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Abstract: The topic of the presented paper aims to demon-
strate a new principle of hydrodynamic lubrication in
mechanical, thermal and electro-magnetic fields. Up till
now, when dealing with the hydrodynamic theory lubri-
cation, many authors of scientific papers have assumed
the constant oil dynamic viscosity value without vari-
ations caused by temperature crosswise the film thick-
ness. Simultaneously, due to the numerous AFM mea-
surements, it appears that oil temperature gradients and
oil viscosity changes in the bearing gap height direc-
tions cannot be omitted. Therefore, in this paper, the
problem of the viscosity changes across the lubricant
thin layer was resolved as the main novelty in principles
of mechanical thermal lubrication. The method of solv-
ing the mentioned problem was manifested by a general
model of semi-analytical solutions of isothermal electro-
magneto-elastohydro-dynamic and non-Newtonian, lu-
brication problem formulated for two deformable rota-
tional surfaces in curvilinear, co-ordinates.

Keywords: 3D-lubrication; viscosity variations crosswise
film thickness; semi-analytical solutions; curvilinear coor-
dinates

PACS: 4750.-d, 47.65.-d, 47.10.ab, 47.10.ad, 47.15.gm

1 Introduction and governing
equations

This paper presents a semi analytical method of solu-
tion of the asymmetrical, laminar, steady, non-Newtonian
lubrication flow problem between two rotational and
deformable, curvilinear orthogonal movable surfaces in
conjugated elasto-hydro-electro-magnetic fields. The fluid
flow between the two above mentioned solid surfaces in
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the electromagnetic field will be described by the 3 mo-
mentum equations of equilibrium in a vector form, a fluid
continuity equation, and by equation of a conservation of
energy equation in a scalar form. Hence, we obtain the fol-
lowing system [1, 2]:

av

DivS + uo(NV)H + %yorot(N xH)+JxB= P

@)

%P +div (pv) =0,

ot @

div(x grad T) + @ = p% (cvD)+peTE(VV)H (3)

+J%/o.

The above-mentioned system of equations is com-
pleted by magneto-thermo-elasticity equations describing
problem in stresses for two solid surfaces restricting the
thin fluid layer. This system consists of the three partial dif-
ferential equations (4) in a vector form. Heat conductivity
equation in a solid body (5) is added to this set of equations
and we obtain a system in the following form [2-4]:

. * * * * * az
DivS +] xB +yo(NV>H =p*a—tl; (4)
. . * «0T*
div (K gradT)—p*cv S5t (5)

Moreover, we add the Maxwell and Ohm equations as well
for the two surfaces as for the thin boundary liquid layer
between two surfaces. Thus we get such equations [5]:

vV-B'=0, V-B=0, (6)
« =« oD oD

VXH —I+§,VXH—I+W
« OB OB

V xE __W’VXE__E’ (7)

J*=0*E", J=0(E+VvxB)

We assume the following notations: po — magnetic per-
meability in vacuum H/m, T - fluid temperature in K, -
solid body temperature in K, B — magnetic induction vec-
tor in T, N - magnetization vector A/m, E — electric inten-
sity vector V/m, H — magnetic intensity vector A/m, ( — first
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derivative of magnetization vector with respect to temper-
ature A/mK, o - electrical conductivity coefficient S/m, J -
electric current density in A/ m?, D - electric induction vec-
tor As/m, p - fluid density kg/ m?3, k - thermal conductivity
coefficient W/mK, v — fluid velocity vector in m/s, ¢ — dis-
sipation of energy in W/m?, S - stress tensor in the fluid in
Pa, u - displacement vector of the solid body in m, t - time
in s, cy - specific heat in J/kgK. The symbols with an aster-
isk are related to the solid body.

The relationship between stress tensor S and strain
rate tensor 2T; = A; i.e. constitutive equations are as-
sumed for the lubricant in the following form [3]:

S=-pd+npA (8)

whereas unit tensor 8, strain rate tensor A; have the fol-
lowing components: §;;, 8;; in s~1. For power law of com-
pressible fluid the apparent viscosity np has the form [2-
4]:

n-1
2

_ 1
Mp = Mpr = 2" 'm(n) 512 -L| (9a)
1.,
QF =4np (511 - 12) -ply,
I; = divv, (9b)

I = 61102 - 61, + 011033 - B3 + 02,633 - 033,

We assume: n — dimensionless flow index (0.5, 1.2),
m=m(n) fluid consistency coefficient in Pas”.

The Duhamel Neumann relations between the compo-
nents 7;; of the stress tensor S” of the elastic body on the
sleeve and the strain tensor components ¢;; take the fol-
lowing form:

Tij = ZGSU + (Aekk - 3(XTKAT*) 61']' (10)
for i,j=1,2,3, where: 6 ;j — Kronecker unit tensor component
(6;; =1fori=jand §;; =0 fori#j), K = A+2G/3,G = Ey/[2(1+
9, A = Ey9/(1+9)(1-29), whereas Ey - Young‘s Modulus
in Pa, ar — thermal coefficient of linear expansionin K¢,
9 — Poisson ratio.

And by virtue of known linear geometrical relations,
the strain tensor components 0;;(v;) in the oil, and strain
components €;;(u;) in the sleeve are mutually connected
with the oil velocity components v; and displacement vec-
tor of solid body components u;, respectively:

@ij = 05(V,|] + Vj\i)’ &jj = 05(ul|1 + u]|1) (11)
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2 Electro-magneto-hydrodynamic
equations

We assume: unsymmetrical, incompressible (for invari-
ant I; = 0), steady, pseudo-plastic lubrication in electro-
magnetic field for power law model without viscous-
elastic properties. Oil apparent viscosity n, varies in
length, width and gap-height directions and depends
on pressure, temperature flow shear ratio, and electro-
magnetic field [1-5]. Inertia forces and terms of energy
convections are neglected, pressure is constant in gap
height direction. The total distance €7 between the two
surfaces is signifucantly smaller than other dimensions
of the considered surfaces. Taking into account the layer
boundary simplification i.e. neglecting in (1)-(7) the neg-
ligibly small terms of order ¥ = 0.001 (radial clearance)
presenting the quotient of characteristic gap height (; to
the radius R of journal, the problem is made in local
curvilinear and orthogonal coordinates (a;, a», a3) con-
nected with one of the movable surfaces, where a, denotes
the direction of gap height. The parallel and longitudi-
nal intersections of the cooperating deformed, rotational
surfaces have curvilinear and non-monotone generating
lines. Hence, Lame coefficients have the form: h;=h;(a3),
h,=1, hs=h3 ((13).

We put physical and geometrical dependencies (9),
(10), (11) into expanded boundary simplified equations (1)-
(7). Hence, we obtain the system of equations of conserva-
tion of momentum, continuity, energy, thermo-elasticity,
heat transfer, Maxwell simplified results in the following
form of curvilinear orthogonal co-ordinates (a1, a5, a3):

__lop o ov; .
0= "hom * oy | (1 02 0) g, |+ Mi (12
op _
3, -
_ Loy ovy 1 0
ORI R e ra GAL )

0 oT
s (Km> +[np (a1, @2, @3)] V(vi,v3) = Mr. (14)

0 [LoT" _ d Lou]
aT(z(K a72>'0’ aﬁ(h[(zamazl)?%}_ (15)

— 6y {a%z (3Ka}T*) N (]* x B*)i ~ o (N*v) H{}

np (a1, a2, a3) = [m(n, T, B, E)] - V¥(vq, v3), (16)
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(b)

Figure 1: Motionless solid A, and moving body A; loaded by means of pressure and temperature and magnetic field; N, S - magnetic poles;

a) cylindrical bearing, b) other bearing

po (), (o)
aaz aaz

n-1
sm="5-,

Mz (a1, a3) = uoTE (VW) H +J*/ 0,

17)

1
Mi ((Xl, (X3) = Mo (NV) Hi + Eyorot(N X H)l + (] X B)i’

where the length, width and gap- height directions, are
limited respectively: 0 < a1 < 2m, -bm < ashs, 0 <
a, < e7 and i=1,2,3. The system of equations (12)((17) con-
tains the following unknown dimensional values: pres-
sure p(aq, a3), temperature in oil T(a1, a, a3) and sleeve
T", three oil velocity components v;(a;, >, a3) and three
layer displacement components u;(a1, a;, as), for i=1,2,3
in three curvilinear, orthogonal dimensional directions:
a1, Ay, A3.

3 Boundary conditions

The lubricant flow in the bearing gap is generated by the
rotation of a rotational, curvilinear journal. Hence the
boundary conditions for lubricant velocity components

have the form:

vi=whi fora, =0,v1 =0 (18)

for ay = €7, v, =0 for a, =0,

andfor a, = €7, v3 =0 for a; =0, v3 =0 for a, = €7,

where w denotes the angular velocity of rotational journal,
in the circumferential direction.

Decrements or increments that are above the charac-
teristic environmental temperature To have constant value
fc on the journal surface and variable unknown values
fo(ai, a3) on the sleeve surface. Heat flux is transferred
from the rotational surface of bearing journal into lubri-
cant. Hence the boundary temperature values are as fol-
lows:

T(ai, a2, a3) = To + fc for a; =0, (19a)
T(a1, az, @3) = To + fp(a1, as) for az = €t (19b)
K£ = -qc = -vAf for a, =0, (19¢)

6(12

where Af — temperature difference across the film thick-
ness, v — heat transfer coefficient in W/m?K, qc - heat flux
density in oil on journal surface in W/m?.
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The elastic layer of bearing alloy is laying on the rigid
ring in place a; = c3, and therefore the contact surface of
these bodies is not deformed by the pressure. The contact
surface a, = cj is yet deformed by variable temperature,
which implies the shape and the total volume change of
therigid ring. These deformations are not considered now.

The temperatures and surfaces localization is pre-
sented in Figure 1.

The boundary conditions in the elastic layer have the
following form:

Ty, az = ¢2, a3) = -p(a1, a3)8;,6;5 (20)
T (a1, ay = c3,03) = To + ex(a1, a3) (21)
T (a1, a3 = €2, 3) = To + fo(aq, a3) (22)

«0T 23)

K E=—QP’

where i=1,2,3. Moreover: T, - average ambient tempera-
ture, gp - heat flux density across the elastic layer located
on the sleeve surface, f>(a1, a3) - temperature increases
above the temperature Ty on the external surface of the
elastic layer for a, = ¢, additionally e,(a;, a3) tempera-
ture increases in the excess of temperature T on the bot-
tom surface of the elastic layer in the place of a; = c5.

4 Oil consistency and viscosity
variations

Temperature decreases and magnetic induction, electric
intensity increases the oil consistency m and dynamic vis-
cosity coefficient . This phenomenon is described in the
following form:

m(alx a, a3) = m("i T’ B) E) (24)

=non1(T, B, E) - (Vo/So)l_n,
n1(T, B, E) = exp [6pB + 6gE - 67T],

with coefficient 6p, 6 of magnetic, electric influence on
the oil viscosity and coefficient §1 of temperature influ-
ence on the oil viscosity Mentioned phenomena are con-
firmed by virtue of authors own measurements.

5 Sketch of semi-analytical
solutions

After double integration of two equations (15) in a, direc-
tion we apply the low heat flux continuity (gp = g¢) in the
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contact region between the elastic alloy layer and lubri-
cant, and finally we obtain the external displacement of
the sleeve surface in the following dimensional form:

Ugy = Uz (ay, a4 = €2, Q3) = (25)
_.1+9 1- 23 1é&sqp «1+9
‘951 9 E {” | STyt
1 19 1+9 2
fy o E g N B (5B |

where €5 = ¢c3 - €2, 0 < @1 < 271, -bm < a3 < +bpy. Solu-
tion (25) valid if and only if Ey - Young modulus and solid
body coefficients a7, k", 9 - Poisson ratio, are independent
of a,, The hydrodynamic pressure p, the load carrying ca-
pacity and temperature T distributions with oil velocity
components vy, V,, v3 in machine slide journal bearing are
solved by the means of the quasi half numerical Frobenius
small parameter method implemented by the finite differ-
ence method using Mathcad 15 Professional Program. A
system of partial differential equations (12)-(14) defined in
thin space (a1, a», a3, t) between two movable rotational
surfaces and for continuous m(n), n == m(n = 1), has an
analytical solution in the form of the following infinite uni-
form convergent power function series in following form:

vilay, ar, a3) = vgo) + gvgl) +aoot gkv(k) (26a)
T(ay, ay, a3) = T + gT® 4 1+ gkT® 4
play, a3) = p@ +gp® +... +gp® +. (26b)
ge=q0 +gq® +... +gkq® +.

where q(o) = q(l) = q(k) = g, with g¢ = q/(1 - g); for

i=1,2,3; k—0,1,2,...,g—g(n): (n-1)/2 where for 0 < n < 3/2
the small parameter g is less than +1/4 and greater than
-1/2. In order to achieve the linearization of apparent vis-
cosity (16), we put functions (26a) into Eq. (16) and expand
function in closed interval [1, n] or [n, 1] for 0 < n < 3/2
using Taylor series in the neighborhood of point n=1 with
respect to the small parameter in the following form:

np (a1, a2, a3) = Mo - [N1 (T, B, E)] (27)

~(1+gnp,1+...+gknp,k+...)

where 11(T,B,E) = ni(a1, a2, @3) and functions 1, =
Npri(v1,v3) for k = 1,2,... - are the dimensionless ex-
pansion coefficients of dynamic viscosity dependent on
a1, az, a3, whereas for k=0 1,0 = 1. Such functions after
involved calculations are determined in analytical form.
Putting the infinite series (26), (27) into the system (12)-
(14), multiplying the series by Cauchy methods and equat-
ing the terms by the same powers k=0,1,2,... of the small
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parameter g, and then using the L. Kronecker symbol i.e.
6o = 1 for k=0, 6;¢ = O for k=1,2,..., we obtain the lin-
ear differential systems of equations for k=0,1,2,... i=1,3 in
following form:

1 ap(k) ) @ avgk)
h; oa;  day NoN1 (B,E,T )760(2 + (28)

. O [’20']1 (B, E, T(k)) Sgk)} + Mibio,

aaz
ap(k)
oar o
1 0 (. 2 (. ®
Ry da; (A7) + da; (+) (29)
1 0 () ) _
* Tuhs oas (mv?) = o0,
0 aT(k) (k) (k)
day ("aaz = Mo (B’E’T ) Vr (30)
+ M76yo.
with
m (BB, T%) = [n1ps (B, Bl 702, (31a)
N1ge (B, E) = n1pe (a1, a3), Sgo) =0,
0= (10.49).
0 2
1 - aaz VO T )
2
Vi = Vi [(iﬁ) vy (31b)

0 1
5 av(l‘” av(f’ +2 avg) avg) ’
oay oy oay oay

For k = 0 the abovementioned system of equations (28)-(31)
determines functions: vgo), TEO), p(o) for Newtonian oil tak-
ing into account the boundary conditions in steady motion
(18), (19). For k=1,2,... and i=1,2,3 the system of equations
(28)-(31) determines the first, second,... corrections: vl(k),
T, p® caused by the non-Newtonian oil. The boundary

conditions for k=0 are as follows:

v(lo) =w hq, v(zo) =0, v(3°) =0, TO=Ty+f. (32a)
for a, =0,
VW =0,V =0,V =0, T =T, + £
for ar = €73
and for k=1,2,... we have:
v =0, T® = sff, (32b)
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for s=ar/er,ar =0,a, =€

The total gap height er includes surface displacement
(25). Integrating twice (28) and (29) once with respect
to the variable a;, then the oil velocity components for
k=0,1,2,... by virtue of boundary conditions (32a,b) have
the following form:

. 1 ap(k)

w_ 1 1
Vi hi aai

' NoMiBE

ET ar
+ [K(zk)(al,az,ag)} ~/S§k)da2 —/Sgk)drxﬁ
0 0

K,(k)(ah az, a3)+ (33)

+ whi[1-KP(ay, ay, @3)18i1 610 + Sr0AM;,

ay
(k)
V(k) _ i 6V1

- a
2 hy | da; ?
[0)

a
~ 1 [0 (pW
h1h3 / aa3 <h1V3 )daz,
0

fori=1,3;0< a1 <a, <€7,0 < ay <21, -bm < a3z <
+bm, whereas we denote:

(34)

1 ay 012.1
AM; = ~ NoT1sE M;day1da; (35a)
0 0
87: 21 2
P s/ /M-da21da2 =T py(s-s?)
NoN1BE ' 2NoN1BE ’
® det H a® H
K, ag, a3) = —55 (35h)
Q' (a1, a2 = €7, a3)
0P, as,
I<(2k)(als as, a3) = 03) 1 (al % a3) )
Q (a1, a2 = €7, a3)
o - -

Q(zk)(al, az, as) Q(zk)(al, ay = €7, a3)
Q(lk)(al, @z, as) Q(lk)(al, ay = €1, a3)

>

a3
(3]
0P (ay, ay, a3) = /e 5T day, QP (ay, ay, a3)

0
a2

_87.TH®
E/(Xz'esTT da;.
0

It is easy to see, that:

K¥(ay, @, = 0,a5) = 0, (35d)
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KWy, a; = e7,23) = 0

K(zk)(als a,=0,a3)=0, K(zk)(als ay =€er,a3) = 1.

Imposing the boundary condition (32ab) in point a, =
er on the solution (34) and taking into account the law
of integral differentiation with variable limits of integra-
tion, we obtain the following modified Reynolds equation,
which determines the unknown function p(k)(al, asz):

opW(ay, a3)

aa1 (36)

1o 1
hy 0a1 | nonige(as, a3)

er

1 0o 1 h
K9 (ay, ay, as)da +——{7—1
0/ 1 (@1, 82, 3)daz hs oas | nonipe(as, as) hs

Er

(k)

op(ay, a3) / K®(ay, ay, as)day o +
aa3

oay [ "N nonipe(as, as)
5ko£3TM3 }_
noNige(a1, as)

+1[H(k) __ SwoerMy }

+

ohy o)
3005 |:HNN3
Er
/K(zk)(ah az, a3)day - €|,
0

0
= whlﬁ

with
Er
H%‘I)Vl(al, (Xg) = /Sl(-k)daz
0

(7)

er Er

a3
/K(zk)(a1,a2,a3)da2 - / /Sgk)daz das | ,
0

0 0
for i=1,3; k=1,2,3.

To obtain the temperature functions T(k)(al a,, as) for
k=0,1,2,..., we put solutions of oil velocity components
(33), (34) for i=1,3; into the temperature equation (30). Af-
ter double integration with respect to the variable a> i.e. in
film thickness direction, using boundary conditions (19ab)
in the form: T® = .6, for a, =0, T = £p 650 for (a2 = €7,
and after the term ordering, we finally obtain:

Er an
T® = non1p5 { s / 2 / vPe 5" 4o, | day  (38)
0 0

az

az
1 _6.T®
—/ |:K/V(Tk)€ 8T daz da2
0 0
ar ar
1
+{/ E/MTdaz daz
0
€1

- / %/MT dazdaz daz 6](0
0

DE GRUYTER

+ 6o [fe (1 - 8) + fps],

where s = ay/er, 0 < s < 1. Non linear differential
equation (38) determines temperature functions T® for
k=0,1,2,... Imposing the condition (19¢) on the tempera-
ture T® determined by the (38), we obtain the unknown
temperature fp(a;, a3) on the sleeve.

To obtain the oil velocity components (33), hydro-
dynamic pressure (36) and temperature (38) for Newto-
nian oil, and taking into account oil viscosity variations
crosswise the gap height, we put k=0 and hence: Sgo) =
0, Myy; =
ity components v ), pressure p©, temperature T@. As-
suming cyhndrlcal coordinates: a; = ¢, ay =1, a3 = z,
hy = R, h, = h3 = 1, where R is the radius of the cylindri-
cal journal, we put the temperature T, determined from
the reduced Eq. (38), into the reduced pressure Equation
(36). Finally, the Eq. (36) determines the pressure p(¢, z),
0 < ¢ <2m, -b <z < b, and tends to the following form:

(0) (0)
0 [op Pk, L9 (op P ) -
Ro¢ | RO® T3z \ oz Y3¢
3

e s f1 Jp 4. 1(@R’Nomisr
NoN1BE NMoN1BE 2K 5 K

1 i (op@\2 [0p@)°
- £T + b
601n011BEK Rog 0z

L1 (@R)*Non 15k
24 K

1 | op@N° [op@)°
+ ST + ’
1441010 1BgK Ro¢ 0z

O< ¢ <2m-b<z<h,p=p(p,2),n1pe = exp(65B + 6gE).

For 67 = 0, viscosity is constant in gap height direc-
tion and (39) tends to the well known classical form of
Reynolds equation.

= O for i—1 2.3. In this case we obtain oil veloc-

asz (39)

K]l =

K]z = 6€T = 657‘87‘{

6 Conclusions and results

1. After semi-analytical solutions and initial numer-
ical calculations it appears that the pressure ob-
tained directly for the oil dynamic viscosity vari-
ations crosswise the film thickness caused by the
temperature gradients in gap height directions are
about 5 to 7 percent different in comparison with the
pressure values calculated for constant oil viscosity
across the film thickness i.e. in the case when the
temperature is constant in gap height direction and
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varies only in bearing length and circumference di-
rection.

. The mutually direct interactions of influences be-
tween hydrodynamic pressure on temperature as
well as temperature on pressure, are valid only if the
temperature, hence oil dynamic viscosity, varies in
the gap height direction.

. It is worse to notice that constant temperature in
the gap height direction does not correspond with
3D temperature field obtained directly from energy
equation. The assumptions of constant tempera-
ture and viscosity crosswise the bearing gap are in
contradiction with the contemporary achievements
connected with new devices such as micro-bearing,
nano-bearing, magnetic bearings, artificial joints in
humanoid robots, micro-motors. Unfortunately, nu-
merous authors in the field of hydrodynamic lubri-
cation, avoid to assume the oil viscosity variations
in the gap height direction.

. The performed numerical calculations show that oil,
presented in the calculation, increases the pressure
and load capacity in the slide journal bearing for
Newtonian and non-Newtonian oil, in the presence
of magnetic induction field.
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