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Abstract: In this paper exact solutions corresponding to
the rotational flow of a fractional Oldroyd-B fluid, in an
annulus, are determined by applying integral transforms.
The fluid starts moving after t = 0" when pipes start ro-
tating about their axis. The final solutions are presented
in the form of usual Bessel and hypergeometric func-
tions, true for initial and boundary conditions. The lim-
iting cases for the solutions for ordinary Oldroyd-B, frac-
tional Maxwell and Maxwell and Newtonian fluids are ob-
tained. Moreover, the solution is obtained for the fluid
when one pipe is rotating and the other one is at rest. At the
end of this paper some characteristics of fluid motion, the
effect of the physical parameters on the flow and a correla-
tion between different fluid models are discussed. Finally,
graphical representations confirm the above affirmation.
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1 Introduction

Humans benefit from fluid flow but also need to under-
stand the negative effects in nature, e.g. hurricanes and cy-
clones. The topographic conditions and the sufficient sup-
ply of rain flow is important in the cultivation of crops. Cul-
tivation in deserts can also be achieved with artificial irri-
gation. Artificial breathing machines, artificial hearts and
dialysis systems are designed using fluid dynamics. Hence
fluids are vital.

The stress and rate of strain of a fluid is related: fluid
is Newtonian if this relationship is linear, if not, the fluid
is non-Newtonian. The non-Newtonian fluids, like poly-
mers, plasma, paste and pulps are very important in indus-
try. Therefore, the discussion of non-Newtonian fluids in
fluid mechanics is important. All existing fluids cannot be
described by the Navier-stocks equations. By categorizing
different fluids, we have different mathematical models to
represent fluids. Oldroyd-B fluid is one of these rate-type
models.

The non-Newtonian fluids possessing shear depen-
dent viscosity are known as viscoelastic fluids. The first
rate type fluid model is a Maxwell model that is still in
used. Fetecau et. al [1] derived the results of the velocity
field and shear stress of an Oldroyd-B fluid on a plate, ac-
celerating constantly. Hayat et. al [2] determined the solu-
tions for MHD flow over an infinite oscillatory plate about
an axis that is normal to the oscillatory plate. Some au-
thors determined solutions for a viscoelastic fluid model
by reproducing a kernel method (RKM) [3-6]. The un-
steady incompressible Oldroyd-B fluid is analyzed by Jamil
et. al [7] and special cases are also obtained for Maxwell,
second grade and Newtonian fluids. Similarly, Burdujan
[8] used this idea on Taylor-Couette flow and calculated
the velocity field and shear stress of a rotating fluid be-
tween annuls of double cylinders. Numerical solutions of
fractional fluids are also under attention [9, 10].

A lot of interest is given to a rotating circular domain
corresponding to helical flow for second grade, Maxwell
fluids and Oldroyd-B [11-14]. The flow of a polymer in a cir-
cular cylinder by considering pulsatile APG was analyzed
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by Barnes et. al [15, 16]. Davies et. al [17] and Phan-Thien
[18] presented the same problem for a White-Metzner fluid.
To solve the viscoelastic motion of different fluid mod-
els, one needs to learn about fractional calculus [19, 20].
Fractional calculus is very useful in fields of mathemat-
ics and physics [21-23]. Furthermore, the interested reader
can consult the references [24-30].

In this proposal, we consider the fractional Oldroyd-
B fluid model and study the flow due to the circulation of
two pipes around its axial. Integral transforms are used to
obtain the general solutions and the final result is in the
form of hypergeometric functions. There are some limit-
ing cases by applying the limits on physical parameters,
ie¢ — 1,4, — O0and A — 0, solutions for the ordinary
Oldroyd-B, fractional and ordinary Maxwell and Newto-
nian fluids are discussed respectively.

2 Development of the flow

Consider a fractional Oldroyd-B fluid (OBFFD) between
two coaxial pipes. The radii of the pipes are R, and R, (>
R,), after time t =0*, both pipes and the fluid between
them start rotating along their axis. For the considered
problem, the z-axis is along the axis of the pipes, the r-axis
is perpendicular to the axis of the pipe and 6 is along the
tangent to the boundary. Let vy, vy and v be the velocity
components in the direction of the r, 6 and z axes respec-
tively.

The continuity and linear momentum equations for in-
compressible flow is

divV = 0, o)

av 1,

Vi EdlvT +b, 2
where V, t, p, b, d/dt is velocity, time, density, body force
and the material time derivative respectively.

For an incompressible Oldroyd-B fluid [36]

T=-pl+8S,
S+AS-LS-SLT) = uy[A + A,(A-LA-ALT)], (3)

where p is the hydrostatic pressure, I denotes the identity
tensor, S is the extra-stress tensor, A and A, are relaxation
and retardation times, superposed dot indicates the ma-
terial time derivative, L represents the velocity gradient,
A = L + LT is the first Rivlin Ericsen tensor, U is the dy-
namic viscosity of the fluid and the superscript T denotes
the transpose operation. For the problem in consideration,
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Figure 1: Problem Geometry.

the velocity field and the extra stress tensor has the follow-

ing form [31]
V=V(r,t)=wr,tey, S=S(,1t). (4)

For such flows, (1) is true.

The governing equations for a Oldroyd-B fluid, corre-
sponding to the above defined motions are [31]

<1 +A%> o 0 = u(1 +/t,%) (% - %) wr D, ()

0\ ow(r,t)
(1 +}l&) 5

=v(1 +Ar£)< 0?

ot’\or2 " ror 1r
where v is the kinematic viscosity and 7(r, t) is the non zero
shear stress.

The governing equations for a fractional Oldroyd-B
fluid is obtained by using a fractional differential operator

D3, defined by [32, 33]

410 l)w(r,t), ©)

t

B 1 d f(r) .

Dym‘ru—oai/a—ﬂﬂ“
0

in governing equations (5) and (6) we have

0<¢<1, (@)

(1+AD%) 7(r, t) = p(1 + AsDY) (% - %) w(r, t), (8)

ow(r, t)
ot
2 10 1
=v(1 +A$DS) (ﬁ M r—z) w(r,t). 9)

(1 +A5DS)
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3 Initial and boundary conditions

We need three conditions to solve a fractional partial dif-
ferential equation (9). The relevant initial and boundary
conditions are

ow(r, t
w(r, t)|[=0 =0, gt )ll‘:O =0’
T(r, t)|t:O = 05 re [R15 RZ] ’ (10)
wR1,t) = R1U1t*, w(Ry,t) = RyU,t* for t>0, (11)

where U1, U, and x are real numbers.

3.1 Analytic solutions for the velocity field

Using the Laplace transform Egs. (9) and (11) implies
that

(q + A‘q‘”) w(r, q)

0> 10 1\_
=v(1+Aq°) (ﬁ *osoo ?>w(r, q@); re(Ri,Ry),
(12)
_ RO, _ RO
w(Rlx q) = #’ w(RZ’ CI) = qf{+12 ’ (13)

where the Laplace transform of the function w(r,t) is
w(r, q). The finite Hankel transform [34] of the function
w(r, q), can be expressed as

R,
EH(rn,q)=/rE(r, QA(r,rn)dr, n=1,2,3,... (14)
Ry

where

A(r,rn) = J1(rrn)Ya(Rorn) = J1(Rarn) Y1 (rrn) (15)

rn are the positive roots of the transcendental equation
A(Ry,1) = 0, and Jp(-) is Bessel functions of the first kind
and Yp(-) is Bessel functions of second kind of order p .

Taking the Hankel transform of the differential equa-
tion (12) and keeping in mind the boundary condition (13)
and following identities

LA, 1) = o) Y (Ror) - 1y (Ror) Yorra)]

- %A(r, ). (16)

Jo@)Y1(2) - J1(DYo(@) = -2,

nz (17)
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we get
_ (1 + A7 g9)[R2U,J1(R1rn) = R1U1J1(Rarn)]
wgl(rn, q) =2v
(., 4) J1(R1rn)
1
. 18
q<ri(g +vrg + ASqs + vATrigS) 18)
Writing the above equations in a suitable form
_ 2[R,U2J1(R17rn) = R1U1J1(Rarn)]
wy(rn, q) =
i(rn. @) nraJ1(Rirn)
§4S
ES e ()
q q*(q +vrg + A5qS*1 + VAT gS)
The inverse Hankel transform of wy(rn, q) [34]
_ T = 12J2(R1rn)A(r, 1) —
w(r,q) = — ’ wy(m,q). (20
( q) 2 ;J%(ern)—]%(Rzrn) H( n q) ( )

Using the inverse Hankel transform on Eq. (19), and
the identity

Ry(r* -R}) _ "i J2(Ryr)A(r, n)
(R%_R%)r 1 ]%(ern)—]%(Rzrn)’
we obtain

U1R3(R3-r) + U2R3(r* -RY) 1
r(R3 - R) g7

B JiR1rn)A(r, ) 1+A%qS
"ZJ%(ern)—f%(Rzrn) qx

n=1

(B2R2J1(R17n) = B1R1J1(R21n))

w(r,q) =

x 21
(g +vrg + ASq5+1 + vASTEqS) @)
Using the identity
ook
1 1 k!
g +vrd + ASgstl+vASr2qs  AS kz:(; r;) m!(k — m)!

LS ¢m-k-1

() @
(a+ %)

Eg. (21) can be further simplified to give

_ _U1RI(RE-r)+ BR3P -RY) 1 n
w(r, q) = "RI-R2) TS

y i J1(R1rn)A(r, n) (O2R2]1(R17n) = BG1R1J1(Ra1n))
]%(ern) —]%(szn)

n=1
= X k! v\ K
. _ v ¢m
XZZm!(k—m)!( AC) A
k=0 m=0

¢m-k-k-1 ¢+em—k-x-1
x4 +Aq 23)

(qc + A%)kﬂ
Now using inverse Laplace transform on Eq. (23) and

taking into account (A) [35] from the Appendix, we find

that

UO1R?(R3-1*) + U,R3(r* -R?) x 7

- =

wlr. 1) = r(R2 - R2) As
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J1(R1rn)A(r, rn) (U2R2J1(R17n) = U1R1J1(Ra1n))
]1(R1rn) —]1(R2rn)

yh

n=1

= & w2\ *
ZZ '(k m)! (‘T?) A"
[ ¢,cm—k-x-1,k+1 (_A_ly t)

AG; ¢+om—k-k-1,k+1 ( A—l, t) } (24)

3.2 Calculation of the shear stress

Using the Laplace transform, Eq. (5) implies that
1+ }l 3 _ 1 @, q)
1+A%gS \or r 4

Using Egs. (21) in the above equation we get
¢ 2p2 _
T(r, q) = u Alq® 2RiR; U, -Us
1+A5qS (R3-R)r2 g+
UTT o [2A(r, 1) = 1aA"(r, 10)] J1(R17n)
+ 5= 5 >
As J3(Rirn) - I3 (Rarn)

n=1

T(r,q) =p (25)

oo k
x (U2R2J1(R11n) = B1R1J1(Ry1n)) Z Z
k=0 m=0
k ~k-x- +gm—k—K—
x (_VT%) A5m (g™ kel +quc sm-k 1):| (26)
AS (qg . )k+1

k!
m!(k - m)!

where
A*(", rn) = J1(rr)Yo(Rarn) — Jo(Rarn) Ya(rrn) .

Now, using the inverse Laplace transform on Eq. (26), fi-
nally the shear stress

2uRiR3 (U, - Uy) "
AS(R3 - R})r2 [Rowc1 (47 )

_ n

+ ARt (A5, 0) ] + B2

ind [%A(r, ) - mA(r, )] J1(R1rn)
> J2(Rira) - 2(Ra1n)

@7)

T(r, t) =

(G2R2J1(R11n)

n=1
- U1R1J1(Ryrn)) ZZ m'(k A
k=0 m=0
XAgm[ ¢,gm-k-x-1, k+1 ( )

+/1 Ggg+gmkx1k+1( ” (28)

4 Limiting cases

1. Letting ¢ — 1 into Egs. (24) and (28) the velocity field

U1R3(R% - r*) + U2R3(r* - R?)

w(r, t) = HR2 - t

7
R?) 1
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y i Ji(R1rn)A(r, rn) (O2R2J1(R1rn) — B1R1J1(Rarn))

]1(R17’n) ]1(R27’n)

n=1

ZZ m'(k m)! (‘v,:%)k

k=0 m=0
x A" [Gl,m—k—x—l,kﬂ (_/rl’ t)

+AG1 1em-k-x-1,k+1 (—A_l, l‘) 15
and the shear stress

2URIR3 (U, - V1)
T(r, t) = AR - R

xRy ¢ (—/\_1, t) ]+ %

y i [2A(r, tn) = nA"(r, 1n)] J1(R17n)
J3(Rirn) - J3(Ra 1)

(29)

[R1,-x-1 (—/\_1,

t) +Ar

n=1
oo k

x (U2R2J1(R11n) = B1R1J1(Ry1n)) Z Z

k=0 m=0

2 k
X <_VTI’V,) A;n [Gl,m—k—k—l, k+1 (_/1—1, t)

+ ArGl,ler—k—K—l, k+1 (_A_I’ t) } s
for the ordinary Oldroyd-B fluid.

m‘(k m)!

(30)

2. Making A, — 0in Egs. (24) and (28), the velocity field

U1R2(R3 -1r) + Usz(r - RZ)

w(r, t) = r(RZ )

J1(R1rn)A(r, rn)
A Z J2(Rirn) - J3(Ran
k
- 1R J1(Ryrn)} Z ( V’">
x {Gq,—k—x—l,k+1 (_A_g’ t)
+ AGg,g—k—K—l,kﬂ (‘Aig, t) },

and the shear stress

T(r, t) = AI’Z(R% _ R%) Rc’_z < /\ . t)
iy = JiRirn) (3A(r, ) = 1n A'(r, 10)) )
AS n=1 I%(ern)—]%(Rzi’n)

x {O2R2J1(R17n) = B1R1J1(Ra1n) }

{Uszh(R1 n)

1)

oo

k
x Z ( Xgrn) Ge,—k-2,ke1 (A5, 1)

k=0

(32

corresponding to a fractional Maxwell fluid.

3. Making ¢ — 1 in Egs. (31) and (32), the velocity field is

U1R2(R3 - r?) + U R3(r* - R2)

w(r, t) = "(R2-R2) t
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J1(R1rn)A(r, 10)
g Z}Z(ern) J2(Rarn

k
-U1R 1]1(R27’n)}2( w")

x {G1,-kx-1,ks1 (—/rl’ f)

{G2R2J1(R11n)
)

+AG1 1-k-x-1,k+1 (—/1_1, t) b, (33)
and the shear stress is
_ 2URIR3 (U2 - U1 -
w0 = ey Rea (A7)
iy — J1(R1rn) (%A(r, m) - A'(r, rn)) ,
AS 1 ]%(ern) —]%(Rzrn)
x {U2R2]1(R17n) = B1R1J1(Ry1n) }
= /w2 \* _
x Z ( A n) Gl,—k—Z,k+1 (_/\ 19 t) ’ (34)

k=0

for the ordinary Maxwell fluid.

Using Appendix A, the expressions (33) and (34) in
the simplified form for k = 1, in terms of expositional func-
tions, are

U1R3(R3 - r?) + U,R3(r* - R?)
r(R3 - R?)
_n Z J1(Ryrn)A(r, rn)
Vv = 13 (Rirn) - J3(R21m)]

eq2nt — q%ne‘hnt } ’ (35)
qon — q1in

t

w,(r,t) =

{G2R2J1(R11n)

2
- U1R1J1(Rarn) } {1 - A4in

and

i J1(R1rn) (2A(r, rn) = raA’(r, 1))
~ 133 (Rirn) - J3(Rarn)]
x {02R2J1(R17n) = B1R1J1(Ry1n) }

y {1 . Qune™' - qzne‘“"‘} .
q2n — qin

T,(r, t) =

+71p

(36)

4. By now letting A — 0 in Egs. (35) and (36) or
¢ — land A — 0 in Egs. (31) and (32) and using
. _ b-1 . .

}grz) %616,k (7 8) = foys b <0, the velocity field is

U1RI(R3 - 1%) + UaR3(r* ~ R)
r(R3 - R?)

n Z J1(R1rn)A(r, rn)

v 22 2R Rura) - 2 (Ryr)

- OiRi(Ror)} {1 -7,

w,(r, t) = t

]{Uszh(Rﬂ’n)

37)
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and the shear stress is
2uR3R3(U; - U1)
r2(R3 - R?)

= J1(Rirn) (2A(r, rn) - raA™(r, 1))
) R R - P

< {ORoJ1(Rara) = DR i (Rora)} {1 - €'}, (38)

corresponding to a Newtonian fluid.

T,(r, t) = t

n=1

5 Flow through a circular pipe

The finite Hankel transform of the function f(r, t) is

Ry
fulr) = [ romnemdr, (39)
0
and the inverse Hankel transform of f, (r,,) is
Ja(rry) (40)

w(r) = &2 ZJZ(R oyl OF

where J1(R,r) = 0 as ry are the positive roots of the equa-
tion.

By making J1(R,rn) = O, and using the identities
Jo(2) +J2(2) = 2J1(2) in Eq. (15) we get

2]1(rrn)

Al 1) = mRy1J2(Rarn)’ D)
Writing the Integral
R;
/rf(r, HA(r, ra)dr
I'?l
R, R
=/rf(r, A(r, rn)dr—/rf(r, A(r, rp)dr.
0 0
(42)

Introducing Eq. (41) and taking R, = 0, the above integral
takes the form

R,

/ rf(r, OA(r, rp)dr

Ry

. / ofr, O, (43)

ﬂRzrn]z

as a result from (24) and (28) we recovered the expansions
for the velocity field

J1(rrn)

20
wlr, ) = Bart = = Z T2 (RoTn) Z Z m'(k -
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2\ k
X (‘%) AV [Gg,(;m—k—z,kﬂ (_A_ls t)

+ AGg,q+(;m—k—2,k+1 <_A_l ’ t) } ’ (44)
and
co o~ k
2un, Jo(rrn) k!
1t = T2 AY]
0 ==3 ;]z(Rzrn) ;mzo mi(k - m)!
w2\ ¥
(45 W (Gognscan (170)
+ArGegomia,ken (A1) ], (45)

through a cylinder already obtained by Kamran et al. [31]
in Equation (21) and (27) forp = 1.

6 Conclusions and results

In this article, exact solutions for a fractional Oldroyd-
B fluid between two rotating pipes are determined. Fluid
motion is produced due to rotation of the pipes around
their axis with time dependent angular velocities. The so-
lutions determined by the use of integral transforms and
presented in terms of Bessel functions and hypergeomet-
ric functions which are free of integrals. The final result
satisfies the initial and boundary conditions. In the lim-
iting cases, the corresponding results for Oldroyd-B fluid,
Maxwell and Newtonian fluid, are obtained from general
results. Moreover, the solution for the fluid through a cir-
cular pipe is obtained as a special case.

T T T T
50) aaa t=4s |7
o t=06s
o00t=28s
2 2
R 7 =
" osof g
I I I I I . |
1 228 356 484 612 74 1 228 356 484 612 74
r r
(a) (b)

Figure 2: Profiles of the velocity field w(r, t) given by Eqgs. (24) and
(28)f0|’R1 =1, Rz =7.4, Ul =1, Uz = -1, A= 4, Ar =1, v=
0.002, ¢ = 0.1 and different values of time

The velocity profiles and shear stress are illustrated
in Figures 2 — 7 for different values of parameters. Fig. 2
for the effect of t, Fig. 3 for the effect of v, Fig. 4 for the
effect of A, Fig. 5 for the effect of A, and Fig. 6 shows the
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T(r)

w(r)
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oo 1v=04
eeov=0.7

" 2008
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356 484 6.2 74
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@ (b)

Figure 3: Profiles of the velocity field w(r, t) given by Egs. (24) and
(28)f0|’t =17, R1 =1, Rz = 7.4, Ul =1, Uz = -1, A= 20, Ar =
5, ¢ = 0.9 and different values of v

100

w(r)
7(r)

I
1 228

I I I
356 484 6.12 74

r r

(@) (b)

Figure 4: Profiles of the velocity field w(r, t) given by Egs. (24) and
(28)fort=7,R1 =1, R, =7.4,01=1,0, =-1,v=0.2, A, =
1, ¢ = 0.5 and different values of A

effect of the fractional parameter ¢ on the fluid motion.
Clearly, the velocity as well as shear stress are increasing
as a function of t and v, The effect is qualitatively the same
for fractional parameter ¢ and A, more exactly the velocity
w(r, t) is a decreasing function with regards to ¢.

Finally, Fig. 7 is the comparison of w(r, t) correspond-
ing to the motion of the Newtonian, fractional and ordi-
nary Maxwell, and fractional and ordinary Oldroyd-B for
the same values of time and for the same material and frac-
tional parameters. From this comparison, the Oldroyd-B
fluid is the slowest and the Newtonian fluid is the fastest
on the whole flow domain. SI units are used for all figures,
and the roots ry = ﬁ.
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Figure 5: Profiles of the velocity field w(r, t) given by Egs. (24) and
(28)fort =8,R1 =1,R, =7.4,01=1,0, =-1,v=0.2,A=
10, ¢ = 0.5 and different values of A,

7(r)

Figure 6: Profiles of the velocity field w(r, t) given by Egs. (24) and
(28)fort=20,R1 =1, R, =7.4, 01 =1, 0, =-1,v=0.001, A =
4, Ay = 1 and different values of ¢

Appendix

b (e ]
1 B _ dTI(c +7)
L {(q“ d)c}‘ Gabe(d, 0 Zr( TG+ 1)
t(c+j)a—b—1 d
- R - —|<1 A
* Tlc+ Da-bl’ e(ac-b) >0, Iqa\ <1, (A1)
b _vr% k G A_l t qunt —_ eqlnt
g( A ) 1’7k71’k+1( ’ )_ dan—din
(4,)
Z( n) G1,k-2,k+1 (—/171,1‘)
k=0
A qune™ - qzne"l"t)
= 1+ R A
) W’2 ( d2n — q1n (43)
Ri (—A‘l, t) —At- 22 (1 - e“/") ;
-1 ++/1-4VArs
dins q2n = 72/\ n, (A4)
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Figure 7: Profiles of the velocity field w(r, t) corresponding to the
Newtonian, Maxwell, Fractional Maxwell, Oldroyd-B and fractional
Oldroyd-B fluids, fort =8, Ry =1, Ry = 7.4, U1 =1, 0, =-1, v =
0.001, A =3.6, A, =3 and ¢ =0.8
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