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Abstract: Fermi-Walker derivative and biharmonic parti-
cle play an important role in skillful applications. We ob-
tain a new characterization on binormal spherical indica-
trix by using the Fermi-Walker derivative and parallelism
in space. We suggest that an inextensible flow is the nec-
essary and sufficient condition for this particle. Finally,
we give some characterizations for a non-rotating frame of
this binormal spherical indicatrix.
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1 Introduction

In the literature there are many studies on Fermi-Walker
transport and Fermi-Walker derivative. Simple description
for the construction of Fermi-Walker transported frames
out of an arbitrary set of tetrad fields was presented in
Ref. [1-3].

Recently, a research on Fermi-Walker transports has
been expanded to Minkowski spacetime in Ref. [4, 5].
Frenet-Serret equations constructed by Synge on world
lines are a strong instrument for studying motion of non-
zero rest mass for test particles in an assumed gravita-
tional field [6-11]. Also, Frenet-Serret equations have been
generalized from non-null to null trajectories in a space-
time by using a new formalism with Fermi-Walker trans-
port in Ref. [4].

In Ref. [5, 10-16], some curves corresponding to their
flows has been investigated. A new characterization of in-
extensible flows for curves with Fermi-Walker derivative
and its parallelism on the 3-dimensional space has also
been constructed. More precisely, they have constructed
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new figures as illustrations of the moving charged particle
in electromagnetic field. Flows of curves of a given curve
are also widely studied in Ref. [17, 18]. Some characteriza-
tions of curves and surfaces are given in Ref. [19-29].

In Ref. [2], Fermi-Walker derivative, Fermi-Walker par-
allelism, non-rotating frame, Fermi-Walker terms with
Darboux vector are given in Minkowski 3- dimensional
space. In Ref. [15], flows of biharmonic particles on a new
spacetime are defined by using Bianchi type-I (B-I) cosmo-
logical model. A geometrical description of timelike bihar-
monic particle in spacetime is also given. In Ref. [17], a new
method for inextensible flows of timelike curves in a con-
formally flat, quasi conformally flat and conformally sym-
metric 4-dimensional LP-Sasakian manifold is developed.

The structure of the paper is as follows. First, we con-
struct a new characterization for inextensible flows of bi-
normal spherical indicatrix and Fermi-Walker parallelism
by using Fermi-Walker derivative in space. Finally, we give
some characterizations for non-rotating frame of binormal
spherical image.

2 Preliminaries

In this section, we study relationship between the Fermi-
Walker derivative and the Frenet fields of curves. Moreover,
we obtain some characterizations and an example of the
curve.

Fermi transport and derivative have the following the-
ories.

Fermi-Walker transport is defined by

VIV = VoV -T(V, V1T) + VoT(V,T) =0. (1)

VEWV is called Fermi-Walker derivative of V with re-
spect to T along the curve in space.

With this definition the following features are satis-
fied [24]:

1. If the curve is a geodesic, then the Fermi-Walker
transport is identical to parallel transport: if V1T =
0, then VAWV = vV.

2. VEWT =0, that is, the tangent to the curve is always
Fermi-Walker transported.
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3. If V and W are Fermi-Walker transported vector
fields, their inner product remains constant along
the curve

% (V(s), W(S)) = (VV, W) + (V, VW), ()

VEYW =0 =vV-T(V,ViT) + V{T(V,T). (3)

If we write the equation (3) at equation (2)

L (e, W) = (1
+(V, T(W, VrT)
= (T, W) (V, VT) -
+(V,T) (W, VT) -

(
=0.

(V,vqT) - V7T (V,T), W)  (4)

-ViT (W, T))
<VTT’ W> <V’ T>
(V, viT) (W, T)

is attained, [25].

Physical sense of above attribute is that V is orthogo-
nal to T along curve. Thus, horizontal change in it along
the curve can only stem from rotation of the vector in a
plane perpendicular to T. Property of Fermi-Walker trans-
port VAWV = 0 intends that vector is moved without any
rotation. This is fundamental to detect the action of gyro-
scopes when moved with accelerated observers.

3 Construction of Fermi-Walker
derivative for inextensible flows
of curves

Lemma3.1. Leta : I ¢ R — M be a curve in space and
V be a vector field along the curve a. Foramap I' : I x

(-¢, &) = M, putting I'(s, 0) = a(s), (g—g(s, t)) = V(s).

Therefore, the following functions can be obtained:

i Speed function v(s, t) =

ii Curvature function (s, t) of a;(s),
iii Torsion function 7(s, t) of a(s).

The variations of those functions at ¢t = 0 are

Vo) - ($rs.0)
oK 2

Ve - ($56.0) | -aVRV.N - 201V, ©

t=0

+8(R(V, T, N),

= g(VTV’ T)V, (5)
t=0
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= [ig(v%v +R(V,T)T,B| (7

S

Ve - (Gr6s.0)
t

+x(VrV,B) + 1g(V1V, T) + g(R(V, T)N, B),

where R is the curvature tensor.
Second, a flow of a;(s) may be represented as

aa
t = 1T+ BN + B3B, )
where f1, 82, B3 are smooth functions.

On the other hand, Korpinar-Turhan obtained flows
of binormal spherical images of curves in space [7].

Now, we investigate conditions of Frenet vectors.

Theorem 3.2. If ¢ is binormal spherical indicatrix of a,
then

VT? = -V;N = (ﬁlx—ﬁ3r+ )
I

g e R
5] (e )
[ 2) -3 0
w3 - (e 2) e o
[ -5
ot 3]+ (e 2 ) ]2
where
= VX2 +712,C= (V/N,B). (12)
Theorem 3.3 (Main Theorem).
VeVEVX = VWV X + v (B AX) (13)

+ k?(VB? A X).

Proof. By using the definition of Fermi-Walker transport
we have the above equality. This completes the proof.

Theorem 3.4.
Wt - ais <,81K BT + ﬁ) T (14)
+ K(ﬁlk B3T+ )+GT
K¢ <%€ <ﬁ1K ﬂ3T+ aﬁz)) N- gf
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Proof. From Serret-Frenet formulas and Fermi-Walker
derivative, we have

ViIPX = vsX - k? B? AX) (3.11)
Using flow of T?, we obtain
VIV, T? = VsV T? - x?BAV,T?). (312
Since the above equation, we get
$_0 _ B2\ p_0C
VSVtT 5s (ﬁlK ﬁ3T + s T s B (15)

+ |:K (le—ﬁ3r+ %) + GT:| N-«x (B/\VtT"’) .

By using the properties of cross product we can easily
write that

B AV, T? = (IT 16)

B
+%B> A ((ﬁlk—ﬂg‘r+ aa—/iz) T- en)

(o)) oo

(G a2

Then it is easy to obtain that

0s (17)

+ |:K (,le—ﬁ31+ aa—/iz> +Ct

—x? (%e+% (ﬁlx—ﬁ3r+ aaiz))}N— %B,

which completes the proof.

VfWVtT‘p = % (ﬁlx—ﬁ3‘r+ %) T

Theorem 3.5.

vy, N® % {% {ﬂ + (ﬁz‘r+ BT%) [ﬂ (18)
X {G LI;] (ﬁlK-/33T+ 671?) [% }
ik *

)1 851
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+";” {e H ; (ﬁlk—ﬁgr+ %) {;mf;.

Proof. This can be verified using an argument similar to
above theorem.

S22
[fenr ) -]
5 (nenr-2) <
-2 ]

bt )<l

Theorem 3.6.

viWy,B? = (19)
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Proof. This can be verified using an argument similar to
above theorem.

Using above theorems, we get the following corollaries by
straight-forward computations.
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Corollary 3.7. If V,T? along the curve, parallel to the
Fermi—Walker terms, then

(B1K B3t + aﬁZ) =0, (20)

[ (ﬂlk B3t + BZ) @1
+€T—K¢(ﬁe+ﬁ(ﬁlk B;T+aﬁ2))}=0,

% -o. @

Corollary 3.8. If VN? along the curve, parallel to the
Fermi—Walker terms, then

HIEHREE N
5] (eonr ) ]
9o 5] (p-me ) 5] -0

[ uﬁ] (- 2) 3]

P2 [e[5] (e ) 3]
[(pre 2 [3)- 2 5]

o (2 (b ) [1]
5[ 2 -2 [31]]] o
RN (RS
ofefg]+ (e 2) 2]
L e[ (b= ) 5] -0

Corollary 3.9. If VB? along the curve, parallel to the
Fermi—Walker terms, then

BEHEEESIH]
[(oenr ) <]
5 (e 22 [5] e 3] o

(23)

= N

(24)
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4 Applications to electrodynamics

In this section, we construct the Fermi—Walker derivative
in the motion of a charged particle under the action of only
electric or magnetic fields.

The equation of motion of a charged particle of mass
m and electric charge q under the electric field £ and mag-
netic field B is given by the Lorentz equation. In Gaussian
system of units, we have [25]:

m@=q8+qvx3. (25)

ds
Case I. Only a magnetic induction B (no electric field &),
the equation of motion is

mddl—qT‘PxB

From above equation and Frenet frame, we easily
choose

(26)

¢
p=KMpge @7)
q
Then,
¢
K T K
B=-=—(,.T+_-B]). (28)
q <B B )
Therefore, we can write
o (k®mt kPm 1
viWe - - = ( ) T- kN 29
: os\ q B q B 29)

[T ()]
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which implies that
o [kPmt
as ( q ‘B) - O’ (30)
¢
k’mrt
——x =0, 31
¢ ¢
KmE=i<K mx) 32)
g B os\ g B
On the other hand, we obtain
o [(kPm\ 1
v -2 (Kn) o)

i) (e ) ]
_"‘Z’”Kﬁlx SR SIHEIHIE
- ] (e 22 5]

If VB along the curve, parallel to the Fermi-Walker

terms, then
a—(%)% (34)
3 i) (e ) 3]
< (i ) <[] -0 o

s (8] () )0 oo

Case II. Only an electric induction & (no magnetic field
B), the equation of motion is

mK¢

e=""_N®. 37
q @37
Then, we easily have
o (mx® K mx®1? 1
vile - {— ( ) had f] T 38
s S ; 7 B (38)
[mx¢r¢ K 0 <mk¢) T]
+ == |— ) 5|B,
g B os\ q /B
which implies that
¢ o)
i(mk )5 mx?®t I=O, (39)
os B q B
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@At =1

(b) A(t) = -t

@A) =t

Figure 1: Binormal indicatrix of time helix is illustrated with Ma-
genta, Cyan, Green color at thetime ¢t = 1.2, t = 1.8, t = 2.2,
respectively
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o) ¢
mx®t f_i(m">f 0. 40)
q B os B
On the other hand, we obtain
o (mk®\ k 09 «k
ve- |5 ("5 ) 5o “n

)
el (o ) ]
25

If V€ along the curve, parallel to the Fermi—Walker
terms, then

26 D))o
clp] < (e 52 ) [0 @
(44)

5 Some pictures

In this section we draw some pictures corresponding to dif-
ferent cases by using a following example:
The time helix is parametrized by

ag(s) =(A(t)cos(s),A(t)sin(s), B(t)s), (45)

where A, B are functions of time only.

6 Conclusions

Fermi-Walker transport and inextensible flows play an im-
portant role in geometric design and theorical physics.

In this paper, we have studied Fermi-Walker derivative
and Fermi—Walker parallelism for binormal indicatrix. The
aim of this work is to show inextensible flows of Fermi-
Walker derivative by using curvatures of curves.

Furthermore, using the Frenet frame of the given
curve, we present some partial differential equations. We
have given some illustrations together with some exam-
ples, which we have used flows of Frenet frame and Fermi

(e 52) [l )2
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derivative in space. Finally, we construct the Fermi—-Walker
derivative in the motion of a charged particle.

In our future work under this theme, we propose
to study the conditions on the Fermi-Walker derivative
and Fermi-Walker parallelism for spherical indicatrix in
Minkowski space.
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