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Abstract: Topological indices are the numerical values as-
sociated with chemical structures that correlate physico-
chemical properties with structural properties. There are
various classes of topological indices such as degree based
topological indices, distance based topological indices
and counting related topological indices. Among these
classes, degree based topological indices are of great im-
portance and play a vital role in chemical graph theory,
particularly in chemistry. In this report, we have computed
the multiplicative degree based topological indices of hon-
eycomb derived networks of dimensions I, 2, 3 and 4.

Keywords: Honeycomb network, topological index, de-
gree, chemical graph theory
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1 Introduction

Mathematical modeling of chemical reaction net-
works consists of a variety of methods for approaching
questions about the dynamical behavior of chemical reac-
tions arising in real world applications. After the invention
of the law of mass action, dynamical properties of reaction
networks have been extensively studied in both chemistry
and physics. The essential steps for this study were the
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introduction of the detailed equilibrium of complex chem-
ical reactions by Rudolf Wegscheider [1], the development
of the quantitative theory of chemical chain reactions by
Nikolay Semyonov [2], the development of catalytic reac-
tions by Cyril Norman Hinshelwood [3] and many other
results.

Three epochs of chemical dynamics can be observed
in the flow of research and publications [4]. These times
can be associated with leaders: the first is the Van’t Hoff
era, the second is the Semenov Hinshelwood era and the
third is definitely the Aris era. The "times" can be distin-
guished on the basis of the priorities of scientific leaders:

e Van’t Hoff looked for general laws of chemical reac-
tion related to specific chemical properties. The term
“chemical dynamics" belongs to van’t Hoff.

¢ The goal of Hinshelwood Semenov, was to explore the
critical phenomena observed in many chemical sys-
tems, especially in flames. The concept of chain re-
action explored by these researchers influenced many
sciences, particularly nuclear physics and engineer-
ing.

o Aris’ activity was concentrated on the detailed system-
atization of mathematical ideas and approaches.

Rutherford Aris initiated the mathematical discipline
called chemical reaction network theory. The work of R.
Aris in the journal Archive for Rational Mechanics and
Analysis has opened a series of works by other authors (in-
formed by R. Aris). The most famous works of this series
are the works of Frederick J. Krambeck [6], Roy Jackson,
Friedrich Josef Maria Horn [7], Martin Feinberg [8] and oth-
ers [9], which were published in the 1970s. In continuation
of his early work in this area, R. Aris mentions the work of
N.Z. Shapiro, L. S. Shapley [10], where a significant part
of his scientific program was endorsed. Since then, a large
number of researchers internationally [11-20] have further
developed the chemical reaction network theory.

The honeycomb and hexagonal networks have been
known as crucial for evolutionary biology, in particular,
for the evolution of cooperation, where overlapping trian-
gles are vital for the propagation of cooperation in social
dilemmas. For relevant research, see [21, 22]. In the hexag-
onal network HX(n), the parameter n is the number of ver-
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tices on each side of the network [23], whereas for the hon-
eycomb network HC(n), n is the number of hexagons be-
tween a boundary and central hexagon [23]. Due to the
significance of topological indices in chemistry, a lot of re-
search has been done in this area. For further studies of
topological indices of various graph families, see [24-28].

i

Figure 1: Hexagonal network

&

Figure 2: Honeycomb network

Let us consider a graph as shown in Figure 3.

The stellation of G is denoted by St(G) and can be ob-
tained by adding a vertex in each face of G and then by
join these vertices to all vertices of the respective face (see
Figure 4).

The dual Du(G) of a graph G is a graph that has a vertex
for each face of G. The graph has an edge whenever two
faces of G are separated from each other by an edge, and a
self-loop when the same face appears on both sides of an

Multiplicative topological indices of honeycomb derived networks =— 17

Figure 3: Graph G

Figure 4: Stellation of G (dotted)

edge, see Figure 5. Hence the number of faces of a graph is
equal to the number of edges of its dual.

Figure 5: Dual of graph G (dotted)

In the dual graph, if we delete the vertex correspond-
ing to the bounded face of the planar graph, which is
unique, we get the bounded dual Bdu(G) (see Figure 6).
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Figure 6: Bounded dual of graph G (dotted)

Given a connected plane graph G, its medial graph
M(G) has a vertex for each edge of G and an edge between
two vertices for each face of G in which their corresponding
edges occur consecutively (see Figure 7).

Figure 7: Medial of G (dotted)

In this report, we aim to compute multiplicative
degree-based topological indices of networks derived from
honeycomb networks by taking stellation, dual, bounded
dual, and medial graphs of the honeycomb network.

2 Topological indices

A molecular graph is a simple graph in chemical graph the-
ory in which atoms are represented by vertices and chem-
ical bonds are represented by edges. A graph is connected
if there is a connection between any pair of vertices. A net-
work is a connected graph which has no multiple edge and
no loop. The number of vertices which are connected to
a fixed v vertex is called the degree of v and is denoted
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by dy. The distance between two vertices is the length of
shortest path between them. The concept of valence in
chemistry and concept of degree are somewhat closely re-
lated. For details on the basics of graph theory, refer to the
book [29]. Quantitative structure-activity and structure-
property relationships predict the properties and biolog-
ical activities of materials. In these studies, topological in-
dices and some physicochemical properties are used to
predict bioactivity of chemical compounds [30-33].

Throughout this paper, G denotes a connected graph,
V and E denote the vertex set and the edge set and dy, de-
notes the degree of a vertex. The topological index of the
graph of a chemical compound is a number which can be
used to characterize the represented chemical compound
and help to predict its physicochemical properties. Wiener
laid the foundation of topological index in 1947. He approx-
imated the boiling points of alkanes and introduced the
Wiener index [34]. Up to now more than 140 topological
indices have been defined but no single index is enough to
determine all physicochemical properties; but these topo-
logical indices together can do this to some extent. Later,
in 1975, Milan Randi¢ introduced the Randi¢ index, [35]. In
1998, Bollobas and Erdos [36] and Amic et al. [37] proposed
the generalized Randi¢ index which has been studied by
both chemists and mathematicians [38]. The Randi¢ index
is one of the most popular, most studied and most applied
topological indices. Many reviews, papers and books [39—
44] are written on this simple graph invariant. Some in-
dices related to Wiener’s work are the first and second mul-
tiplicative Zagreb indices [45], respectively:

@G =[] @

uev(G)

LG = [] du-dv
uveE(G)

and the Narumi-Katayama index [46]:

NK(G)= [] du

uev(G)

Like the Wiener index, these types of indices are the focus
of considerable research in computational chemistry [47—
50]. For example, in 2011 I. Gutman [47] characterized the
multiplicative Zagreb indices for trees and determined the
unique trees that obtained maximum and minimum val-
ues for M1(G) and M2(G), respectively. S. Wang and the last
author [50] then extended Gutman’s result to the following
index for k-trees:

wiG)= [[ @’

ueVv(G)
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Notice that s = 1, 2 correspond to the Narumi-Katayama Theorem 1

and Zagreb index, respectively. Based on the successful

consideration of multiplicative Zagreb indices, M. Eliasi et Let HcDN1 (n) be the honeycomb derived network of di-
al. [51] continued to define a new multiplicative version of —mension 1. Then

. AN
the first Zagl’eb index as 1. IIZ (HCDNl (n)) — % ( 186X1512;§7018x3627 )
* n\ N
LG = [[ (du+dy. 2. I3 (HeDN1 (m)) = 2533 (2800122 )
uveE(G)

20372 (815x64'2x121%x1447™ \ "
. HII, (HcDN1 (n)) = 2237 (810642 21%

3
Furthering the concept of indexing with the edge set, the g5 [ 56 gioon \ T
first author introduced the first and second hyper-Zagreb 4. HII> (HCDN1(n)) = 75 (MW)

indi 30a,936a [ 536a,312a,1118a,1527an \ 1
indices of a graph [52]. They are defined as 5. MZ% (HcDN1 (n)) = 2 111§a (2 3 - 21517 5012 )
a a a a an n
HIL(G)= [[ (du+dv)? 6. MZ§ (HCDN1 (m) = & (22282006 )
uveE(G) 27 n
7. XII(HcDN1 (n) = il ( LR >
HIL (G)= [[ (du-dv)? L, \emmaegTar
WeE(G) 8. xII(HcDN1 (n)) = 2 (525%)

n
In [53], Kulli et al. defined the first and second generalized 9. ABCII (HcDN1 (n)) = 530 (2425 x360x73x10%" >

o 6345 87
Zagreb indices: 23 572 x627n

18 12,29, 15\ 1
10. GAII (HcDN1 (n)) = 5oy (%)

MzE(G)= [ (du+dv)* ]
uveE(G) 11. GA®II (HcDN1 (n)) = =5 ilree (39ax515uxzua)

315ax515ax)3a 1118a

MZ5G)= [ (du-an)*
uveE(G) Proof:
Multiplicative sum connectivity and multiplicative prod-

uct connectivity indices [54] are define as The honeycomb derived network of dimension one

HcDN1 (n) is obtained by taking the union of the honey-

SCII(G) = H 1 comb network and its stellation, which is a planar graph.
uveE(G) du + dv In the honeycomb derived network HcDN1 (n),
1 1 |V (HcDN1 (n))| = 9n* -3n+1
PCII(G) = —_—
uveE(G) v du - dy

|E(HcDN1 (n))| = 27n* - 21n+ 6
Multiplicative atomic bond connectivity index and multi-

plicative Geometric arithmetic index are defined as There are five types of edges in E (HcDN1 (n)) based on the

degree of end vertices, i.e.,
dy+dy -2

ABCII(G) = uvel;[( GV dd E: (HcDN1 (n)) = {uv € E(HcDN1 (n)) : dy =3, dy = 3}
E, (HcDN1(n)) = {uv € E(HcDN1(n)):dy =3,dv =5}
6 - | Z;i/m E5 (HcDN1 (n)) = {uv € E(HcDN1 (n)) : dy = 3, dy = 6}
werg dy E, (HcDN1 (n)) = {uv € E(HcDN1(n)) : du = 5,dy = 6}
Es (HcDN1 (n)) = {uv € E(HcDN1(n)) : dy = 6, dy = 6}
GA“II (G) = H ( zdi ij:é{f\/) ‘ It can be observed from Figure 1 that
uveE(G)

|E1 (HcDN1 (n))| =6

|E2 (HcDN1 (n))|=12(n-1)
|E3 (HcDN1 (n))| = 6n

|E4 (HcDN1 (n))| =18(n-1)

In this section we give our computational results. |Es (HcDN1 (n))| = 27n* - 57n + 30

3 Computational results
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Now, 1 12(n-1) 1 6n 1 18(n-1)
X X X | —F—
6 (=) (=) (=)
II, (HcDN1 (n)) = 11 dy-dy=(3x3) 2 27
wveEHDN () s ( 1 )27n -57n+30 ~ 119 657 x 37n
x (3 x 5)120171 x (3 x 6)°7 x (5 x 6)181) 6+6 202230\ gan x 218 %37 x 117

< (6 x 6)27n2—57n+30 _6% ( 18°% x 1512 x 3018 x 3627”)n

- 6
530 357 1 1
XII (HcDN1 (n)) = 11 = < )
uveE(HcDN1(n)) ¥ du - dv V33
II7 (HcDN1 (n)) = H (du+dy)=(3+3)° § ( 1 )12(n—1) 3 ( 1 >6n ) ( 1 >18(n—1)
uveE(HcDN1(n)) \/ﬁ m ﬂ
x (3 +5)1207D (3 4 6)" x (5 + 6) 18T ( 1 )27n2—57n+30 515 ( 245 336 )n
X —_— = — | —
X (6 + 6)1TM5TnI30 _ 230336 /96 x 812 x 1118 x 12271\ " V66 621 \ 515 x 627n
- 1118 1257 °
ABCII(HcDN1(m) = [] %
6 uveE(HcDN1(n)) w- s
HIT, (HeDNT (m) = I1 (du + vy’ = {(3 ¥ 3)2} * 12(n-1)

6
uvE€E(HcDN1(n)) =( 3+3—2> x( 3+5—2)
12(n-1) 6n 18(n-1) V 3.3 \/ 3-5

[(3 ; 5)2} x [(3 n 6)2] x [(5 + 6)2}

6n
) 27n%-57n+30 “ 3+6-2 N 5+6-2
X[(6+6)} V376 V 56
260 372 /816 4 6412 % 1218 x 144277\ " 27n2-57n+30
BRERES 14457 ' x (,/6266_2>

18(n-1)

X 6 530 2% (360 73 w1050 "
HIL (HDN1(m) = [[  (du-dn)? = [(3 x 3)2} - e - .
uveE(HcDN1(n)) X 572 x 627n
12(n-1) 6n 18(n-1)
x (3% 5)? x[3x6)?| x |(5x6)° Ve dy
o57] "+ [ox 7] x5 e [ 2
27n?-57n+30 84 /560, 1080\ " dy +dy
x | (6 x 6)2 -2 . uveE(HcDN1(n))
[ 560 \ 2180 x 3144 6 12(n-1) 6n
_ 2/3-3 N 2v/3-5 N 2v3-6
3+3 3+5 3+6
MZ§ (HcDN1 (n)) = H (du+dy)* = [B+ 3)"}6 —— 12(n-1) ——— 27n’-57n+30
uveE(HcDN1(n)) X (25 i 66> X (26566>
12(n-1 6 18(n-1
< [E+5 "< [ +6))" <[5+ 1118 (212,39 515\ "
x [(6.+6)4 7T 7m0 DX 1178 '
230a , 336a /536a  312a , 1 118a , 1p27an n a
T T 118 ( 12574 ) . GA®II (HcDN1 (n)) = H 2vVdu - dv
dy +dy
uveE(HcDN1(n))
. 216 21 12(n-1)
MZ§HDN1(m)= [ (du-dv)*=[3x3)7] _ (2\/3'3) y (2V3'5)
uveE(HcDN1(n)) 3+3 3+5
12(n-1 6 18(n-1 6 8(n-
x [(3x5)7] (n )X[(3x6)a]nx[(5x6)a} (n-1) (2378 a n>< »VETE a7 18(n-1)
g127ni-57n30 6424 (3424 4 530a  H24a 3627an\ " 3+6 5+6
x [(6x6)7] = £30a 57a :
5 2_
36 a1 27n*-57n+30
N 2v6 -6
6+6

uveE(HcDN1(n))

6
XII (HcDN1 (n)) = H N 1+ == (\/31+ 3) 1118a <39a « 515a 5 9124\ "
u \4 = .
315a x 515a x D3a 1118(1
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Theorem 2

Multiplicative topological indices of honeycomb derived networks = 21

Eg (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 6, dy = 6}

Let HcDN2 (n) be the honeycomb derived network of di-

mension 2. Then

1. II, (HcDN2 (n)) =
2. IT; (HcDN2 (n)) =

3138X718x1912
242x530%1130x1312

3. HII, (HcDN2 (n)) =

5150 24283162

287x318

84,3228 (2108nx372nx590 ) n

263n,518,.1118,354n,136 ) n

3276x736X1924 (212671)(1136x3108nx1312><536

%

E9 (HcDN2 (n)) = {uv € E(HcDN2(n)) : dy = 6,dy = 9}
E10 (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 6,dy = 10}
E11 (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 6, dy = 12}
E12 (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 9,dy = 10}
E13 (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 9, dy = 12}

Ei14(HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 10, dy = 10}
Ei15 (HcDN2 (n)) = {uv € E(HcDN2(n)) : dy = 10,dy = 12}

2845560,1160x1324 21263300
4. HII, (HcDN2 (n)) = 25:3%° (2116"x3;144"x5180>" E16 (HcDN2 (n)) = {uv € E(HcDN2 (n)) : dy = 12,dy = 12}
* 5 24563324

5. MZ% (HcDN2 (n)) =

(397X713x1130>(1912 ) a (263nx354n>(518x1118 ) an

21884530%132 263x3150

It can be observed from Figure 2 that

|E; (HcDN2 (n))| = 6

6. MZ% (HcDN2 (n)) = (
7. XII (HcDN2 (n)) =

5145

89,3233 a 272n,372n,585 an
2197x3167

|E> (HCDN2 (n))| = 12 (n - 1)
|E5 (HcDN2 (n))| = 12

151
2215515,1115,136 230,377
369x79x196

2114)(381

n
-53
59x119x133x2311x3 2 xgnn+1)

|E4 (HcDN2 (n))| = 6 (n - 2)
|Es (HcDN2 (n))| = 6 (n - 1)

8. xII (HcDN2 (n)) =
9. ABCII (HcDN2 (n)) =

575 n
1254x3114 \ 545x)54ny336n

|E¢ (HcDN2 (n))| = 12
|E; (HcDN2 (n))| = 12 (n - 2)

n

136x718

9 9
230,3102,575,1194176x193 (218X399X7QX136X21871X5 2%112"
99

9 27
52 x11 2 x336n

|Eg (HcDN2 (n))| = 9n* = 21n + 12

212x369x527

10. GAII (HcDN2 (n)) =

11. GA®II (HcDN2 (n)) =
( 29611391312

2964113051312
324x545571851912

212><369><527

a an
324X545X718x1912 ) ( 1118X136X272nx318n )

3.1 Proof:

n
1118x136x272nx318n )

|Eg (HcDN2 (n))| = 12
|E1o (HcDN2 (n))| = 18 (n - 2)
|E11 (HcDN2 (n))| = 18n% — 54n + 42
|E12 (HcDN2 (n))| = 12
|E13 (HcDN2 (m)| = 6
|E14 (HcDN2 (n)| = 6 (n - 3)

The honeycomb derived network of dimension 2
HcDN?2 (n) is obtained by taking the union of the honey-
comb network, its stellation and its bounded dual, which
is a non-planar graph. In the honeycomb derived network
HcDN2 (n),

Now,

II, (HcDN2 (n)) =

|V (HcDN2 (n))| = 9n® -3n+1

|E15 (HcDN2 (n))| = 12 (n - 2)
|E16 (HCDN2 (n))| = 9n* - 33n + 30

dy-dy=(3x3)°

[1

uv€E(HcDN2(n))

|E(HcDN2 (n))| = 27n* - 21n+6

There are sixteen types of edges in E (HcDN2 (n)) based on

the degree of end vertices, i.e,

E; (HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E, (HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E3 (HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E,(HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E5 (HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E¢ (HcDN2 (n)) = {uv € E(HcDN2 (n)) :
E; (HcDN2 (n)) = {uv € E(HcDN2 (n)) :

x (3 x 5)12(n—1) x (3 x 9)12 x (3 % 1O)s(n—z) % (5 x 6)6(”_1)
x (5 % 9)'2 x (5 x 10)12("2) x (6 x 6)9n2721n+12 < (6% 9)2
x (6 % 10)18(n—2) x (6 12)18n2—54n+42 X (9 10)12

x (9 x 12)6 x (10 x 10)6("*3) x (10 x 12)12(n—2)

du=3,dy =3} x (12 x 12)9n2—33n+30 _ 284 x 3228 (1081, 3721, 590\ ™
du =3’dv=5} 5150 2428X3162

du = 3’ dV = 9}

dy=3,d,=10}  II; (HcDN2 (n)) = [T du+tad=3+3)°

du =5, dv - 6} uveE(HcDN2(n))

de =5, dy = 9} (3 +5)1200D 4 (3 49)12 x (3 4+ 10)50"D) x (5 + 6)50D)

— 2_ +
du = 5,dy = 10} x (5 +9)12 x (5 + 10)12(n 2) o 6+ 6)9" 21n+12
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x (6 + 9)12 x (6 + 10)18("-2) x (6 + 12)18n2—54n+42 x [(10 + 10)a] 6(n-3) x [(10 + 12)a] 12(n-2)
x (9 +10)12 x (9 + 12)® x (10 + 10)°(*3) < [(10+12 a]9n2—33n+30 (37 %71 x 1130 x 1912\ ¢
( ) B 2188 4 530 x 132

x (10 + 12)12(n—2) x (12 + 12)9n2—33n+30
3138 x 718 x 1912
T 242x530 1130 x 1312

26371 x 3541‘[ x 518 x 1118 an
< 263 x 3150 )

X

5+ } [(5 +9)’] P (5+10y°] e

12(n-2)

2630, 518 118, 354n 136\ .
( 287 x 318 > : MZ§(HeDN2(n) =[] (du-dv)* = [(3x3)"]
uveE(HcDN2(n))
3% 51811200 | 13 91a112 163 5 10)216002)
HIL (HDN2() = [ (du+d)? =[G+ 3)2}6 x[(3x5) ]6(n_1) [( 2 ]12 [( 3 ]12(H)
uveE(HcDNZ(n)) x [(5x6)"] x [(5x9)*] 7" x [(5x10)"]
5 } - [(3 +9) } [(3 +10) } n-2) [(6 % 6) ]9n “21n+12 [(6 y 9),1] 12 [(6 » 10)(1] 18(n-2)
[(6 < 12) ]18n2_54n+42 < [(9 o 10),1}12 y [(9 y 12),1}6
x [

(10 x 10)7] %" x [(10 x 12)7]

) 89, 2233\ 4
x[(12x12)"]9" 33n+30=(2 x3 )

}Qn -21n+12 [ 18(n-2)

6+ 9)2} 2 [(6 + 10)2}

}18n -54n+42 [

x (6 +6)

5145

©+107] “x [0+ 127 (£ 5>

o
[
[
x {(6 +12)
|
|

- 2(n-2)
x [(10 + 10) } x [(10 +12) } 2197 x 3167
9n? 33n+30 3276 % 736 % 1924 ]
x [(10 +12) } 1 1
" 284,560 x 1160 x 1324 XI@HDN2m)= ] _ < )
1261 5 1136 5 3108n 1312, 536\ " uveE(HcDN2(n)) ¥ du +dy vV3+3
( 2126 » 3300 ) 1 12(n-1) 1 12 1 6(n-2)
X _— X —_— X -
(\/3+5) (\/3+9) (m>
6 6(n-1) 12 12(n-2)
HIL (HDN2(m) = [[  (du-dv)?= [(3 x 3)2} N ) y < 1 ) y ( 1 )
uveE(HcDN2(n)) 5+6 VvV5+9 Vv5+10
-1) 12 6(n-2) 9n*-21n+12 12 18(n-2)
x } x {(3 X 9)2] X {(3 x 10)2} X 1 ) x (71 ) x <71 >
6+6 V6+9 V6 +10

X

} 12(n-2)

(5x6) } . >< [(5 x 9)2} v x [(5 x 10)? 1 18n*-54n+42 1 12 1 6
}18(,1_2) x(m) (m) (m)

e
|
y [(6 y 6) }9n -21n+12 [(6 y 9)2] 12 y [(6 y 10)2
|
|
|

(6x12) }18n -54n+42 [(9 N 10)2} 12 N [(9 y 12)2} 6

X
9 2*33 +30 21 1 1
n n 2 XS SX]] 5)(]36

x [(10 x 10) } x [(10 X 12)2} 12+ 1 369 x 79 x 19°

9n®-33n+30 151 n
(12x12) } 24377 .

=53
2168 , 3456 (2216n x L44n o 5180)” 59 %117 x 133 x 2311 x 372 x pn(n+1)

12(n-2) %

1 6(n-3) 1 12(n-2)
- wf —=
\/10+10> <\/10+12>

1
V4 2

5300 2456 x 3324
xII (HcDN2 (n)) = 11 LI ( ! )6
MZ{ (HcDN2 (n)) = 11 (du+dy)* = [3+3)%]° weEHDN 2y ¥ Au-dv \V3.3
uveE(HcDN2(n)) 1 12(n-1) 1 12 1 6(n-2)
% [3+5)7" V< [3+9)7" x [3+10)9]°"? * <\/3.5) ) («3.9) * <\/3.10>
x [(5 + 6)&} 6(7‘!—1) x [(5 + 9)(1] 12 « [(5 + 10)a] 12("—2) y ( 1 )6(1’1—1) 5 ( 1 )12 5 ( 1 >12(n—2)
9n?-21n+12 12 18(n-2) V5.6 V5.9 v5.10
X [(6 + 6)a} ™ [(6+ 9)a} X [(6 + 10)61 " 1 9n2-21n+12 1 12 1 18(n-2)
% [(6 " 12)a] 18n*-54n+42 [(9 + 10)a}12 « [(9 + 12)a}6 X (76_6) X < n 9> x < — 10)



DE GRUYTER

1 18n°-54n+42 1 12 1 6
X(\/6+12> x(\/9+10> X<\/9+12)

1 6(n-3) 1 12(n-2)
X _— X Ry
(\/10+10) <\/10+12>

1 9n’-33n+30 575
X B — - 2
( 12+12> 12°%4 x 3114
2114 x 381 n
ABCH(HcDN2(m) =[] dy +dv-2
du -dy
uve E(HcDN2(n))

12(n-1)

6
B 3+3-2 N 3+5-2
V733 V35
12 6(n-2)
y /3+10-2
3.10
6(n-1) 12
5+6-2 6 2 5 5+9-2
5.9

12(n-2) 9n*-21n+12
5+10-2 10 2 N 6+6-2
6-6
12 18(n-2)
6+ 9 2 N [6+10-2
6-10

2

18n>-54n+42 12
6+ 12 2 9+10-2
C6-12 9-10

6(n-3)
9+ 12 2 10+ 10-2
S 9.12 10 10
12(n-2) 9n%-33n+30
10 +12-2 “ 12+12-2
10 12 V 12-12

3102

575 % 11% x 176 x 193
136 x 718

n

9 9
218n x Sjn x 11?)‘[

1 ><399><79>(136>(

29 27
52 x1172 x336n

GAII(HcDN2(m))=  [[ 2Vdy - dy
u + dv
uveE(HcDN2(n))
_(2v33\° 235\ (2v3e\ P
3+3 3+5 379
(23 10\ 256\ 2y59\ "
3+10 5+6 5+9
2_
(2510 ravEe\ T T
5+10 6+6

Multiplicative topological indices of honeycomb derived networks

) <zm)” ) (zﬂ)“‘("‘”

6+9 6+10
2_
) zm 18n 54n+42>< zm 12
6+12 9+10
_(2v9-12\° (2v10-10\ "
9+12 10+ 10

10+12 12 +12

_ 296 x 1130 x 1312 12 x 369 x 527 n
B 324 5 545 % 718 x 1912 \ 1118 136 x 272n 3180 )

— 2_
X(z 10.12)1201 2)x(2 12.12>9n 33n+30

a _
GA®II (HcDN2 (n)) = dy +dy

1 <2\/m)“

uveE(HcDN2(n))
6 12(n-1)
[r2v33\ | [(2v35) !
3+3 3+5
6(n-2)
V3-9\* | (2310 ™
3+ 3+10
(n-1) 112
(259
5+9

5
(€2
[z ]““ (]
(
(e
€=

In’-21n+12

2@) ]ux [(m)a} 18(n-2)

18n-54n+42

12
(2612 a Ll (2v9-10 “
6+12 9+10
6 6(n-3)
(2912 a4 .| (2v10-10 a>r
9+12 10+ 10
12(n-2) 9n*-33n+30
| (2v10-12)\° ! | (2v1z-12)° R
10+ 12 12+12

324 x 545 x 718 x 1912
212 x 369 x 527 an
(1118X136X272nx318n> )

Theorem 3

( 296, 1130 x 1312 )a

Let HcDN3 (n) be the honeycomb derived network of di-
mension 3. Then

30,378 108n,3108n, 530 \
1. II, (HcDN3 (n)) = 223 (2 e )

* 296,330 [ 5108n,354n,512,712,1118 n
2. IIl (HCDN3 (n)) = 512:1118 . 21;(6X3;<2 .

192 60 216n 108n 24 24 36 n
3. HII; (HcDN3 (n)) = 223 (2 SR )

524%1136
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60,3156 ( 5216n,3216n,560 \ I
4. HIIZ (HCDN3 (n)) = 560 21683324
a 296a,330a (108, 354n,512,712,1118 an
5. MZ§ (HcDN3 (n) = 252 T Tera

6. MZ§ (HcDN3 (n)) = 2533™ ( 210031087570 ) “

530a 3843162

248x315

6,119 93,336 n
7. XII (HcDN3 (n)) = 224 (ZSWB%MGXﬁxng)

15 42,381 n
8. XII(HCDN3 () = 51235 ( ysityiinesrs )
42 27n,912,3105 76 n
9. ABCII(HEDN3 () = 5.3557e ( Smisstngi )

10. GAII (HcDN3 (n)) = Px11!8 (

102,53 n
269x53

39x712x1118

9a,1118a 102 3 an
11 GA“II (HCDN3 () = S5l (5525w )

Proof

The honeycomb derived network of dimension 3
HcDN3 (n) is obtained by taking the union of the hon-
eycomb network, its stellation and its medial, which is a
non-planar graph.

In the honeycomb derived network HcDN3 (n),

|V (HcDN3 (n))| = 18n® —6n + 1

|E (HcDN3 (n))| = 54n” - 42n + 12

There are seven types of edges in E (HcDN3 (n)) based
on the degree of end vertices, i.e.,

E1 (HcDN3 (n)) = {uv € E(HcDN3 (n)) : dy = 3, dv = 4}
E, (HcDN3 (n)) = {uv € E(HcDN3 (n)) : du =3,dv = 6}
E5 (HcDN3 (n)) = {uv € E(HcDN3 (n)) : dy = 4, dy = 4}
E,(HcDN3 (n)) = {uv € E(HcDN3 (n)) : dy = 4,dv =5}
Es (HcDN3 (n)) = {uv € E(HcDN3 (n)) : du = 4,dv = 6}
E¢ (HcDN3 (n)) = {uv € E(HcDN3 (n)) : dy = 5,dv = 6}
E; (HcDN3 (n)) = {uv € E(HcDN3 (n)) : dy = 6,dy = 6}

|E1 (HcDN3 (n))| = 12n

|E2 (HcDN3 (n))| = 6n

|E3 (HcDN3 (n))| = 6n

|E4 (HcDN3 (n))| = 12 (n - 1)

|Es (HcDN3 ()| = 12 (n - 1)

|E¢ (HcDN3 (n))| = 18 (n - 1)

|E; (HcDN3 (n))| = 54n® - 108n + 54

Now,

IT, (HcDN3 (n)) = 11
uveE(HcDN3(n))

x (3 % 6)™ x (4 x 4)°™ x (4 x 5)120171) (4 x 6)12(71)

dy - dy = (3 x 4)'*"

DE GRUYTER

230 x 378

— 2_
x (5 x 6)18(n 1y (6 x 6)54" 108n+54 _ 550

<2108n x 3108n x 530)"

384 x 3162

II7 (HcDN3 (n)) = 11 (dy +dy) = B +4)*"
uveE(HcDN3(n))
% 3+ 6)5T x (4 + &) x (4 + 5)1 200D (4 4 6)120+-D)
96 230
18(n-1) 54n2-108n+54 _ 27 X3
X(5+6) n X(6+6) n n —W

2108n . 354n 12 712 1118\ "
( 2186 « 372 ) :

HII; (HcDN3 (n)) = 11
uveE(HcDN3(n))

- [6+ 4] e (G+6y] " [+ 477] o
. [(4 . 5)2} 12(n-1) § {(4 . 6)2} 12(n-1)
<[5+ 67 BN 6+ 67

B 2192 x 360 (221671 x 31081’1 x 524 x 724 x 1136)”

(dy + dv)?

} 54n%-108n+54

5245 1136 2372 5 Q144

HII, (HcDN3 (n)) = [ @-ay

. quE(HCLG)rII\B(n)) .
- [(3 x 4)2} x [(3 x 6)2} x [(4 x 4)2}

y [(4 y 5)2} 12(n-1) 5 [(4 5 6)2} 12(n-1) y [(5 <6

54n°-108n+54 60 , 3156
fngr L

<2216n x 32167’[ x 560)"

18(n-1)
Y]

2168 x 3324

MZ{ (HcDN3 (n)) = 11
uveE(HcDN3(n))

— [(3 + 4)a:I 12n % [(3 + 6)a] 6n % [(4 + 4)(1] 6n

x [(4 + 5)!1] 12(n-1) x [(4 + 6)(1} 12(n-1) % [(5 + 6)11] 18(n-1)
96a 330a

(dy +dy)?

54n%-108n+54 _ 2
512a » 11184

2108n  354n  £12 712 1118 an
< 2186 x 372 ) :

X [(6 + 6)“]

XII (HcDN3 (n)) = II \/ﬁ

uveE(HcDN3(n))

1 12n 1 6n 1 6n
) (VB+4) g (¢3+6) § <¢4+4>



DE GRUYTER

1 12(n-1) 1 12(n-1)
X —_— X —_—
() (s

1 18(n-1) 1 54n?-108n+54
X _ X -
(m=) (=)

56x11° 2%3 x 336 "
- 248 x 315 (254ﬂ x 327N x 56 % 76 x 119)
12n
1 1
II (HcDN3 (n)) = =
XIHDN3 ()= ] e (m)

uveE(HcDN3(n))
1 \6" 1 \6" 1 12(n-1)
) <1)12(n—1) ) (#) 18(n-1)
V46 V56
1 54n%-108n+54 515 242 4 381
x (\/ﬁ) = 215 x 339 (254n % 354n » 515

fdy+dy -2
du'dv

n

ABCII (HcDN3 (n)) = 11
uveE(HcDN3(n))

12n 6
_ 3+4-2 N 3+6-2
“\V 3 V7376
6n 12(n-1)
[4+4-2 [4+5-2
X _— X -
( 4.4 4.5
12(n-1)
[4+6-2 [5+6-2
X _ X -
4-6 5-6
54n?-108n+54
) 6+6_2 n n+ ) 542
V 6:6 T 26 x357 x 76

(227n x 212 3105 76>”

18(n-1)

227n x 354n x 563

GAII(HDN3(m)= ] 2vdy - dy
dll+dv
uveE(HcDN3(n))
(2T 256\ (2/aE)
3+4 3+6 414
. 2WE5 12(rl—1))< Wi 6 12(n-1)
4+5 4+6
_ o8
5 2/5-6) 2 1)x 2 /GG S -108n+54
5+6 6+6

39><1118 2102x53 n
= 269 X 53 (39 x 712 x 1118>

GA®II (HcDN3 (n)) =

2\/du'dv a
H ( dy +dy )

uveE(HcDN3(n))

Multiplicative topological indices of honeycomb derived networks

6n

CEEINEES)

r a16n a1 12(n-1)
N 2V4- 4 N 2V4 -5
4+ 4 4+5
- 4 12(n-1) 18(n-1)
l(2vae)* 256\
4+6 5+6
- a7 54n?-108n+54
N 2v6-6
6+6

39a x 11184 < 2102 , 53 )‘1”

39x712x 1118

Theorem 4

" Let HcDN4 (n) be the honeycomb derived network of di-

mension 4. Then

1. II] (HcDN4 (n)) =

315651912
2276x518728251130x1312

2. HII, (HcDN4 (n)) =
3312x1924 (2198"><390"><536><7312><1136><1312 )n

299m, 345n, 518, 7156 1118, 136 n
29x3153

2552x536x7564%1160x1324 2183306
2192 2324n 3252n 372 5420 n
3. HII, (HcDN4 (n)) = 36725804 . 246>8< .
(13 A/ 5162n 41620 436,210 \ AN
4. MZ% (HcDN4 (n)) = (333§X5m) (2 S )
5. XII (HcDN4 (n)) =
n
2138X59X7141X1115x136 Z%XB%
378x196 99 = 45
272 "x3°2 "x59x778x119x133

n
6. xII (HcDN4 (n)) = 316;32‘“ ( 2117 )

281nx363n%318x5105

7. ABCII (HcDN4 (n)) = 5211 x13°17°x19”

483 399 15\ "

2 2 nx357"x536"x2 2 >(3273><5123><715><11 2

33
112

_ 230><1130><1312 22771)(23)(351)(515 n
8. GAII (HcDN4 (n)) = 25 0x37 (20023 5

a
9. GAYII (HcDN4 (n)) = (M>

533x718x1912
227n,93,351,515 | A1
318nx712x1118x136

Proof

The honeycomb derived network of dimension 4
HcDN4 (n) is obtained by taking the union of the hon-
eycomb network, its stellation, its bounded dual and its
medial, which is a non-planar graph.

In the honeycomb derived network HcDN4 (n),

|V (HcDN4 (n))| = 18n” - 6n+ 1

|E (HcDN4 (n))| = 63n -57n + 18
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There are sixteen types of edges in E (HcDN4 (n)) based on

the degree of end vertices, i.e.,

E; (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E, (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E3 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E, (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
Es (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
Eq (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E; (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
Eg (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E9 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E10 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E11 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
Ey; (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E13 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E14 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E15 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E1¢ (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E17 (HcDN4 (n)) = {uv € E(HcDN4 (n)) :
E1g (HcDN4 (n)) = {uv € E(HcDN4 (n)) :

|E; (HcDN4 (n))| = 12n
|E, (HcDN4 (n))| = 12
|E3 (HcDN4 (n))| = 6 (n - 2)
|E4 (HcDN4 (n))| =
|Es (HcDN4 (n))| = 12 (n - 1)
|E¢ (HcDN4 (n))] = 12 (n - 1)
|\E; (HcDN4 (n))| = 6 (n - 1)
|Es (HcDN4 (n))| = 12
|Eg (HcDN4 (n))] = 12 (n - 2)
[Exo (HEDN4 ()|
|E11 (HcDN4 (n))| = 12
|E1> (HcDN4 (n))| = 18 (n-2)

|E13 (HcDN4 (n))| = 18n” - 54n + 42

\Evs (HCDN4 (n))| = 12
|E15s (HCDN4 (n))| =

dy =3,dy =4}
dy =3,dy =9}
dy =3,dy = 10}
dy =4, dy = 4}
dy = 4,dy =5}
dy = 4,dy = 6}
dy =5,dy =6}
dy =5,dy =9}
dy = 5,dy =10}
du=6,dy =6}
dy = 6,dy = 9}
dy = 6,dy = 10}
dy = 6,dy =12}
dy =9,dy = 10}
dy=9,dy =12}

DE GRUYTER

% (3 % 9)12 x (3 x 10)°772) x (4 x 4)°™ x (4 x 5)12(*"V)
X (4 x 6)12017D) 5 (5 6)60D) . (5 x 9Y12 x (5 x 10)12(n2)
% (6 % 6)36n2—72n+36 x (6 x 9)'2 x (6 x 101802

% (6 % 12)18n2—54n+42 % (9 x 10)12 x (9 x 12)6

x (10 x 10)6("‘3) x (10 x 12)12(n—2) x (12 x 12)9n2—33n+30
296 ol62n o % 336 % 5210 n

~ 3336 x 5402 ( 5734 ) -

II; (HcDN4 (n)) = I1

uvEE(HcDN4(n))
x (3 +9)12 x (3 +10)°2) x (4 + 4)°" x (4 + 5)12D
x (4 + 6)12("_1) x (5 + 6)6(n_1) x (5 + 9)12 % (5 + 10)12(n—2)

3162)1

du + dv = (3 + 4)12"

X (6+ 6% 72136 (6 1 9)12 x (6 + 10)180)
x (6 + 12)18n2—54n+42 x (9 + 10)12 (9 + 12)6
x (10 + 10)57173) 5 (10 + 12)1201°2) (12 4 12)77 331430

3156 x 1912
- 2276 x 518 » 7282 » 1130 x 1312

=36n*-72n+36

du = 10, dV = 10} 299?’1 x 345" X 518 X 7156 x 1118 % 136 n
dy =10,dy, = 12} ( 29 x 3153 ) )

du = 12, dv = 12}

12n
HII, (HcDN4 (n)) = (du + dv)? = [(3 + 4)2}

[]

uveE(HcDN4(n))

« [(4 + 4)2} o

|
x [ )2} 12(n-1) [ )2} 12(n-1) y [(5 . 6)2} 6(n-1)
<[5 +9)? }nx 5+ 10 } o [(6 6) }36" Trame
< [(6+9) } < [(6+10) } {(6 . 12)2} 18n*-54n+42
«Jo+102] " x [0 +127]" x [0+ 207] "

|

2 9n*-33n+30
x [(10 +12) }

3312 x 1924
= 2552 x 536 x 7564 x 1160 x 1324
(2198” x 390}1 x 536 x 7312 x 1136 x 1312)”

218 3306

2 > 12n
|E16 (HcDN4 (n))| = 6 (n - 3) HII, (HcDN4 (n)) = 11 (dy - dy)? = [(3 x &) }
|E17 (HcDN4 (n))| = 12 (n - 2) . WGE(HCZI&(;» .
|E1s (HCDN4 (n))| = 9n? - 33n + 30 x [(3 x 9)2} x [(3 y 10)2} y [(4 x 4)2}
Now, 5 [(4 y 5)2} 12(n-1) y [(4 y 6)2} 12(n-1) § [(5 . 6)2} 6(n-1)
II, (HcDN4 (n)) = dy - dy = (3 x4)™" 12 12(n-2) 36n2-72n+36
’ uveE(Ig)NA(n)) x [(5 x 9)2} x [(5 x 10)2} x [(6 x 6)2}
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<6 9)2}12 < |6 10)2}18("_2) x |6 12)2}18"2_5%42 y ( 1 )12 < ( 1 )6 « (71 )601 3)
J9+ 10 Jo+ 12 /10+ 10
2112 21° 2160
v [(9><10) } x [(9x12) } x [(10x10) }

1 12(n-2) 1 9n“-33n+30
X _— X -
}9n2733n+30 (\/10+ 12) (\/12+ 12)

2138 x 59 x 7141 x 1115 x 136

y [(10 % 12)2} e [(12 x 12)?

g2 2324, 32521 , 372, 420\ ™ = 378 x 196
~ 3672 x 5804 2468 : 22 312 153 "
X
12n 2%"x3%"x59x778x119x133
MZ§ (HcDN4 (n)) = 1T (du+dv)* = [3+4)"]
uveE(HcDN4(n))
1
3+9) ]12 x[3+ 10)“]6("_2) x [(4+ 4)“]6n XII (HcDN4 (n)) = H Vi d
u-4y
12(n-1) a112(n-1) a16(n-1) uvEE(HcDN4(n)
(4+5)°] x [(4+6)7] x[(5+6)7] 1o\ 1\ 1 6(n-2) 1 o\6n
12 12(n-2 36n>-72n+36 — X X | ——
] x [(5 +10)7) 2" x [(6 + 6) 0" T (\/3.4> <\/3.9> (\/3.10> <\/4.4)

< [(
<[
x [(5+9)"
<[
< [(
< [(

% [(6 x 12)11] 18n2-54n+42 « [(9 y 1O)a} 12 [(9 » 12)a]6

12n
% [(10x 10)7]%" P x [(10 x 12)7] 22 N OV EA e Y BV E S
e wa 3.4 3.9
a19n’-33n+30 _ 2 (12 .
X[(llez)} _(3336x5402> 3+10-2 (n )X 4142 n
3-10 4.4
12(n-1) 12(n-1)
+5-2 o [arbs-2
4.5 4-6

— 12
><< ! >1zx(1)6(n 2)x(1)6n ( 1z(n:)( 5;992) 36n-72n+36
T V) () ()

12

— 2_ - — —
(6 + 9)° 2 [(6+ 10)“]18(" 2) [(6+ 12)a]18n 54n+42 ) ( 1 )12(n 1) ) ( 1 )12(n 1) ) ( 1 )6(n 1)
9 +10)]" x [(9+12)%]® x [(10 + 10)4] " 4 V4.6 V587
1 12 1 12(n-2) 1 36n°-72n+36
12(n-2) 9n*-33n+30
(10 +12)7] x [(10 +12)7] x ( 5.9) x ( 5_10> x ( 7.6)
< 3156 , 1912 >“ 1 \2 1 18(n-2) 1 18n*-54n+42
- 6 30 12 X | — X [ —— x [ ——
2276 x 518 x 7282 x 1177 x 13 o ( 6.9) (\/6.10> <\/6.12)
(2991’1 x 34571 x 518 x 7156 x 1118 x 136> 1 12 1 6 1 6(n-3)
29 153 - X [ — X | —
x3 ( 9.10> <\/9.12) (\/10.10>
12(n-2) 9n“-33n+30
MZS(HDNa(m) =[]  (du-d)®=[3x3)"° (;) y (1)
uveE(HcDN4(n)) v10.12 v12.12
a112(n=1) a12 a16(n-2) 3168 , 5201 2117
x [3x5)1] x[Bx9)] " x [(3x10)1] = 548 281n x 3631 x 318 » 5105
% [(5 % 6)a} 6(n-1) % [(5 % 9)g} 12 % [(5 % 10)(1] 12(n-2)
9n*-21n+12 12 18(n-2 _
< [(6x6) " M [(6x9) P x [(6x 100" apciHeDNAm) - ] %
[ uveE(HcDN4(n)) U v

2162n  3162n . 336 , £210 an
2234

12n
XII (HcDN4 (n)) = ,/ . d ( >

quE(HCDN4(n)) X

18(n-2)

12(n-1) 12(n-1) 1 6(n-1)
X
( 5) ( ) (s) g
1 12 12(n-2) 1 36n%-72n+36 i +9-2 o[, j6t10-2
X 6-9 6-10

5+ V5 + 10 6+ ,
18n°-54n+42
6+12-2 N 9+10-2
< ) o Jirsce:

12 18(n-2) 18n%-54n+42
1 X
X
( V6 + 10 ) ( 6+ 12)

\O
o)}

12
1

6+

\O
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6 6(n-3)
“ /[9+12-2 N /10+10-2
9-12 10-10
12(n-2)
“ [10+12-2 N [12+12-2
10-12 12-12

C 523 %119x 136 x 176 x 193

9n?-33n+30

2282 % 724
2420, 357n , 536n 232 3273 5123 , 715 112 "
33
112
GAII(HDN4(m) =[] 27”1“;1‘”
uveE(HeDN4(n)) v
_(2v3-8\"" (2v39\" (2v3:10\°"7
3+4 3+9 3+10
zm 6n ) zm 12(n-1) ) zm 12(n-1)
4+ 4 4+5 4+6
1ETE 6(n-1) ) 2/5-9 12 ) 2/5-10 12(n-2)
5+6 5+9 5+10
) IWETE 36n2-72n+36 ) 2V69 12
6+6 6+9
— Z_
) ) ﬁ 10 18(n-2) ) Zm 18n°-54n+42
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4 Conclusions

In recent years, the computational physics problem on
special molecular network structures has gained attention
in theoretical physics. From the standpoint of graph the-
ory, one learns a real-valued function that assigns scores to
molecular graphs. What is important is the relative physic-
ochemical characters of the corresponding compounds in-
duced by those scores. This topic is distinct from both clas-
sical graph theory and physical computing problems, and
itis natural to ask what kinds topological index and molec-
ular structure generalizations hold for this problem. Al-
though there have been several recent advances in devel-
oping results for various settings of the molecular calcu-
lation problem, the study of topological indices of special
molecular networks has been largely limited to the spe-
cial mathematical setting. In this manuscript, the authors
study the multiplicative degree based topological indices
of honeycomb derived networks of dimension 1, 2, 3 and 4,
and their specific expressions are obtained. These results
can also play a vital part in the determination of the signifi-
cance of honeycomb derived networks. For example, it has
been experimentally verified that the first Zagreb index
is directly related to total m-electron energy. The Randi¢
index is useful for determining physicochemical proper-
ties of alkanes as noticed by the chemist Melan Randi¢ in
1975. He noticed the correlation between the Randic index
R and several physicochemical properties of alkanes like
enthalpies of formation, boiling points, chromatographic
retention times, vapor pressure and surface areas. Calcula-
tions of distance-based and surface-based topological in-
dices of these networks are an open problem in this area of
research. Also, the construction of new networks by taking
line graphs and para-line graphs of honeycomb networks
is an interesting problem.
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