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Abstract: This paper presents new solutions for two-
dimensional projectile motion in a free and resistive
medium, obtained within the newly established con-
formable derivative. For free motion, we obtain analytical
solutions and show that the trajectory, height, flight time,
optimal angle, and maximum range depend on the order
of the conformable derivative, 0 < v < 1. Likewise, we
analyse and simulate the projectile motion in a resistive
medium by assuming several scenarios. The obtained tra-
jectories never exceed the ordinary ones, given by v = 1,
unlike results reported in other studies.
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1 Introduction

In the last three decades, much work has been performed
on fractional calculus (FC). FC is the natural generaliza-
tion of ordinary derivatives and integrals. It deals with
operators having a non-integer (arbitrary) order. Today,
there are excellent books and reviews on fractional calcu-
lus and its applications in science and engineering [1-7].
FC has been employed in numerous practical and theoreti-
cal problems, but, for the sake of brevity, we mention a few
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of them as follows: the design of optimal control systems
[8]; the analysis of anomalous relaxation and diffusion
processes [9], and the regularized long-wave equation [10];
the study of a bead sliding on a wire [11]; and the investiga-
tion of chaotic systems [12], heat conduction [13], nerve im-
pulse transmission [14], chemical kinetic systems [15], and
oscillating circuits [16]. However, this generalization of the
ordinary calculus is still inconsistent in physical and geo-
metric interpretation, because several definitions of frac-
tional derivatives have been proposed. These definitions
include the Riemann-Liouville, Grunwald-Letnikov, Weyl,
Caputo, Marchaud and Riesz fractional derivatives [1-5].
These fractional derivatives seldom satisfy the well-known
formulae, e.g., the product, quotient, and chain rules. As a
result, researchers have been trying to construct new defi-
nitions of fractional derivatives and integrals. As an illus-
trative example, helpful work on the theory of derivatives
and integrals is done in [17].
Definition: Let f : [0, o) — R bea function. Then, the
~~-th order conformable derivative of f is defined by [17] as
T, (f)(t) = lim w, Vit>o0, (1)
e—0 €
where v € (0, 1]. If f is y-differentiable in some (0, a), a >
0, and lim;_,o+ f7(t) exists, then, it is defined as

£© = Jim £(0), @

and the conformable integral of a function, I5(f)(t), start-
ing from a > 0, is defined as,

t
a fx)
Iw(f)(t) = mdx- (3)
a
The integral is the usual Riemann improper integral, and

~v € (0, 1]. The most important properties of this con-
formable derivative are given in the following theorem.

Theorem: Let v € (0, 1], and f and g be ~-differentiable
at any point t > 0. Then,

1. T(af + bg) = aT-(f) + bT,(g) foralla, b € R,
2. T,(tP) =ptP Y forallp € R,
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. Ty(A) = 0 for all constant function f(¢) = A,

3
4. Ty(fg) = fT,(g) + 8T+(f),
5. T (f) - gTw(f)g—szw(g%

T\8
6. T () = "7 4 if f is differentiable.

This conformable derivative has attracted the interest of re-
searchers in recent years since it seems to satisfy all the
requirements of the standard derivative [18], [19]. Hence,
there is a large amount of work done in this area at the
present time [20-24].

We would like to point out that the term “fractional” is
not the one used in the notation of fractional calculus
[25]. However, the properties of this conformable deriva-
tive make it suitable for investigating real systems and to
get new insights due to the presence of the fractional pa-
rameter O < ~y < 1.

In this paper, we use the conformable derivative
to discuss two-dimensional projectile motion. First, we
consider free two-dimensional projectile motion. Subse-
quently, new formulae for the trajectory, height, range,
flight time, optimal angle, and maximum range are ob-
tained. We show that these formulae depend on the con-
formable derivative order O < v < 1, and in the particular
case of v = 1, they become ordinary. Finally, we consider
two-dimensional projectile motion in a resistive medium.

This paper is organized as follows. In Section 2, the
main results of ordinary free projectile motion are re-
viewed. In Section 3, new analytical solutions for this mo-
tion are obtained. In Section 4, we consider motion in re-
sistive media. Finally, the conclusions are given in Sec-
tion 5.

2 Ordinary free projectile motion

We study the motion of a projectile moving in a free two-
dimensional space. The projectile is treated as a particle of
mass (m), under a uniform gravitational force (g), and dis-
regarding any other resisting or external force. Assuming
the particle starts from rest (i.e., xo = yo = 0 m), with an
initial velocity of modulus v and angle 6 with respect to
the horizontal axis x, then, the classical equations of mo-
tion for this system, in the x, y plane, are,

d2
m Tg = O, (4)
d2
m° = -mg, (5)

with the initial conditions,

Xxo = x(0) =0, x(0) = v cos B, 6)
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Yo = y(0) =0, ¥(0) = vo sin . 7

The solutions, given in parametric form, are

x(t) = votcos 0, y(t) = votsin 6 - %gtz, (8)

and the corresponding velocities are

Vx = Vo COS 8, vy = vgsin 6 — gt. 9)

By eliminating the time ¢ in the expressions (8), we obtain
the trajectory equation, given by the parabola

g X

T\/é cos2 0’ (10)

y(x) = xtan 6 -
Moreover, three interesting features for studying two-
dimensional projectile motion are described as follows.
Range (R) is defined as the horizontal distance traveled by
the particle, from start to end. It can be obtained with (10)
assuming the landing condition, y(x = R) = O m,

2
R= %sinecose.

(1)
Maximum altitude (ymax) is the highest point reached by
the particle. In this point, vy, = 0 m/s and, from (9), we have
tmax = Vo sin 6/g. Substituting tmax in the second equation
of (8), we have
vZsin’ 6
2g
Flight time (Tp;gn,) is the amount of time that the projectile
spends in the air, i.e., from its shooting to its landing [26].
It is determined as

(12)

Ymax =

2vosin @

Tﬂight = 2tmax = (13)

3 Free projectile motion in view of
conformable derivative

Usually, authors replace integer derivative operators with
fractional ones on a purely mathematical basis [26-28].
However, this practice is not completely correct, from the
physical and engineering point of view, and a dimensional
correction in the new equation is necessary. Having this in
mind, in [29] has been proposed a systematic way to con-
struct fractional differential equations; this has been suc-
cessfully applied in [30-33]. This procedure considers the
introduction of parameters such as o; and ox with an ap-
propriate dimensionality. In other words,

d 1 d d 1 d

&t gt de & gode W
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where v is an arbitrary parameter which represents the
order of the derivative O < v < 1. g, is a parameter repre-
senting the fractional time components in the system with
dimensionality in time unit [t]; likewise, the parameter oy
has dimension of length unit [{], and represents the spatial
fractional components [29]. These are the only conditions
imposed on parameters o; and oy.

Therefore, we fractionalize the equations (4) and (5),
considering the first relation in (14), and using the con-
formable derivative, in particular the property 6 from the
previous theorem

d’ d
Wﬂt) =t ’yaf(t), (15)
and arrive at [34]
d ' d
@i~ ot dp O<ysl, (9

where we have omitted the subscript ¢ in . Substituting
into (9), we obtain the corresponding conformable differ-
ential equations

dx

qt - Vool " L cos @, 17)
% =vo0t 7t tsing - got L. (18)

We can integrate them directly

ol
x(t;) = t"vocos 9, (19)

1-~ 1-v
y(t;y) = 89 1,9 vy, sin. (20)
7+1 ¥

We also determine the components of the conformable ve-
locity of the system by differentiating with respect to time
as

vx(t;7) = vool "t L cos 6, (21)

vy(t;y) = Vool 7t L sinh - gal . 22)

Unlike expressions (8) and (9), the coordinates and veloc-
ities in (19)-(22) depend on the fractional parameter 0 <
~ < 1. In the particular case v = 1, those are reduced to (8)
and (9). We want to emphasize that the solutions given by
(19) and (20) are qualitatively different from the solutions
previously obtained in [26], [27] and [32]. Therefore, in the
projectile motion under the conformable derivative sense,
we can achieve new formulae for the trajectory, maximum
height, range, flight time, maximum range, and optimal
angle, as will be shown:
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1. Trajectory (y = y(x)): This is determined by elimi-

nating ¢ from (19) and replacing it in (20), for an ar-
bitrary value of v € (0, 1]), giving

1y 14
X _ _ g0 ¥X 5
y(x;v) =xtan6 e} (O‘l’VVO o5 9) . (@3

Note that (23) becomes (10), when v = 1.

. Maximum height (H): This is obtained by using the

condition vy(t;y) = 0 m/s, and employing (22), to
find .
fmax = Vo sin 6 ’ 24)
8
since tmax indicates the time when the particle has
reached its maximum height; then, substituting this

time in (20), we obtain the maximum height H, as

o (vy sin 6)7+1

H= )/max(e; ’7) = (’7 T 1)g7

(25)

We have the ordinary maximum height (12), when
v =1.

. Range (R): The maximum displacement is calcu-

lated from the trajectory equation, and it occurs
when y(x = R) = O m. That is,

R= Xmax(9§ ’Y) (26)

o (L

Y 8

)vv(ﬂf'1 cos O(sin 0)7.

Note again, if v = 1, we have (11).

. Flight time (Tp;gn,): This is defined as the time value

T at which the projectile hits the ground, y(t = T) =
Om, as

1 in6
Tgne(®57) = (122) . @)

In the case v = 1, we have (13).

5. Maximum range (Rmax): This feature is considerably

interesting for both practical and theoretical stud-
ies. It can be determined by finding the optimal
projection angle 6,p, and evaluating it in Rmax =
R(6op). The necessary condition to maximize the
range, R — Rimax is given by [dR/d6] 6 = 0. Thus,
from (26) we have

dR
do

cos O(sin 9)7} (28)

- i{
6o dao o
= —(sin Bop) ™! + y(cos Bop)*(sin Hop)?
=0.
By solving this equation with respect to 8,p, we ob-
tain

Bop = tan" /7, 0<vy<l. (29
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In the case v = 1, the optimal angle is 8op = 71/4 (as
expected). Hence, using trigonometric formulae,

. tanf Nal
sinf = = , (30)
V1+(tang)2 VI1+y
cos @ 1 1 (31

B V/1 + (tanf)? T Vit

and, by replacing this expression in (26), we obtain
the maximum projectile range Rmax as

o' 1\ v
Rmax= ( ) (

)W/Z
v Vg ) \1+y) VT

From this expression, in the case v = 1, we get the
classical maximum range Rj maximum = v4/8-

(32)

These new formulae have the same dimensionality as in
the ordinary case, because ¢ has dimension of seconds.
Furthermore, for demonstrative purposes, Figure 1 shows
the trajectory (Figure 1a), the maximum height (Figure 1b),
and the range (Figure 1c) of a particle in projectile motion
with different values of .

4 Resistive projectile motion in
view of conformable derivative
The motion equations of a projectile going through an

isotropic medium in two-dimensional space with a resis-
tive force proportional to its velocity, have the form [35]:

FTa kvyx =0, (33)
dv
dity +kvy = -g, (34)

where k is a positive constant and its dimensionality is
the inverse of seconds [k] = s~!. The initial conditions are
given by

Xo = x(0) = 0 m, X =Vvgcoso, (35)

Yo = y(0) = 0m, ¥ = vosiné, (36)

namely, the projectile starts from rest, with an initial ve-
locity of module v and an angle 6 with respect the x-axis.
The solutions of these equations (33) and (34) and satisfy-
ing the initial conditions (35) and (36) are given in [35]

vx(t) = vocos 0 e, (37)
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vy(t) = —% + (VO sin + 5) e, (38)

k
and

x(t) =

Vg cos 0 (1 B e’kt) , (39)

k

y(t) = —%t + %(vo sin 6 + %) (1 - e"kt). (40)

— =1.00
-y =0.95
ey = 0.85

7= 0.80
0.0 I I N I I 1 Ny
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Figure 1: Plots of trajectory, maximum height and range for different
values of -, with vo = 100m/s, g = 9.81m/s?, and 6 = 40°
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Figure 2: Projectile motion in terms of x(¢t; v), y(t; 7) and t, within a resistive medium (k = 0.1 s71) and for different values of v (i.e., v =
1.000, 0.875, and 0.750), with vo = 22 m/s, g = 9.81 m/s2, and 6 = 60°

Now, we fractionalize the equations (33) and (34). In the
case of motion in a resistive medium, we can use k instead

of ¢ in (16) [33], namely
d 1,1~ d
E-}k t m, 0<’}/51. (41)

Substituting the operator in (41) into equations (33) and
(34), we have the conformable differential equations

d _
% +K0 vy =0, (42)
dvy Kt vy = —gk 7t (43)

dt
These expressions are ordinary linear, homogeneous and
non-homogeneous differential equations, hence, they can

be solved easily using the ordinary methods. The analyt-
ical solutions that satisfy initial conditions (35) and (36)

are:
Do) = -

vx(t;v) =vpcosB e 7", (44)

vy(t;y) = —% + (vo sinf + %) 5, (45)

In the case v = 1, these equations become (37) and (38).
Once again, replacing (41) in the equations (44) and (45),
and integrating them, we get the parametric formulae as:

Vg cos 8

x(t7) = 100

(1 - e'%n) s

(46)
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y(t;y) = —%ﬁﬂ + l%(vo sin @ + %) (1 - e'%n). (47)

Moreover, if v = 1, then equations (46) and (47) become
the ordinary equations (39) and (40). For the particular
case of angle 8 = 90°, we have

x(t;v) =0, (48)
. 8K 1 g _e 51
y(t;y) = S 7+ k(v0+ k) (1 e ) (49)

Therefore, we only have a vertical conformable trajectory
[34].
As an illustrative example, Figure 2 presents the projectile
motion for a defined medium with k = 0.1 s71, in terms of
x(t; ), y(t;v) and t. The main tri-dimensional view of this
behavior is displayed with its planes.

In addition, the vertical displacement for different val-
ues of v, k, velocities and angles are shown in the Figure 3.
It is observed that the trajectory varies with « (cf. Figure 1),
but there are negligible changes for different values of k.

14 T
—k=0.100s"
- - k=0.080s"
1.2 -k = 0.060 5[]
k=10.040s"
1r —7 =0.95 H
v =0.90
Eos| 7 =Dt
=
F 0.6} 4
=
0.4+ d
0.2+ d
0 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(@) vo = 10 m/s, and 6 = 30°

6

I
—k =0.100 5~
- - k=0.080s"
-k =0.060 s ' H
k=0040s"
— =095
— =090 H
5 =0.85

o
T

7) ]

y(t;

0 I I I I I R
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

(b) vo = 12 m/s, and 6 = 60°

Figure 3: The vertical displacement of a body for different values of
v, k, and initial conditions
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5 Conclusion

In this work, we have considered free and resistive two-
dimensional projectile motion in the conformable deriva-
tive sense. New formulae for the trajectory (23), height (25),
range (26), flight time (27), optimal angle (29), and max-
imum range (32) were obtained. Also, calculations were
performed in the case of a resistive medium (46) and (47).
The obtained formulae are qualitatively different from the
solutions previously obtained in [26], [27], [32] and [33].
Moreover, we found that the new formulae depend on the
conformable derivative order 0 < v < 1, and they be-
came ordinary in the particular case v = 1. We noticed that
the obtained trajectories never exceeded the ordinary ones
where v = 1, unlike the results obtained in other studies
[27].
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