = flu = uanl| = OC ) 1B < Z ci(Cm+1Ki ame1 + G 2Kionea +..0)]
i=2M+1
Proof. The error of the proposed method at Jth level X K
resolution is given as follows: s 2% 1|Ci i(Camre1 + Canrez + )
i=2M+
© here K; = Sup/K; (22)
C(x —a w i iK1
1B =t = el = | 3 a0 - SX=DY) o .
i=2M+1 -a < z (|ciKioms1] + |ciKiomso| +...)
i=2M+1
which implies l -
. < z (IciKicams1l + |ciKiCansal +...)-
0 i=2M+1
Cilx-a
=] [ (X ci(a,z(m - ¥) , o
M1 b-a Now, using Lemmas 1 and 2, inequality (22) can be
® written as follows:
- C(x - a)
D Cl(Pl,z(X) - 7) dx MNP SCEUR
1=2M+1 b-a (15| SKW Y leKil
b 1- i=2M+1
00 00 2—(3.2]+1)
=y > ICiCl(B,Z(X) (1) < KK>—— where K; = SupK,
i=2M+11=2M+1%, 1-2

which on further simplification and taking square root,
we get

_ M)(PI,Z(X) _

Cl(x—a))dx
b-a

b-a
2—(3.21+1)

,32/
1Bl < \/Kll(m < 0(23@)),

> Y ek

i=2M+11=2M+1

AN

B

Table 1: L., error norm, CPU time along with condition number of matrix A with different M and o for Example 1 att = 1 and At = 0.01

M 0=1% 0=5% CPU (second) Condition number of A
L(u) L.(p) Lo(u) L.(p)

1 3.4081 x 1072 1.8487 x 1072 3.4248 x 1072 8.9843 x 1072 0.58 2.5078

2 1.4800 x 1072 1.7376 x 1072 1.7562 x 1072 8.9137 x 1072 0.70 8.2496

4 5.1186 x 1073 1.6427 x 1072 7.9923 x 1073 8.8923 x 1072 0.93 17.330

8 2.4010 x 1073 1.5876 x 1072 5.3277 x 1073 8.8138 x 1072 2.01 27.879

16 1.7083 x 1073 1.4689 x 1072 4.6379 x 1073 8.8035 x 1072 7.30 40.821

32 1.5340 x 1073 1.4273 x 1072 4.4697 x 1073 8.7134 x 1072 9.15 58.235

64 1.4904 x 1073 1.3859 x 1072 4.4274 x 1073 8.6732 x 1072 12.5 82.545

128 1.4757 x 1073 1.3405 x 1072 4.4168 x 1073 8.6130 x 1072 18.7 116.81

Table 2: The comparison of L., error norm for some numerical solutions of p(t) for Example 1

Methods Ax At 0.2 0.4 0.6 0.8

HWCM (0 = 1%) 312 % 3.7019 x 1073 4.6534 x 1073 6.6576 x 1073 1.0606 x 1072

Difference scheme [2] % % 3.3696 x 1072 2.0167 x 1072 1.1330 x 1072 2.5532 x 1072
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Figure 2: Comparison of numerical results with different o for Example 1 at M = 16, At = 0.01, and { = 1.
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We can wind up that level of resolution J of the Haar
function is inversely related to the error norm, which
means that the error of the method can be reduced by
increasing J that is

|El| — 0 as ] — oo,
= |El|l — 0as M — oo.

5 Numerical results

In this portion, we show the results obtained using
HWCM by applying it to two different examples in order
to demonstrate its robustness. We also insert some noise
amount on the overdetermination condition equation (2)
as follows:

qt) = q(t) +ors, s=1...N,

where 0 denote noise amount and r; shows the random
number obtained by the MATLAB function rand. We uti-
lized the well-known software “MATLAB R2009b” for
all our calculations. The computational time (CPU) is
presented in seconds for each examples. We have used
L, = max(Lgp) to verify the accuracy of the HWCM, where
Ly is defined as follows:

Lap(u(x, 1)) = lu(x, t) - u(x, t)],
Lap(p(8)) =1D(0) - p(D)I,

where u(x, t), p(t) are analytical and u(x, t), p(t) repre-
sent the computed solutions.

Example 1. Consider the following IHCP

DE GRUYTER

09 T T T T T T T
+  HWCM

=32, At =0.01, and t = 1 in the interval (—%, %)

ur(x, t) = up(x, t) + p(tHu(x, t)
— ((cos(mx) + sin(mx))(7? - (t + 1)2))et’,
u(x, 0) = sin(rix) + cos(7x),

1 -1 2
u(0,t)=—, u(l,t) = —, u(0.25,t) = \/—2
et et t

The exact solution is u(x, t) = %;OS("X), and the exact

time-dependent coefficient is p(t) S

Table 1 shows that the L, error reduces by increasing
the nodal points M for different noise levels . This table
also shows the small condition number of A, which is
the key factor to the performance and efficiency of the
HWCM. Moreover, the performance of the present scheme
in terms of time is also presented in Table 1.

The proposed method is also compared with differ-
ence scheme [2] in Table 2. It is evident from the table
that Haar wavelet approximations for the source control
parameter are accurate for a comparatively small number
(M = 32) of nodal points at different final times.

A graphical view of exact and numerical solutions
captured at various noise intensities is shown in Figure 2,
where the good agreement of these results at highly pol-
luted data, 0 = 10% strengthens the applicability of the
proposed HWCM. Finally, in Figure 3, we present the abso-
lute errors at M = 16, At = 0.01 with finale time ¢ = 1 for
different noise 0. It can be clearly recognized from the figure
that the calculated results converge to their exact solutions
as the o reduces from 20% to 1%.

Example 2. Consider the IHCP along with the following
input data
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u(x, t) = up(x, t) + p(Hulx, t) + 2x — (sin(2mx)
+ 2tx + x?)sin(t) + 4 sin(2mx) — 2,
a<x<b, t>0,

u(a, t) = a? + 2ta + sin(2ma),

u(b, t) = b2 + 2th + sin(2nth),

1 t V14
u(x, 0) = x2 + sin(2mx), u(0.25, t =—+—+sin(—).
(x, 0) (2mx), u( ) T 5

The exact solution u(x, t) = (2t + x)x + sin(2nx) is provided
with oscillatory control source parameter p(t) = sin(t).

Figure 4 depicts comparison of results of the estab-
lished method with the analytical solution at M = 16,

0 = 1%, and At = 0.01 with final time ¢ = 1 for different
intervals, which are in good agreement. To observe the
performance of the HWCM for increasing the interval and
the collocation points, the numerical and exact solutions
are shown in Figure 5, where the solutions also match
with the peak points of oscillations (o = 1%, At = 0.01
with final time t = 1 and M = 32).

The flexibility of the proposed HWCM for the oscil-
latory type numerical solution of p(t) in terms of different
final times (t = 1, 2, 3, 5, 7, and 10) can also be sighted in
Figure 6. Again for this problem, it has been also exam-
ined that the calculated results at various collocation
points converge to exact solutions as the intensity of



732 —— Muhammad Ahsan et al.

t

Example 1

DE GRUYTER

0.035 T T T T

003F

0025¢

o=20%

lp(t) — »(2)]

0015

0.01F

0.005F

\\\

\\\\\\\ .
\\\\\\\\\\\\ \\\\\\\\\\\ \\\\\\\\\“\\\\
\\\\\\\ \\\\\ \\\\\\\\\\\\ \\\\:\\\\

\
\ L
\ L \\\\\\\\“\Q\\\\\\\\

=
\\\\\

it

e

—
\\\\\\‘\\\\\\\\\\\\\\\\t\\\\\\\
\\\\\\\

\\\\\\\\\
Tk \\\\\
\\\\\\\\\\
‘\‘\}\\\\\\\\\\

Example 2

Figure 8: The 3D overview of the numerical solutions at M = 16, At = 0.01, and t = 1.

noise 0 vanish, i.e., from 20% to 1% as shown in Figure 7.
The 3D plot of the numerical results for both the examples
is shown in Figure 8.

6 Conclusion

In this article, a multi-resolution HWCM is adopted for a
time-dependent inverse problem focused on diffusion
equation with source control parameter. The propped
method is stable and convergent. It is the advantage of
the HWCM that convert the ill-posed PDE into a well-
condition system of equation and hence no need to

introduced any regularization procedure. The numerical
results of the examples are in line with the theoretical
discussion. The accuracy, stability, and efficiency are
due to the well-condition system matrix. The HWCM
can also produce stable results for the inverse problem
under a large intensity of noise level (o = 20%). Due to
the accurate and reliable performance of the suggested
HWCM, the present technique can be applied to two-
dimensional and systems of inverse problems.
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