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Abstract: Based on some previous works, an equiva-
lent equations is obtained for the differential equations
of fractional-orderq <(1, 2) with non-instantaneous im-
pulses, which shows that there exists the general solution
for this impulsive fractional-order systems. Next, an exam-
ple is used to illustrate the conclusion.
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1 Introduction

Fractional differential equations has gained much atten-
tion in literature because of its applications for descrip-
tion of hereditary properties in many fields, and some
progresses were gotten in computation methods, con-
trollability, existence etc. for fractional differential equa-
tions [1-6]. Moreover, impulsive fractional (partial) differ-
ential equations were widely studied [7-29] due to impor-
tance in description of some processes in which sudden,
discontinuous jumps occur, and general solution has been
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discovered for several impulsive fractional order systems
in [30-35].

However, Hernandez and O’Regan in [36] pointed out
that the instantaneous impulses (considered in almost
all papers about impulsive differential equations) cannot
characterize some processes such as evolution processes
in pharmacotherapy, and presented a kind of impulsive
differential equations with non-instantaneous impulses.
Moreover, the existence of solution is considered for some
fractional order systems with non-instantaneous impulses
in [37, 38].

Based on the above-works, we will study the following
fractional order system with non- instantaneous impulses.

g, x(0) = f(t, x(8)),

qe(,2),te(sg,tieal, k=0,1,...,N,
x(t) = gi(t, x(0), te (ty,sil, k=1,2,...,N, (1.1b)
(1.10)

(1.1a)

x(0) = x0, X (0) = X0, Xo, %o € R.

herecDg+ is the Caputo fractional derivative of order gq.
f:[0,TI xR — Rand gy : (tx, sx] xR — R are some ap-
propriate functions, and g; denote non-instantaneous im-
pulses, and gk(sk, x(sy))exist (herek=1,2,...,N),and0 =
to=So<ti1<sy<sthys...<styssystyn=T.

Next, let us introduce the concept of the fractional
derivative and some conclusions in Section 2, and provide
main result in section 3, and give an example to show the
usefulness of the obtained result.

2 Preliminaries

Definition 2.1 [39]. The left-sided Riemann-Liouville frac-
tional integral IZ, xof order p(p > 0) for functionx is de-
fined as

t
1 x(1)
IZ+X(t) = @ / de (t >a, p > 0)1

where I'(+) is the Gamma function.

This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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Definition 2.2 [39]. The Caputo fractional derivative “DZ,x  proaches:
of order g(gq > 0) for a function xcan be written as

for t € (sg, tys1l- for t € (si, tis1)-

t 0 { DY X(0) = f(t, (1), _ { DY, x(0) = (£, X(0),
1 xM(7)

-9 ) G-

Cna _
D =
a+X(8) T

- ("AD")D), t>a, - x(£) = x(sg) + X (5p)(t = 5¢) + %q) fstk (t- D) fdr,
for t (Sk, tk+l]'
whereD = d/dtand q € (n -1, n). 31)
Lemma 2.3 [39, 40]. If the function g(t, x) is continuous,
then the initial value problem (i) C Dg+ x(®) = (¢, x()),
for te (Ska tk+1] C (07 T]’

D, x(t) = g(t, x(t), ge (n-1,n), n>1,
xO(a) = xk, k=0,1,2,...,n-1.
x(t) = Cj + Byt + xo + Xot + %q) s -0 fdr,
< 4 for t e (s, ty1] € (0, T,
here C; and By, are constants.

is equivalent to the following nonlinear Volterra integral
equation of the second kind,

n-1 Xk 1 ¢ (32)
X0 =Y jhe-af s o [0t .
v k! I'(q) J Next, substituting (i) into system (1.1), we get
Lemma 2.4 [31]. Let ¢ and {be two constants. The impul- x(t) = x(sp) + X (s)(t - 53) + o) fstk (t - 1)9'fdr,
sive system for t € (s, tis1l, k=0,1,..., N,

x(t) = gi(t, x(t)), forte (t,sil, k=1,2,...,N,

“Dg,x(0) = £(t. x(0), x(0) = xg, X (0) = X9, X0, Xo € R.

q E (1’ 2)’ t e ] = [0’ T]’ t# tk(k = 1! eeey m)’
Ax|pey, =T (X)), k=1,2,...,m, That is,
Ax" =L (x(tp), k=1,2,....m,
t=ty

: Xo + Xot + i [o (¢ = 1) YfdT for t € (0, t1],
x(0) = xo, x(0) = Xo. T(g) Jo

gk(t,x(t)) for tE(tk,Sk], k=1,2,...,N,
@D 30 =4 gilsi x(51)) + & (k0 X(s )t - 52)

t )
is equivalent to the integral equation +%q) s, t-D)* fdr
. for t € (sy, tys1], k=1, ...,N.
Xo + Xot + %q) Jo t=9)T"'fds for t € Jo, (.3)
k k -
Xo +Xol + 1; Lie(t)) + ; (€ - )1 (x(t;)) In fact, X(t) satisfies conditions (1.1a)—(1.1c) in system (1.1).
+ﬁ I ot (t-s)?"1fds But, we will show that x(t) isn’t a solution of system (1.1).
k B . For system (1.1), we have
x(O)={ +3 [E1;(x(£7)) + ¢T;(x(£7))]
i=1 gk(t,x(t))=x0+)’(ot+ﬁ JH-nT fdr
1| flig _g)a-1 1.1 e
{F(CI) [fo (tl S) de {SYStem( )} for all k€?>,2 ..... N}
+ [y (6= )T fds - [ (¢ - s)q-lfds} Dg,x(0) = f(t, x(D), t € (S, trarl,
L[4 (G- )12 ds ) for te T, 1<kem. IR
2.2) = ¢ x(t) = xo + Xot + 5 fo -1)4 " fdr, (3.4)
t e (tk’ Sk], k= 1,2,...,N,
provided that the integral in (2.2) exists. Here J, = [0, t1] x(0) = x0, x'(0) = X9, X0, %o € R.
and Ji = (ty, il (K =1,2,...,m). ‘D, x(0) = f(t, x(©), te(0,T],
x(0) = x0,x'(0) = X0, X0,%0 €R.

And system (3.4) is equivalent to

3 Main result

t
_ 1 _
For convenience, letf = f(t, x(7)) in this section. Consider ~ X(£) = Xo + Xot + e / (t- 1) ' fdr for t € (0, T]. (3.5)
condition (1.1a) in system (1.1) by using two different ap- 0
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Moreover, letting g (¢, x(t)) = xo +’_‘0t+%q) fof (t-T)T fdr
(forall k € {1, 2, ..., N})in (3.3), we get
Xo + Xot + %q) fot (t-1)4fdr fort e (0, t1],
Xo + Xot + %q) fot (t-1)2fdr fort e (t, sy,
k=1, 2 ..o N,
Xo + Xot + F(q) [ Sk (s, - T)97 Y fdr
1 (t=s) [S -2

f (t-1)7 fdr} r(qikn o (s -1 fdr

fort € (sg, tyg1l, k=1,2,...,N.

(3.6)

Therefore, if X(t) is a solution of system (1.1), then (3.6) is
equivalent to (3.5). Thus,

t

1 _ el

F(q)o/(t 7)9 fdt

1 ([

I(q) {/ (5
0

S / (s~ 1) fd

for t € (Sk, tk+1]’ k= 1,2,...,N.

¢
)T fdr + / (t- T)q"lfd‘r]

3.7

Eq. (3.7) is an unfit equation, which means that x(t) isn’t
a solution of system (1.1). Therefore, we will regard X(t) as
an approximate solution to seek the exact solution of sys-
tem (1.1).

Substituting (ii) into system (1.1), we obtain

x(t) = Cj + Byt + xo + Xot + %q) fé (t- 1) fdr,
for t € (sg, tys1), k=0,1,...,N,
x(t) = gi(t, x(t)), forte (ty,syl], k=1,2,...,N,
x(0) = x, x (0) = X9, X0, X0 € R.
(3.8)

By initial conditions x(s;) = gx(sk, x(sx)) and x'(s;) =
(s, x(sy)) (here k =1, 2, ..., N), we obtain By = 0,
Co=0

By = gi(sg, x(sx)) — %o — ﬁ

/ (sx - 1)1 *fdr,
0

k=1,2,...,N. (3.9

and

Cy =8x(sk, x(sg)) — xo

5 O/ (s - )9 fdr

’ Sk -2
- gl x5Sk + g 0/ (¢ - D)9 2fdr,

k=1,2,..,N, (3.10)

DE GRUYTER OPEN

Substituting (3.9)-(3.10) into (3.8), we get

Xo + Xot + ﬁq) fot (t-1)9fdr for t € (0, t1],

gi(t, x(t)) for t € (ty, s, k=1,2,...,N,

&Sk X(s1)) = 7y Jo* (sk -1V fdr

+%q) fot (t-1)% fdr

+(t = 510 |45 X(51) = 7y Jo* (s - D)7 fele]
for t € (sy, tys1), k=1,2,...,N.

x(t) =

(3.11)
In fact, Eq. (3.11) satisfies conditions (1.1a)-(1.1c) and

gt x(O)=xo+Xot+ s[5 (t-1)* fdr

Eq.(3.11
{ d ( )} for all ke?tz ..... N}
Xo +Xot + 1oy Jo (t- )" fdr,
fort e (0, tl],
- 1 t -1
L x(®) x0+x0t+mf0 (t- 1) fdr,

fort c (ty, s¢l, k=1,2,...,N,
Xo + Xot + ﬁ fot (t - 1) fdr,
fort € (sg, tgsql, k=1,2,...,N.
{ pd x(t) = f(t, x(V), te€ (0, T,
x(0) = x0, x(0) = X0, Xo,%o €R

< lim isystem(l 1)}
gi(t, x(8)) = xo + Xot + F(q) Joe-oat
fort € (ty, sil, forallk € {1,2, ..., N}

Therefore, Eq. (3.11) satisfies all conditions of system (1.1),
anditisa solution of system (1.1).
Remark 3.1. @ f (t-1)9fdr(k =1, 2,..., N) is a key
part of the approx1mate solution X(t), and it is not included
in Eq. (3.11). Therefore, Eq. (3.11) is a particular solution
of (1.1).

Theorem 3.1. Let & and {; (here k = 1,2,...,N) be
some constants. System (1.1) is equivalent with the integral

equation

Xo + Xot + ﬁq) fot (t-1)9fdr fort € (0, t1],

gi(t, x(t)) fort e (ty,s¢l, k=1,2,...,N,

8k(sk x(s1)) = [y Jot (sx - ) fdt

+%q) ](f (t-1fdr

(= 50) [$4l51 X(50) = g Jo* (o~ ) 2fd]
+{ & [8x(sk, x(sk)) — X0 — XoS

—%q) Jok (s - T)q‘lfd‘r}

+{ [g}<(sk, x(sg)) - Xo — ﬁ Jok(sk - r)q-Zde} }
x{r(q) 5 (s =" 1fdr+f (¢- )9 fdr

~ ot -1 1fd‘r} + 7S (S (5y - 1) 2fd‘r}

I(g-1)
fort € (sy, tys1), k=1,2, ...,N.

x(t) =

(3.12)
provided that the integral in (3.12) exists.
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Proof. ‘Sufficiency’; the solution of (1.1) for t € (0, t;] satisfies
t
x(t) = xg + Xot + %q) / (t-1)TYfdr fort e (0, t4], (3.13)
0

and x(t) = g1 (t, x(¢t)) fort € (t1, s1].
For t € (sy, t>], the approximate solution of (1.1) is given by

t
x(0) =g1(s1,x(s1))+(t—s1)g;(s1,x(s1))+%q) / (t- )T fdr for t e (s1, ta]. (3.14)

Let e1(t) = x(t) — x(t) for t € (s, t»]. Moreover, by the particular solution (3.11), the exact solution x(t) of system (1.1)
satisfies

lim x(t) = xg + Xot +
81(s1,x(s1)) = Xo ~ X081 ~ gy Jo " (51~ T)q‘lfdr] — 0,

851, x(s1)) ~ Ko — iigy Ji* (51~ )02 fdr] = 0

¢
1 [t
o) 0/(l‘ 1) fdt fort € (sq, t2].

Thus,
lim el(t) = lim {x(0) - x(t)}
g1(s1, x(s1)) = Xo ~ %os1 = iy [ (51 - )4 fdr| — 0, 8151, x(51)) ~ X0 ~ Fos1 ~ 5 Ji" (51 - )4 fdr] — o,
8151, x(51)) ~ Ko iy Jo* (51 ~ )42 fdr] — 0 g, (51, x(51)) ~ %o - kg J5*t (51 - D)2 fdr] — 0
= ﬁq) [fot (t-1)9fdr - [ (s1 - T)7 ' fdr - f;l (t- T)q’lfd'r} - I{;ill) [5 (s1 - 1) fdr.
(3.15)
This means e; (t) is connected with lim e1(t),

[gl(sl,X(sl))—xO—iosl—ﬁ[n IS (sl—r)q’lfdf] —0, [g;(sl,X(sl))—io—ﬁ IS (sl—r)"’zfdf] —0

g1(s1, x(s1)) - xo — XoS1 — ﬁq) Jo' (s1 - )7 fdr and g} (s1, x(s1)) - Xo — ﬁ Jo (s1 - 1)97*fdr. Therefore, suppose

er(t) =x (gl(Sh X(s1)) = Xo = %01 = 1z Jo' (51 - D7 fdr,
§1(s1,X(s1)) - %o - iy Jo' (51 - 0V fdr ) { g [ fo (¢ - 09 fer (316)
- fot (s1 - D)7 fdT - fstl (t- T)q_lfd‘[’} - FE;ill) o (s1- T)q—Zde} fort e (s1, t2].

where (-, -) is an undetermined function with x(0, 0) = 1. Thus,

x(t) = X() + e1(t) = g1(s1, x(s1)) = [y Jo' (51 = DI HfdT + (- 51) [g'l(51, x(s1)) = 7y Jo (€ - T)q‘zfdr}
ity Jo (€= 1) fd + {1 -X (gl(sl, x(s1)) = X0 = %os1 - 15 [ (51 - DT fdr,
g1(51,x(51)) ~ %o = iy Jo' (51 - DT2dr) | { iy [Js" (51 - T fdr

+ fstl (t-1)%fdr - ]Ot (t- ‘r)q‘lfd‘r} + Fé;fll) o (s1- T)q‘zfd‘r} for t € (sq, t5].

(3.17)

On the other hand, letting t; — s;, we get

“DEx(0) = f(t, x(1)), q € (1,2),t€ (5p tral, k=0, 1,
lim X(t) :gl(t9 X(t))9 te (tl, sl]r

e X(O) = X0, X’(O) = X, X0, Xg € R.

D x(t) = f(t, x(1)), q € (1,2),t€ (sk, tym], k=0,1,

_) )= X(,Sl) = 81(s1, x(s1)),
x (t1) = x (s1) = g1(s1, x(s1)), (3.18)
X(O) =X0,X,(O) =)-(0, Xo,)_Co cR.
CDE x(0) = ft, x(1)), q€(1,2),t€ (sk, tgsr], k=0, 1,

o ) XD = x(s7) = 8151, x(51)) ~ X0 = Xos1 = gy Jo' (51 - D (T, (x(@)dlr,
X (s7) =X (s7) = g1(51, X(s1)) = %0 ~ g5y Jo ' (51 = DT *f(x, (x(1))dr,
X(O) =X0,X,(O) =)_(0, Xo,)_(o cR.
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Using Lemma 2.4 for system (3.18), we get 1 - x(y, z) = &1y + {1z for Vy, z € R, here &; and {; are two constants. Thus,

x(t) = g1(s1, x(s1)) = iy Jo ' (51 - DT HfdT + (¢ - 51) [g'l(sl, X)) = 1 Jo ' (51~ T)"’Zfdf}

i Jo =D fdr + { £ |g1(s1, x(51)) - X0 ~ X051~ 1 fo* (51 - 1) fdt

+01 [81(51, X(51) = %o = iy S (51 = D2 de| F{ oy [f5! (51 - 0 o)
+ fstl (t-1)9fdr - fot (t- T)q_lde} + F(E;fll)) Jo (s1- T)q‘zfdr} fort € (sq, t>].
and x(t) = g,(t, x(t)) for t € (t2, s5].
Next, for t € (sy, ty+1] (here k € {1, 2, ..., N}), the approximate solution of (1.1) is provided by
t
(0 = £4(510 X(50) + (€= 0850, X0) + s [ (=) fdr fore & (s o) (3.20)
Sk

Let e (t) = x(t) — x(¢) for t € (sy, ty.1]. Moreover, by the particular solution (3.11), the exact solution x(t) of system (1.1)
satisfies

lim x(t) = xg + Xot +
8i(sk, x(si)) = X0 = XoSk ~ 155 Jok (si - T)q‘lfdr] -0,

8(8i, X(51)) = %o ~ gy Jo* (S = T)‘?‘Zfdr] -0,

t
1 1
I(q) 0/ (t =) fdr fort € (sy, treal.

Thus,

lim ex(t)
8i(sk, x(sg)) — xo — XoSg - %q) Jo¥ (s - T)q_lde] — 0,
L;((Sk: X(s1)) = %o = gy Jo* (S~ r)"‘zfdr] -0,
= lim {x(t) - x(t)}
8i(sk, x(51)) = X0 — XSk — %q) Jo¥ (sk - T)q’lfdr] -0,
(81 x(510) = Xo = iy Jo* (e~ T)‘“fdr] -0,

= 5 [ o (k-1 fdT + fstk (t-1)7 Y fdr - [5(t- T)q‘lfd‘r} - R Jo (k- *fdr, (3.21)

Similarly to (3.16), suppose

ex(t) =x (gk(slo X(s1)) = Xo = XoSk = gy Jo' 5k = D fdx,
8k X(s00) ~ Xo - gy Jo (s~ T 2fdr ) { gy [ o (- DT (321)
= o (s - 1) fdr - fstk (t- T)q_lfd‘l'} - FE;’;) Jok (s - T)q‘zfd‘r} fort € (sg, tyal-

where k(- , -) is an undetermined function with x(0, 0) = 1. Thus,

x(t) = X(t) + ey (t) = gi(sy, x(sg)) - %q) Jok (s - 1) fdr
+(t =510 |8i(s1 X(51)) = 75 Jo* (S - T)q‘zfdr} + 1 Jo (=) fdr
+ {1 -K ggk(sk’ x(s)) = xo = XoSi — ﬁq) Jot (sx - 1)1 fdr, (3.22)
8x (51, X(51)) = %o — @D Jo' Gk~ T)qude)} {%q) [fo* (s = 1) fdr
+ fstk (t-1)9 Y fdr - fot (t- T)q‘lfdr} + ré;f"l) Jok sk - ‘r)q‘zfdr} for t € (g, tye1l.
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Moreover, considering a special case g;(t, x(t)) = xg + Xot + %q) fot (t-1)%fdrforalli e {1,2,...,k—1}and t; — si
in system (1.1), we have

DI x(t) = f(t,x(D), qe€(1,2),t€(si,tial, 1=0,1, ...k,
i ) XD =x0+ %ot + o) Jy =D (T, x(@)dr, te(t,s), i=1,2,.., k-1
t—=si | x(t) = gi(t, x(1), t e (ty, sl
X(O) = X0, X,(O) = Xo, X0, Xg € R.
DI x(6) = f(t,x(V), ge(1,2),t€(si,ti1l, i=0,1,...,k,
X(6) = Xo + Xot + s [o (t = DI (T, x(D)d7, t€ (ti,sil, i=1,2,.0 k-1,
=9 x(sp) = x(tx) = gx(sk, x(sk))s
X (sp) = X' (tx) = g (sk, x(s1), G.23)
x(0) = xo, x(0) = X9, X0, Xo € R.
CDE x(6) = f(t, x(V), ge(1,2),t€(si,ti1l, i=0,1, ...,k
X(t) = xo + Xot + ﬁfé(t—r)q’lf(r,x(r))dr te(t,sd i=1,2,.., k-1,
& 9 x(sp) - x(sy) = gilsk, x(s)) = xo = XoSk — r(q) Jok (s - DT f(x, X(T))dr,
X (s3) = X (53) = gi(s16, X(51)) = %o ~ 7y Jo " (Sk = D" zf(T, x(1))dr,
X(O) =X0,X,(O) =)_(0, Xo,)_(() eR.

Using Lemma 2.4 and Eq. (3.23) for (3.24), we have 1 - k(y, z) = &y + {,z for Vy, z € R, here ; and ¢} are two constants.
Thus,
X(0) = gi(sk, X(51)) = gy Jo (5= DI Hfdr +(t - 50) [g}((sk, x(s10) = 7255 Jo* (s - T)qude]
+%q) o (&= DT fdT + § & | gi(sk. x(s5)) = Xo - XoSi - %q) IO T)q"lfd‘r}
+k [g;((sk» X(51)) = %o = 75 Jo (k- T)q‘zfdr} } {%q) [ (s~ D)9 fdr
+ 5t =D fdr - [§(e-D)T 1de} F(iqskl)) “(sg - T)q’zfdr} , forte (sg, tisal-

‘Necessity’; taking the fractional derivative to Eq. (3.12) fort € (s, ty.1] (herek =1,2,..., N), we get

CDg*X(t)‘task,rM] = D3, {g"(sk xX(si0) = gy Jo" (s = DT + gy [o (¢ - 1) fdr
+(t - sp) [g}((sk, x(sp)) - ﬁ fo (s - T)q_zfd‘r}
+ {fk [gk(sk, X(s1)) = Xo = XoSk = gy Jo* (Sk = T)q,lde]
#8100 X(510) ~ %o = gy St s - T)q—zfdf} VL L - 0
O T N RS VO Lo

te(skstril

= £ X i1 + T { G [ 81510 X(510) = X0 ~ Kosic = iy Jo* (s~ D)

#0810 X(510) = o = gy Jo* (s~ D)7 falr] |

<04, (U5, (6= 097 f(r, x(@dr ) - D, ( [y (6 - D f(x, x(x))dr ) | et
= £ XO) ey o * {6 [8x00 X(51) = X0 = Rosi = 1y Ji* (51— D)7 fd

+ [k X(51) = X0 = gy Jo* (s = D72 £ x(O)] g, = FE XO)] ]
= f(&, X(t))|te(sk,tk+1] :

te(si,trel
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Therefore, Eq. (3.12) satisfies the condition (1.1a). Next, Eq. (3.12) also satisfies the conditions (1.1b) and (1.1c). Further-
more, by Eq. (3.12), we obtain

lim x(t)
gi(t, x(£)) = xo + Xot + %q) foe-otdr
fort € (ty, sgl, forallk € {1, 2,...,N}
Xo + Xot + %q) fot (t-1)%fdr fort € (0, t1],
gi(t, x(t)) forte (ty,sl, k=1,2,...,N,
851 X(51)) = 1 Jo* (51—~ DI fdr + 5 [o (- fdT

+(t =51 [gisk X(5) = 1 Jo* (s - DT

= lim w3 _ 1 Sk g1
gkt X(0) = Xo + Xot + 5 Jo (t- DT Ndr + {fk [gk(sk, X(si)) = Xo = XoSk = 1y Jo' (k= 7) de}
fort € (ty, sil, forallk € {1,2,...,N} +Cx [gk(sk, X(Sk)) - Xo — ﬁ fgk (s - 1')‘1—2de} }

{ oy o (s - DT T+ [1 (¢ -0 T - [ (- )1 falr|
t +1£gfk1)) o sk - T)‘Hfdr} fort € (sg, tyeal, k=1,2,...,N.
. 1 -1
Xo + Xot + fot (t-71)9'fdr, fort e (0, t1],
=< xo+Xot+ %q) Jo (- 1)4°fdr, fort e (ty,si), k=1,2,...,N,
Xo + Xot + %q) [(f (t-1)7fdr, fort e (s, tyeql, k=1,2,...,N.
& {system (3.4)}

Thus,
lim {Eq.3.12)} & lim {system (1.1)}
gi(t, x(£)) = xo + Xot + %q) fo-otdr gi(t, x(£) = xo + Xot + %q) Joe-otdr
fort € (ty, s¢l, forallk € {1, 2,..., N} fort € (ty, s¢l, forallk € {1, 2,...,N}

So, Eq. (3.12) satisfies all conditions of system (1.1).
By “Sufficiency” and “Necessity”, system (1.1) is equivalent to Eq. (3.12). The proof is completed. O

4 Example

Example 1. Let us consider the general solution of the impulsive fractional system

CDixt)=t, te(0,7]u(Z,nl,
x(t) =sint, te (%, %], (4.1)
x(0) =1, x'(0) = 1.

By Theorem 3.1, system (4.1) has a general solution

9
1+t+#j‘%) fort € (0, 1,

sint fort e (%, %],
9
N ( i x, (54 (3 (4.2)
L =Ry 7 € Dlog - {‘f {2 ' FEBJ H [1 '1g H
(D)7 (=9,
+ 2
t>0

163 } fort € (5, nl.

x(t) =

=
e

—

where ¢ and { are two constants.
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Eq. (4.2) for t € (0, ¥] satisfies fractional derivative
condition in system (4.1) by Lemma 2.3, and for t € (5, ],

we have
I 5
DA x(t
6. X( )‘te(%,n]
9 _EE 5

Cepi )p, Pleo” 8
- 0

i (%) )

n (B (3)i
- =+ +¢ |1+
{*( [ r(?} ' [ Q)

1 9 s 5n
X{F(?) |:(2)“ + (t—j)"(t"' g)

n
>3

-t

T et

-°D5, tr(l}? i r(l%) {‘( {]21 7 (21)3)}
Wl E%ﬂ } [(t— g)%(n %”) o
{1t (¢[5 i)
CD; ((t— e+ %n) M) - D5,
o 5B

x [t\pg - t|t>0} }te(g,n] = e n -

Therefore, Eq. (4.2) (for t € (0, Z] U (Z, n]) satisfies frac-
tional derivative condition in system (4.1). Meanwhile, Eq.
(4.2) satisfies the non-instantaneous impulses condition in
system (4.1). Thus, Eq. (4.2) is the general solution of (4.1).

Acknowledgement: The work described in this paper is fi-
nancially supported by the National Natural Science Foun-
dation of China (Grant No. 21576033, 21636004, 61563023)
and Jiujiang University Research Foundation (Grant No.

8400183).
References
[1] Yang X.J., Machado J.A.T., Baleanu D., Cattani C., On exact

traveling-wave solutions for local fractional Korteweg-de Vries
equation, Chaos: An Interdisciplinary Journal of Nonlinear Sci-

ence, 2016, 26(8), 110-118.

Sho

On the fractional differential equations with not instantaneous impulses =—— 683

t>0:| }
te(5,n]

[2]

E]

5]

(6]

[71

(8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

Yang X.J., Machado J.A.T., Hristov J., Nonlinear dynamics for lo-
calfractional Burgers’ equation arising in fractal flow, Nonlinear
Dynamics, 2015, 84(1), 3-7.

Yang X.J., Machado J.A.T., Srivastava H.M., A new numerical
technique for solving the local fractional diffusion equation,
Appl. Math. Comput.,, 2016, 274, 143-151.

Kailasavalli S., Baleanu D., Suganya S., Arjunan M. M., Ex-
act controllability of fractional neutral integro-differential sys-
tems with state-dependent delay in Banach spaces, Analele Sti-
intifice ale Universitatii Ovidius Constanta-Seria Matematica,
2016, 24(1), 29-55.

Suganya S., Baleanu D., Arjunan M.M., A note on fractional neu-
tral integro-differential inclusions with state-dependent delay
in Banach spaces, Journal of Computational Analysis and Appli-
cations, 2016, 20(7), 1302-1317.

Suganya S., Baleanu D., Selvarasu S., Arjunan M.M., About the
Existence Results of Fractional Neutral Integrodifferential Inclu-
sions with State-Dependent Delay in Fréchet Spaces, Journal of
Function Spaces, vol. 2016, Article ID 6165804, 9 pages, 2016.
Yukunthorn W., Ntouyas S.K., Tariboon J., Impulsive Multiorders
Riemann-Liouville Fractional Differential Equations, Discrete
Dynamics in Nature and Society, vol. 2015, Article ID 603893,
9 pages, 2015.

Thaiprayoon C., Tariboon ., Ntouyas S.K., Impulsive fractional
boundary-value problems with fractional integral jump condi-
tions, Boundary Value Problems, vol. 2014, article 17, 16 pages,
2014.

ZhangX.,ZhangX., LiuZ., DingW., Cao H., ShuT., Onthe general
solution of impulsive systems with Hadamard fractional deriva-
tives, Math. Prob. Eng., vol. 2016, Article ID 2814310, 12 pages,
2016.

Yukunthorn W., Suantai S., Ntouyas S.K, Tariboon J., Boundary
value problems for impulsive multi-order Hadamard fractional
differential equations, Boundary Value Problems, vol. 2015, ar-
ticle 148, 13 pages, 2015.

Fu X., Liu X., Lu B., On a new class of impulsive fractional evolu-
tion equations, Adv. Differ. Equ., vol. 2015, article 227, 16 pages,
2015.

Yukunthorn W., Ahmad B., Ntouyas S.K., Tariboon J., On Caputo-
Hadamard type fractional impulsive hybrid systems with non-
linear fractional integral conditions, Nonlinear Anal.: HS, 2016,
19, 77-92.

Ahmad B., Sivasundaram S., Existence results for nonlinear im-
pulsive hybrid boundary value problems involving fractional dif-
ferential equations, Nonlinear Anal.: HS, 2009, 3, 251-258.
Ahmad B., Sivasundaram S., Existence of solutions for impul-
sive integral boundary value problems of fractional order, Non-
linear Anal.: HS, 2010, 4, 134-141.

Zhang X., Shu T., Liu Z., Ding W., Peng H., He ., On the con-
cept of general solution for impulsive differential equations of
fractional-order g €(2,3), Open math., 2016, 14, 452-473.
Ahmad B., Wang G., Impulsive anti-periodic boundary value
problem for nonlinear differential equations of fractional order,
Comput. Math. Appl., 2010, 59, 1341-1349.

Tian Y., Bai Z., Existence results for the three-point impulsive
boundary value problem involving fractional differential equa-
tions, Comput. Math. Appl., 2010, 59, 2601-2609.

Cao]J., Chen H., Some results on impulsive boundary value prob-
lem for fractional differential inclusions, Electron. J. Qual. The-
ory Differ. Equ., 2010, 11, 1-24.



684 —— Xianmin Zhang et al.

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

Wang G., Ahmad B., Zhang L., Impulsive anti-periodic bound-
ary value problem for nonlinear differential equations of frac-
tional order, Nonlinear Anal. Theory Methods Appl., 2011, 74,
792-804.

Wang G., Ahmad B., Zhang L., Some existence results for im-
pulsive nonlinear fractional differential equations with mixed
boundary conditions, Comput. Math. Appl., 2010, 59, 1389-
1397.

Feckan M., Zhou Y., Wang J.R., On the concept and existence
of solution for impulsive fractional differential equations, Com-
mun. Nonlinear Sci. Numer. Simulat., 2012,17, 3050-3060.
Stamovall., Stamov G., Stability analysis of impulsive functional
systems of fractional order, Commun. Nonlinear Sci. Numer.
Simulat., 2014, 19, 702-709.

Zhang X., On impulsive partial differential equations with
Caputo-Hadamard fractional derivatives, Adv. Differ. Equ., vol.
2016, article 281, 21pages, 2016.

Abbas S., Benchohra M., Upper and lower solutions method
forimpulsive partial hyperbolic differential equations with frac-
tional order, Nonlinear Anal. HS, 2010, 4, 406-413.

Abbas S., Benchohra M., Impulsive partial hyperbolic functional
differential equations of fractional order with state-dependent
delay, Fract. Calc. Appl. Anal., 2010, 13, 225-242.

Abbas S., Agarwal R.P., Benchohra M., Darboux problem for im-
pulsive partial hyperbolic differential equations of fractional or-
der with variable times and infinite delay, Nonlinear Anal. HS,
2010, 4, 818-829.

Abbas S., Benchohra M., Gorniewicz L., Existence theory for im-
pulsive partial hyperbolic functional differential equations in-
volving the Caputo fractional derivative, Scientiae Mathemati-
cae Japonicae, 2010, 72 (1), 49-60.

Benchohra M., Seba D., Impulsive partial hyperbolic fractional
order differential equations in Banach spaces, ). Fract. Calc.
Appl., 2011, 1 (4), 1-12.

Guo T., Zhang K., Impulsive fractional partial differential equa-
tions, Appl. Math. Comput., 2015, 257, 581-590.

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[391]

[40]

DE GRUYTER OPEN

Zhang X., Zhang X., Zhang M., On the concept of general solu-
tion for impulsive differential equations of fractional order g €
(0,1), Appl. Math. Comput., 2014, 247, 72-89.

Zhang X., On the concept of general solutions for impulsive dif-
ferential equations of fractional order g € (1, 2), Appl. Math.
Comput., 2015, 268, 103-120.

Zhang X., The general solution of differential equations with
Caputo-Hadamard fractional derivatives and impulsive effect,
Adv. Differ. Equ., vol. 2015, article 215, 16 pages, 2015.
ZhangX., Agarwal P, LiuZ., Peng H., The general solution forim-
pulsive differential equations with Riemann-Liouville fractional-
order g € (1, 2), Open Math., 2015, 13, 908-930.

Zhang X., Shu T., Cao H., Liu Z., Ding W., The general solution
for impulsive differential equations with Hadamard fractional
derivative of order ge(1, 2), Adv. Differ. Equ., vol. 2016, article
14, 36 pages, 2016.

Zhang X., Zhang X., Liu Z., Peng H., Shu T., Yang, S., The Gen-
eral Solution of Impulsive Systems with Caputo- Hadamard Frac-
tional Derivative of Orderg € C(R(q) € (1,2)), Math. Prob.
Eng., vol. 2016, Article ID 8101802, 20 pages, 2016.

Hernandez E., O’Regan D., On a new class of abstract impulsive
differential equations, Proc. Amer. Math. Soc., 2013, 141, 1641-
1649.

Li P.L., Xu C.J., Mild solution of fractional order differential equa-
tions with not instantaneous impulses, Open Math., 2015, 13,
436-443.

Suganya S., Baleanu D., Kalamani P., Arjunan M.M., On
fractional neutral integro-differential systems with state-
dependent delay and non-instantaneous impulses, Adv. Differ.
Equ., vol. 2015, article 372, 39 pages, 2015.

Kilbas A.A., Srivastava H.H., Trujillo J.J., Theory and Applica-
tions of Fractional Differential Equations, Elsevier, Amsterdam
(2006).

Diethelm K., Ford N.J., Analysis of fractional differential equa-
tions, J. Math. Anal. Appl., 2002, 265, 229-248.



	1 Introduction
	2 Preliminaries
	3 Main result
	4 Example

