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Abstract: An abrupt increase in urban road traffic flow
caused by incidental congestion is considered. The resid-
ual traffic capacity varies in different lanes after an acci-
dent, and the influence of accident duration on traffic flow
is taken into account. The swallowtail catastrophe model
was built based on catastrophe theory. The critical state
of traffic congestion under incidental congestion was ana-
lyzed using this model, and a traffic flow control scheme is
proposed with the goal of maximizing the traffic capacity.
Finally, the operational state of traffic flow under different
scenarios is analyzed through case study and the feasibil-
ity of the model is validated.
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1 Introduction

Incidental congestion refers to the congestion caused by
traffic accidents and emergency events on the road. The
duration of incidental congestion has a large impact on
traffic flow. Herein urban road traffic flow control is stud-
ied under incidental congestion as a function of accident
duration. The findings can lead to improvement of opera-
tional efficiency in traffic flow [1, 2].

Among relevant studies, Zhang et al. [3] considered
velocity as the major variable along with traffic flow and
rate of passage during modeling. Tang and Huang [4] in-
troduced time as another control variable into the swal-
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lowtail catastrophe model, which was used for traffic flow
prediction. Ao et al. [5] considered mixed motorized traf-
fic flow, and took the average velocity as a state variable
and the mixed rate of large vehicles and traffic flow as con-
trol variables, and built the cusp catastrophe model. Hu et
al. [6] introduced time as another control variable on this
basis and built the swallowtail catastrophe model to ana-
lyze traffic flow congestion. Although the above studies on
urban road traffic flow control generally produced realis-
tic findings, the studies only considered single-lane situa-
tions. Under the actual multi-lane situation, the traffic ca-
pacity of different lanes varies as well [7] and the duration
of accidents has a considerable impact on traffic flow.
This paper considers a multi-lane situation in urban
roads and discusses traffic flow control problems under in-
cidental congestion. The number of passable lanes will de-
crease once incidental congestion occurs, the actual traf-
fic capacity of different lanes varies, and the traffic density
increases. In addition, accident duration has an impact on
traffic flow. In this study the occupancy rate of traffic vol-
ume in carrying capacity of the road is taken as a state vari-
able. The variation rate of traffic flow and change in the
rate of passage are examined as dynamic indicators. The
swallowtail catastrophe model for traffic flow under inci-
dental congestion is built. The critical state of traffic con-
gestion under incidental congestion is analyzed by using
this model. Finally, the traffic flow control scheme is pro-
posed with the goal of maximizing the traffic capacity.

2 Catastrophe theory

The French mathematician, Thom, first described catas-
trophe theory in his book Structural Stability and Morpho-
genesis. Catastrophe theory usually consists of two param-
eters (state and control variables). The number of control
variables determines the state of the system. The catastro-
phe theory attempts to identify the catastrophe occurring
in the system by looking for the critical points of potential
functions.

Depending on the number of state and control vari-
ables, the catastrophe model has 7 different forms, includ-
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ing cusp and swallowtail. Based on an analysis of index
and state variables, modeling was conducted using the
catastrophe function. With the theoretical model of evo-
lution thus formed, the features of the system were inves-
tigated and the rules of catastrophe in the system were un-
derstood in theory. This model can aid the prevention of
a catastrophe by predicting the time, location, and conse-
quence of the catastrophe.

Catastrophe phenomena occurs in the urban road traf-
fic system under incidental congestion. The catastrophe
theory can characterize the changes in the system caused
by different parameters. This study chose the swallowtail
catastrophe model to analyze the critical state of conges-
tion upon the occurrence of catastrophe (incidental con-
gestion) in an urban road system. A scheme for traffic flow
control under this condition is proposed.

3 State and control variables of the
urban road traffic system under
incidental congestion

The occupancy rate of traffic volume and the carrying ca-
pacity of the road is a state variable, denoted as n(t):

X(t)
Y(0)
where X(t) is the traffic flow of the system and Y(¢) is the
carrying capacity of the road.

Variation in the traffic flow rate, variation in the resid-
ual traffic capacity of the lane, and time-variation are the
control variables.

Variation in traffic density is a control variable of the
traffic system. According to Greenshields velocity func-
tion, the mathematical expressions involving velocity u(t),
traffic flow V(t), and density K(t) are u(t) = aK(t) + b and
V(t) = K(Ou(t) = aK(t)? + bK(t), where a and b are coeffi-
cients obtained by regression analysis. Because the traffic
flow is linearly related to velocity, the traffic flow rate is
measured by traffic density. Thus, the variation in traffic
flow is M(¢t):

16 = =8 4 100% 0

V(@) - V(e)
V(i)
where V(i) is the traffic flow rate at the moment of the
catastrophe; V(t) is the traffic flow rate at time ¢, and V(¢t) =

ak(t)? + bK(t).
Variation in the residual traffic capacity is another
control variable of the system, denoted as N(t):
c() - ()
C@)

M(t) = x 100% ()

N(t) = x 100% 3)
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C(i) is the traffic capacity at the moment of catastrophe,
C(t) is the traffic capacity at time ¢, and C(t) = Ca;P. Cis
the design traffic capacity of the lane. P is the lane loss
coefficient, which reflects the decrease in traffic capacity
caused by accident. P is expressed as the ratio of the num-
ber of unoccupied, passable lanes to the original number
of lanes. P = % x 100%, where n is the number of occu-
pied lanes, and N is the original number of lanes [8, 9].
The traffic capacity varies for different lanes. The traf-
fic state of each lane is an important factor influencing the
traffic capacity of the lane. Multi-lane design is generally
adopted in urban road planning, and the stop and over-
taking of vehicles in one lane will cause disturbance to the
traveling of vehicles in another lane. This will further influ-
ence the overall traffic capacity. Generally, the center lane
is the least disturbed by accidents [10]. When there is no
separation zone in the lanes of the same direction, the traf-
fic capacity of the center lane is the highest. Thus, the cen-
ter lane is defined as lane 1. The lane on the rightmost side
has the lowest traffic capacity, and it is defined as lane 3.
The degree of influence is determined by the lane uti-
lization coefficient, aq. Starting from the center line of the
road, the coefficient for each lane on two sides of the center
line is 1.00, 0.8-0.89 (0.87), and 0.65-0.78 (0.73). The traffic
capacity of a lane is calculated by multiplying the traffic
capacity of one lane (usually the inner lane) by the lane
utilization coefficient of the corresponding lane. Because

accidents may occur in any lane, let a; = 1 -
1, 2, 3) be the traffic capacity loss coefficient of the lane,

2ag

where S (i=1, 2, 3)is the weight of the utilization co-
efficient of the lane in which the accident occurs to the sum
oflane utilization coefficients. a g (i=1,2,3)istheutiliza-
tion coefficient of the lane occupied by the accident.
Accident duration is the length of time from the mo-
ment of an accident to restoration of normal traffic flow.
Accident duration has a direct impact on traffic capac-
ity [11]. The longer the accident duration, the longer the
duration of the reduction in traffic capacity and the more
severe the consequence of the accident. The normal traffic
flow will not be restored until the accidents are cleared.
Therefore, the influence of accident duration on traffic
flow is considered, and time-variation is chosen as the
third control variable of the system, denoted as T(t):

T:(t) - Ts(0)
T2(¢)

where Ts(t) is the accident duration. T(t) is the time re-
quired for a vehicle to pass through this lane without inci-
dental congestion.

T(t) = )
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4 Swallowtail catastrophe model
for urban road traffic under
incidental congestion

The occupancy rate of traffic volume in the carrying capac-
ity of the road is the dynamic variable. The passage rate
of vehicles, traffic capacity, and time of passage are deter-
mined through the swallowtail catastrophe model for ur-
ban road traffic under incidental congestion:

Potential function:

E(n) = n(®)° + MOn(®) + N©On®©* + TOn®© )
Equilibrium surface:
5n(0* + 3M(E)n(t)* + 2N(HOn(t) + T(t) = 0 (6)
The bifurcation set must simultaneously satisfy

5n(0)* + 3M(On(t)? + 2N(On(e) + T(t) = 0

20n(t)® + 6M(t)n(t) + 2N(t) = 0 @

Simultaneous equations are built using formulae (6)
and (7). The bifurcation set of the swallowtail catastro-
phe model is obtained by eliminating n(t); however, this
method is complicated, so the bifurcation set is obtained
by the equilibrium section method [12]. As shown in Fig-
ure 1, the bifurcation set is a curved surface in 3D space
composed of M(t), N(t), and T(t).
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Figure 1: Bifurcation set of the swallowtail catastrophe model
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5 Critical state of catastrophe and
stability analysis

5.1 Catastrophe analysis

According to catastrophe theory, the bifurcation set has
features of points in a set. The bifurcation set is composed
of a series of critical values of the catastrophe, and the
points on the surface may be the critical points leading
to catastrophe in the traffic flow [13, 14]. When the value
ranges of the three control variables are not located within
the range of the bifurcation set, the traffic flow changes in-
stantaneously. This time point corresponds to the critical
point of the catastrophe. The occurrence of a catastrophe
depends on whether or not the equilibrium positions of the
bifurcation set have changed. Because the curve of the bi-
furcation set is multi-dimensional in space, the state vari-
able 7(t) is considered a parameter. With one control vari-
able fixed, the plane constituted by the other two control
variables is discussed. This method is used to analyze the
critical state of traffic congestion.

5.1.1 Because M(t) is constant, the N(t) — T(t) plane is
discussed. Because the bifurcation sets with
M(t) = 0 or M(t) < O are different, classified
discussion is conducted.

When M(t) = 0, the plane is divided into two parts, as
shown in Figure 2:

- V(1)

E(m

Fa /
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Figure 2: Bifurcation set of the swallowtail catastrophe model and
the potential function (M(t) = 0)
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Figure 3: Bifurcation set of the swallowtail catastrophe model and
the potential function (M(t) < 0)

Given the symmetry of the set, we only need to analyze
the situation when N(t) = 0. The equilibrium surface is
expressed as n°(t) = 1 [—SM(t) +/9M2(t) - 20T(t)}.

When T(t) > 0, it corresponds to region I in Figure 1. At
this time n?(t) < 0 and () has no real root; the equation
for the equilibrium surface has no real solutions. That is,
the potential function has no singularity, and there is no
equilibrium position.

When T(t) < 0, it corresponds to region III in Figure 1.
At this time, n(t) has two real roots (one positive and the
other negative). That is, the equation for the equilibrium
surface has symmetric solutions, and the curve is symmet-
ric as well. The function has different singularities. When
the solution is positive, E (n) < 0,E" (n) > 0, corresponds
to the point of minimum value and the point of stable equi-
librium. When the solution is negative, E (1) > 0, E" (1) <
0, corresponds to the point of maximum value and the
point of unstable equilibrium.

When M(t) < 0, the plane is divided into three parts,
as shown in Figure 3.

When T(t) > 0.45M?(t), it corresponds to region I in
Figure 1. The equation for the equilibrium surface has no
real solutions, and the corresponding potential function
has no singularities.

When 0 < T(¢) < 0.45M?(t), it corresponds to region
11 in Figure 1. At this time, the range of %(¢) is both posi-
tive and negative. By solving the equation, four positive or
negative solutions are obtained, indicating that the func-
tion has four singularities, which are represented as four
extreme values on the curve. This is verified through equa-
tion E* (17) = 20n(t)> + 6M(t)n(t) + 2N(t). The extreme val-
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Figure 4: Bifurcation set of the swallowtail catastrophe model and
the potential function (N(t) = 0)

ues correspond to the catastrophe points of the curve, and
exhibit a symmetric distribution.

By solving the equation, we obtain two different solu-
tions for the equilibrium surface, which correspond to two
extreme points and to the catastrophe points on the curve.

5.1.2 When N(t) = 0, the M(t) - T(t) plane is discussed.
As shown in Figure 4, the plane is divided into
three parts.

When M(t) > 0, T(t) > 0 or M(t) < 0, T(t) > 0.45M*(t), it
corresponds to region I in Figure 1. This equation has no
solutions; thus, the curve has no singularities.

When T(t) < 0, it corresponds to region III in Figure 1.
We obtained four positive or negative solutions for this
equation, indicating that the function has two singular-
ities. They are represented as two extreme points on the
curve, corresponding to two different catastrophe points.

When M(t) < 0,0 < T(t) < 0.45M>(t), it corresponds
to region II in Figure 1. The equilibrium surface has four
real solutions (two positive and two negative). Thus, the
potential function has four equilibrium positions, two of
which are stable and two of which are unstable. The equi-
librium positions correspond to two minimum points and
two extreme points among the four singularities.
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5.1.3 When T(t) = 0, the M(t) — N(t) plane is discussed.
The plane is divided into four parts, as shown in
Figure 5.

N(D)

--T(l)

Figure 5: Bifurcation set of swallowtail catastrophe model and the
potential function (T(t) = 0)

At this time, the solution for the equilibrium surface
contains \/5M3(t) + 25N2(t).

When M(t) > O,N(t) > 0 or M(t) < O,N(¢t) >
/-M3(t)/5, it corresponds to region V in Figure 1. The
equation for the equilibrium surface has different solu-
tions. Zero and negative solutions are represented by the
equilibrium points on the curve.

When M(t) > O,N(t) < 0 or M(t) < O,N(t) <
—v/—M3(t)/5, it corresponds to region IV in Figure 1. The
equation for the equilibrium surface has different solu-
tions. The zero and positive solutions are represented by
different equilibrium points on the curve. The positive so-
lutions are unstable.

When M(t) < 0,0 < N(t) < /-M3(t)/5, it corre-
sponds to region Il in Figure 1. The equation for the equilib-
rium surface has two different groups of solutions, among
which the positive solutions are unstable and the negative
solutions are stable.

When M(t) < 0,—+/-M3(t)/5 < N(t) < 0, it corre-
sponds to region Il in Figure 1. The equation for the equilib-
rium surface has two different groups of solutions, among
which the positive and negative solutions are stable and
the zero solution is unstable.

Based on the above discussion on potential functions
of the bifurcation set for each plane, the potential func-
tions and equilibrium points for each region in Figure 6

Urban road traffic flow control under incidental congestion as a function of accident duration
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Figure 6: Bifurcation set of the swallowtail catastrophe model in the
3D space

are summarized below. In region I, the potential func-
tion has no singularities, and therefore no equilibrium
positions. In region II, the potential function has more
singularities, with two different groups of extreme points
which display stability or instability. On the corresponding
curves, the extreme points are alternately arranged, indi-
cating that different equilibrium states may be mutually
transformable. Potential functions in region III, IV and V
have disparate extremum points, which are alternately ar-
ranged, indicating the risk of catastrophe.

The stable state of the system is the state corre-
sponding to the minimum of the potential function. When
E" (1) > 0, the potential function has a minimum point
(the stable equilibrium point). The stable singularity in-
dicates that the traffic flow is in a stable state and that
the system is stable and not prone to catastrophe. When
E" (n) < 0, the potential function has a maximum point
(the unstable equilibrium point), corresponding to the un-
stable state of the system. Therefore, the system is likely to
change from the current state to another state. Specifically,
an unstable system is susceptible to catastrophe. There is
a greater probability for the system to change state when
there are two unstable singularities. When E* (17) = 0, we
cannot determine the state of the traffic flow. Without an-
other imposed disturbance, the system under this state
will not change to another state and the catastrophe will
not occur.

Because of the heterogeneity of the three control vari-
ables, there are bifurcation sets for the traffic flow in dif-
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ferent ranges. Different forms of potential functions lead
to changes of the state variables in different state spaces,
which may result in a catastrophe. When the unstable
points cross over the bifurcation set, the properties of the
unstable singularities will change. The unstable points ei-
ther change from a stable state to an unstable state, or the
stable state vanishes completely, leading to a catastrophe
in traffic flow. The greater the number of unstable points in
theregion, the greater the probability of the catastrophe. b.
If the stable points are alternately arranged with the unsta-
ble points, the region with more stable points will evolve
towards the direction with fewer stable points. When the
stable points cross over the bifurcation set, the extreme
points in the function will cause catastrophe of the system
(i.e., traffic congestion). When the stable points change
to an unstable state or vanish completely, there will be a
catastrophe in the traffic flow. In contrast, the region with
fewer stable equilibrium points will evolve towards the di-
rection with more stable points. When the stable points
cross over the bifurcation set, the extreme points in the
function will no longer cause catastrophe of the system.
The entire system is still in a stable state.

5.2 Analysis of catastrophe features

Swallowtail catastrophe has some basic features, as fol-
lows: sudden jump; hysteresis; divergence; multimodality;
and inaccessibility.

5.2.1 Sudden jump

Sudden jump is the most commonly observed and most
frequently used feature in catastrophe theory. Sudden
jump refers to a large change in the value of the poten-
tial function within a short period of time as a result of
the changes in the control variables. As the traffic flow in-
creases continuously, the value of the potential function
also increases. When the traffic flow suddenly changes to
a degree that exceeds traffic capacity, the traffic flow will
instantaneously exceed the critical point of catastrophe.
Hence, the value of the potential function decreases sud-
denly and traffic congestion occurs.

5.2.2 Hysteresis
The occurrence of catastrophe is related to the direction of

control variable change. The position of the control vari-
able changes when it jumps from the first local minimum
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to the second local minimum, as compared with the sit-
uation when the control variable jumps from the second
local minimum to the first local minimum. That is, as the
direction of changing is reversed, the state of catastrophe
changes as well. This phenomenon is referred to as hys-
teresis. The traffic flow system obeys the Maxwell conven-
tion and there is no hysteresis.

5.2.3 Divergence

Changes in the state variables are caused by control vari-
able changes. Under most situations, even extremely small
changes in the dependent variables will cause oscilla-
tion of the system state. The influence of the variable is
more prominent in the region of the bifurcation set. Con-
sequently, the system will change into a completely differ-
ent state. Such instability caused by the disturbance of the
control variables is known as divergence. An example of
this is the severe traffic congestion after the sudden jump.

5.2.4 Multimodality

Under the action of different conditions and factors, the
system will exhibit different states. Within the range of the
model there are usually two unequal corresponding state
variables. The potential function may have two or more
minima. With respect to traffic flow, either unobstructed
traffic flow or traffic congestion may correspond to the min-
ima. This feature represents the multimodality of a swal-
lowtail catastrophe.

5.2.5 Inaccessibility

A system has an unstable equilibrium position. When the
system jumps from one stable state to another stable state,
a catastrophe occurs. It is impossible for an actual system
to directly cross over an unstable equilibrium position. As
the state of traffic flow evolves from stable to catastrophe,
there is no intermediate state. Thus, the intermediate state
is inaccessible.
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6 Urban road traffic flow control
scheme under incidental
congestion

The duration of a traffic accident consists of the time to dis-
cover the accident. Following an accident, the responsi-
ble driver will report to the traffic administrative depart-
ment. If the message is transmitted accurately and in a
timely, the time to discover the accident is designated as
zero time [15], which is followed by the time to respond to
the accident, time to clear the accident, and time to restore
normal traffic. The fourth stage is the restoration of traffic
flow and disappearance of congestion after handling the
traffic accident. Traffic congestion is closely related to the
accident. More importantly, the scale, nature, and time of
the traffic accident and traffic flow are uncontrollable vari-
ables. The duration of the traffic accident can be reduced
by increasing the efficiency of the traffic accident response
and handling [16-34].

The principle of traffic flow control is to determine the
state of traffic flow based on the catastrophe model and to
control catastrophe in traffic flow. The values of the three
control variables can be obtained from relevant data and
the region of the bifurcation set where the traffic flow is
located can be determined. By analyzing the properties
of sets in different regions, we can gain a thorough un-
derstanding of the stability of the entire system and the
influence of different variables on the system. Unfavor-
able changes can be avoided by taking countermeasures
against the inducing factors to reduce system risk and to
make the system more stable. The catastrophe model, as
described above, can aid the response and handling of the
traffic accidents. The goal is to maximize the traffic capac-
ity following the incidental accidents. Region II of the bi-
furcation set corresponds to the most unstable traffic flow.
If the traffic flow system is located in region II, a catastro-
phe will occur regardless of the direction of change in the
system. To control the urban road traffic flow under inci-
dental congestion, it is necessary to determine the system
state from the model, then decide on the possible mea-
sures to maintain a desired state. Apparently, if the system
is currently congested, it is necessary to take certain mea-
sures to reverse the unfavorable state. If the traffic flow is
unobstructed, specific measures can be taken to maintain
the system in the current region of the bifurcation set to a
prevent catastrophe, so as to achieve the maximum traffic
capacity.

When there is no incidental congestion, changing the
traffic capacity must be realized by changing the system

Urban road traffic flow control under incidental congestion as a function of accident duration = 1091

variables. This is important for keeping the traffic flow un-
obstructed and for avoiding catastrophe, congestion, and
traffic accidents. If the points do not cross over the bifur-
cation set and are maintained in the original region, the
system will not undergo a catastrophe. Alternatively, the
system can be made to evolve from the region of potential
catastrophe to the more stable and safer region to prevent
a catastrophe.

When there is incidental congestion and the traffic
flow catastrophe has already occurred, the control vari-
ables can be changed to enter the bifurcation set. The traf-
fic flow system will be made to evolve towards the direction
of a catastrophe to facilitate the catastrophe.

After a traffic accident, measures should be immedi-
ately taken to handle the accident, control the traffic flow
rate, and ensure the diversion of the traffic flow. During
the peak traffic hours, some coercive measures should be
taken to maintain an unobstructed traffic flow. Once the
traffic accident occurs, the emergency response plan must
be activated immediately. The nature, features, and scope
of the accident are determined, and effective measures are
taken to ensure normal traffic flow.

7 Case study

According to 2012 Urban Road Design Code, the design ve-
locity of this road section is 60 km/h, and the design traf-
fic capacity is 1400 pcu/h. The correction coefficients of
traffic capacity of the 3 lanes are 2.6, and the design traffic
capacity of this road section is 3640 pcu/h.

8 Conclusions and outlook

Considering the influence of accident duration on traffic
flow, the problem of urban road traffic flow control un-
der incidental congestion is discussed. Based on the fea-
tures of incidental congestion, the swallowtail catastrophe
model was built for traffic flow as a function of accident du-
ration. The critical state of congestion was analyzed and a
traffic flow control scheme is proposed. The feasibility of
the model was verified through case studies. The swallow-
tail catastrophe model can predict a traffic flow catastro-
phe.

The proposed model had some limitations because of
the complexity of the actual traffic flow. Choosing the ap-
propriate state and control variables to characterize inci-
dental congestion and to reproduce the traffic flow state
more realistically is worthy of further study. The curve
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Table 1: Measured traffic data of Chang, an overpass in the south second ring road of Xi’ an city from 17:15-18:05 on 4 August 2009

Lane 1 2 3
Velocity km/h 16.4 15.4 15.65
Traffic flow

1504.3 1475.6 1422.2
rate veh/h

(Data source: Measured traffic flow video and data sharing platform of Fudan University)

Table 2: Case study under different scenarios

No incidental

Lane 3 occupied

Lanes 2 and 3 simultaneously

Scenario congestion .
m 4z —0.042 a=-0.28 occupied
b - 27.948 b =70.52 a=-0.266 b =69.215
M(t) -16.88% -65.41% -91.83%
N(t) 3.78% 28.8% 47.9%

Table 3: Case study under different scenarios and at different times

No incidental
congestion

Lanes 2 and 3

Lane 3 occupied simultaneously

occupied
5 min Region | Region | Region |
10 min Region V Region V Region V
15 min Region 111 Region Ill Region 111

of the swallowtail catastrophe model is more complex
than the cusp catastrophe model. Further investigation is
needed to establish accurate correspondence between the
five regions of the bifurcation set and different states of
traffic flow. Some researchers believe that the swallowtail
catastrophe model considers more factors than the cusp
catastrophe model, and therefore should be more accurate
in theory. The actual findings are in contrast, and the rea-
sons for this finding have not been fully clarified.
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mutation in urban roads under incidental congestion
(2017KRM171); Youth Fund for the humanities and Social
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Humanities and Social Science Talent Plan of Institutions
of Higher Education in Shaanxi Province.

References

[1] LingF.H., Catastrophe Theory and its Application, 1987, Shang-

hai, Shanghai Jiao tong University Press.

[2

3]

[4]

[5]

[6]

[71

(8]

9]
[10]

[11]

[12]

Lu H.P., Sui Y.G., Guo M. et al., Analytical Model and Methodol-
ogy of Urban Road Mixed Traffic Flow, 2009, Beijing, China Rail-
way Publishing House.

Zhang Y., Pei Y., Research on traffic flow forecasting model
based on cusp catastrophe theory, J. Harbin Inst. Techn., 2004,
11(2), 1-5.

Tang T.Q., Huang H.)., The discussion of traffic flow forecast
by using swallowtail catastrophe theory, J. Math. Study, 2005,
38(1), 112-116.

Ao G.C., JiaY.H,, Li]J. et al., Model of mixed motor vehicles flow
parameters based on cusp catastrophe theory, Sys. Eng. Th.
Pract., 2009, 29(10), 159-164.

Hu W.X., Hu J., Gao Y.X., A study on congestion control model
based on swallowtail catastrophe theory, Highways Autom.
Appl., 2013, 2, 34-36.

Liu M., A study on the traffic capacity of urban multi-lane roads,
2006, Nanjing, Southeast University.

Wang Y.P., Wang D.H., Yang S.H. et al., A comprehensive re-
view over the application of catastrophe theory in traffic flow,
J. Transport. Syst. Eng. Inform. Techn., 2005, 5(6), 68-71.

Gong P.F., A study on the grading of emergency response to ur-
ban road traffic accidents, Mod. Urb. Res., 2015, (3), 23-27.
NiY.M., Influence factors of traffic capacity of urban roads, 2012,
Guangzhou, South China University of Technology.

Cheng ., A study on the propagation mechanism of the impact
of urban road traffic accidents, 2011, Changchun, Jilin Univer-
sity.

Li Y., Zhao L.C., Division of catastrophe regions of swallowtail
catastrophe model for wheat aphids ecosystem based on crite-
rion of roots of quartic functions, J. Univ. Sci. Techn. Liaoning,



DE GRUYTER

(13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

2014, 37(5), 449-454.

Wei X.L., Zhao H.Y., Liu G.Z. et al., Analysis of pest population
dynamic model using swallowtail catastrophe theory, Acta Eco-
logical Sinica, 2009, 29(10), 5478-5484.

Liu W.H., Dai H.Y., Study on the derailment mechanism of the
vehicle based on swallowtail catastrophe theory, J. Mech. Eng.
Autom., 2015, (1), 1-3.

Jiyang B.B., Astudy on the prediction method of duration of traf-
fic accidents, 2008, Shanghai, Tongji University.

Zhao X.Q., Theory and method for prediction of duration of traf-
fic accidents, 2010, Beijing, Tsinghua University.

Jiang L., Yu L.Y., The application of primary catastrophe theory
in social science, Sys. Eng. Theory and Practice, 2002, 22(10),
113-122.

Sun )., Tang Q.M., Control model for emergency logistics capa-
bility catastrophe, J. Sys. Eng., 2013, 31(9), 55-62.

Yuan X.F., Research on key technologies of emergency decision-
making for unconventional emergency based on scenario anal-
ysis and CBR, 2011, Xi’ an, Xi’an University of Science and Tech-
nology.

Piyaratne M.K.D.K., Zhao H., Meng Q., APHIDSim: A population
dynamics model for wheat aphids based on swallowtail catas-
trophe theory, Ecol. Model., 2013, 253(253), 9-16.

HallF.L., Aninterpretation of speed-flow-concentration relation-
ships using catastrophe theory, Transport. Res. Part A General,
1987, 21(3), 191-201.

Forbes G.)., Hall F.L., The applicability of catastrophe theory in
modeling freeway traffic operations, Transport. Res. Part A Gen-
eral, 1990, 24(5), 335-344.

Gu J., Chen S., Nonlinear Analysis on Traffic Flow Based on
Catastrophe and Chaos Theory, Discr. Dyn. Nat. Soc., 2014.
Papacharalampous A.E., Vlahogianni E.l., Modeling micro-
scopic freeway traffic using cusp catastrophe theory, IEEE Intel-
ligent Transportation Systems Magazine, 2014, 6(1), 6-16.

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

Urban road traffic flow control under incidental congestion as a function of accident duration =——— 1093

He X.C., Catastrophe model of traffic flow, J. Changsha Comm.
Univ., 1986, 2(2), 81-85.

Guo J., Chen X.L., Jin H.Z., Research on model of traffic flow
based on cusp catastrophe, Contr. Decis., 2008, 23(2), 238-
239.

Chen T., Chen S.F., A study on congestion control model based
on catastrophe theory, ). Sys. Eng., 2007, 21(6), 598-605.
Wang W., Xu J.Q., Yang T. et al., Theory of Urban Traffic Planning
and Application, 1998, Nanjing, Southeast University Press.
Dominguez-Montero E.L., Poggi-Varaldo M.H., Perez-Angon
A.M., Jimenez-Cisneros E.B., Canizares-Villanueva O.R.,
Caffarel-Mendez S. et al., Technological Instruments Patented
in Mexico to Treat Wastewater, Rev. Int. De Contaminacion
Ambiental, 2017, 33(Sl), 43-51.

Calvo M., Torcal J.I.M., Garcia L.R. A New Stepsize Change Tech-
nique for Adams Methods, Appl. Math. Nonlin. Sci., 2016, 1(2),
547-558.

Gao W., Wang W., A Tight Neighborhood Union Condition On
Fractional (G, F, N’, M)-Critical Deleted Graphs. Colloquium
Mathematicum, 2017, 149(2), 291-298.

Liu Z., Baghban A., Application of Lssvm for Biodiesel Produc-
tion Using Supercritical Ethanol Solvent, Energy Sources Part
a-Recovery Utilization and Environmental Effects, 2017, 39(17),
1869-1874.

Aliaga].l., SdezR.C., Orti E.S.Q. Parallel Solution of Hierarchical
Symmetric Positive Definite Linear Systems, Appl. Math. Nonlin.
Sci., 2017, 2(2), 201-212.

Tuczek F., Castka P., Wakolbinger T. A Review of Management
Theories in the Context of Quality, Environmental and Social Re-
sponsibility Voluntary Standards, ). Cleaner Prod., 2018, 176,
399-416.



	1 Introduction
	2 Catastrophe theory
	3 State and control variables of the urban road traffic system under incidental congestion
	4 Swallowtail catastrophe model for urban road traffic under incidental congestion
	5 Critical state of catastrophe and stability analysis
	5.1 Catastrophe analysis
	5.1.1 Because M(t) is constant, the N(t) - T(t) plane is discussed. Because the bifurcation sets with M(t) 0 or M(t) < 0 are different, classified discussion is conducted.
	5.1.2 When N(t) = 0, the M(t) - T(t) plane is discussed. As shown in Figure ??, the plane is divided into three parts.
	5.1.3 When T(t) = 0, the M(t) - N(t) plane is discussed. The plane is divided into four parts, as shown in Figure ??.

	5.2 Analysis of catastrophe features
	5.2.1 Sudden jump
	5.2.2 Hysteresis
	5.2.3 Divergence
	5.2.4 Multimodality
	5.2.5 Inaccessibility


	6 Urban road traffic flow control scheme under incidental congestion
	7 Case study
	8 Conclusions and outlook

