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Abstract:An attempt has beenmade to describe the effects
of geothermal viscosity with viscous dissipation on the
three dimensional time dependent boundary layer flow of
magnetic nanofluids due to a stretchable rotating plate in
the presence of a porousmedium. Themodelled governing
time dependent equations are transformed a from bound-
ary value problem to an initial value problem, and there-
after solved by a fourth order Runge-Kuttamethod inMAT-
LABwith a shooting technique for the initial guess. The in-
fluences ofmixed temperature, depthdependent viscosity,
and the rotation strength parameter on the flow field and
temperature field generated on the plate surface are inves-
tigated. The derived results showdirect impact in the prob-
lems of heat transfer in high speed computer disks (Her-
rero et al. [1]) and turbine rotor systems (Owen and Rogers
[2]).

Keywords: Temperature and depth dependent viscosity;
Magnetic Nanofluid; Porous medium; Stretchable rotating
plate; Ferrohydrodynamic (FHD) interaction parameter
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1 Introduction
In the last few years, deep interest has been shown in
investigating and understanding the boundary layer flow
and convective heat transfer in magnetic nanofluid flow,
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which is a topic of major contemporary interest in both
science and engineering. Magnetic nanofluids, popularly
known as Ferrofluids, are fluids in which nano-sized par-
ticles of Fe3O4, 𝛾-Fe2O3 or CoFe2O4, having an average
size of range about 3-15 nm, are dispersed in a carrier
fluid (e.g. water, kerosene, ethylene glycol, toluene, bio-
fluids, or lubricants). These particles are coated with a
stabilizing dispersing agent called surfactant (antimony,
oleic acid, glycerol, fatty acids, etc.) to prevent agglomera-
tion even when a strong magnetic field gradient is applied
to the fluid. For the past fewdecades, ferrofluids have been
widely research for their numerous heat exchanger appli-
cations in engineering, industry, the physical and medi-
cal sciences, etc. The pioneer study of ordinary viscous
fluid flow over a rotating disk was described by Karman
[3]. After his work, many scientists focused on the study of
boundary layer flow due to a rotating disk (Cochran [4],
Benton [5], El-Mistikawy and Attia [6], and El-Mistikawy
et al. [7]). Turkyilmazoglu [8] focused on a class of exact
solutions to the steady Navier-Stokes equations for incom-
pressible Newtonian viscous fluid flowmotion due to a ro-
tating porous disk. By considering the field dependent vis-
cosity, Ram and Sharma [9] described the behaviour of fer-
rofluid flowover a rotating disk. Soundalgekar [10] studied
the effect ofviscous dissipation on unsteady free convec-
tion flow past an infinite, vertical porous plate with uni-
form suction.
The effects of viscosity variation due to the geophysical po-
sition and temperature, taken one at a time, have been car-
riedout bymany researchers inMHDand few inFHD.How-
ever, the effects of mixed depth and temperature depen-
dent viscosity have not been popularly analyzed in the ro-
tating disk problem yet. Geothermal (depth and tempera-
ture dependent) viscosity has a number of fruitful applica-
tions in geophysics and the geosciences. Important appli-
cations of flow inducedby a stretchingboundary are found
in extrusion processes in the plastic and metal industries
(Altan et al. [11]). Recently, Turkyilmazoglu [12] examined
the steady magnetohydrodynamic(MHD) boundary layer
flow over a radially stretchable rotating disk in the pres-
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ence of a transverse magnetic field together with viscous
dissipation and Joule heating. Ram and Kumar [13] ob-
tained the heat flow pattern of the boundary layer flow of a
ferrofluid over a stretchable rotating disk. Nawaz et al. [14]
investigated the laminar boundary layer flow of nanofluid
induced by a radially stretching sheet. Turkyilmazoglu [15]
examined the behaviour of stagnation point flow over a
stretchable rotating disk subjected to a uniform vertical
magnetic field. Viscous dissipation effects on nonlinear
MHD flow in a porous medium over a stretching porous
surface have been studied by Devi and Ganga [16]. Chen
[17] studied the effects of viscous dissipation on radiative
heat transfer in MHD flow past a stretching surface. Sid-
dheshwar et al. [18] studied temperature dependent flow
behaviour and heat transfer over an exponential stretch-
ing sheet in a Newtonian liquid. Ram and Kumar [19] de-
scribed the temperature dependent viscosity on steady re-
volving axi-symmetric laminar boundary layer flow of an
incompressible ferrofluid over a stationary disk. Maleque
[20] investigated the unsteady flow of an electrically con-
ducting fluid over a rotating disk by considering the vis-
cosity of the fluids dependent on depth and temperature
together. Al-Hadhrami et al. [21] proposed a model for vis-
cous dissipation in aporousmediumwhich is probably ad-
equate formost of the practical purposes. Attia [22] studied
the effect of a porousmedium and temperature dependent
viscosity on unsteady flow and heat transfer for a viscous
laminar incompressible fluid due to an impulsively-started
rotating, infinite disc. Mukhopadhyay [23] presented sim-
ilarity solutions for unsteady flow and heat transfer over
a stretching sheet. Turkyilmazoglu [24] obtained an exact
numerical solution of steady fluid flow and heat transfer
induced between two stretchable co-axial disks rotating in
same or opposite direction. The case of an unsteady vis-
cous fluid flow past a horizontal stretching sheet through
a porous medium in the presence of a viscous dissipation
effect and a heat source was investigated by Sharma [25].
The modelled rotating disk problem of our manuscript
has a number of real world engineering and industrial ap-
plications. Disk-shaped bodies are often encountered in
many real world engineering applications, and heat trans-
fer problems of free convection boundary layer flow over
a rotating disk, which occur in rotating heat exchangers,
rotating disk reactors for bio-fuel production, and gas or
marine turbines, are extensively used by the energy, chem-
ical, and automobile industries [26]. Many application ar-
eas, such as rotating machinery, viscometry, computer
storage devices, and crystal growth processes, require the
study of rotating flows [27]. In this problem, the effects
of geothermal viscosity on the time dependent bound-
ary layer flow of an electrically non-conducting, magnetic

Figure 1: Schematic Diagram of the Physical Model

nanofluid on a stretchable rotating plate in the presence
of a porous medium and viscous dissipation have been in-
vestigated. Here, the viscosity of the fluid is considered
as depth and temperature dependent. The plate is main-
tained at a temperature Tw and subjected to a magnetic
field H (Hr , Hϕ , 0). After transforming the governing equa-
tions into non-dimensionalized ordinary differential equa-
tions (ODEs) using the Von-Karman transformations, the
resultant modelled set of equations is solved in Matlab to
obtain the flow pattern. To study the effect of various en-
tities of physical interest such as viscosity variation pa-
rameters, rotation parameter, porosity etc., on a hydrocar-
bon based magnetic nanofluid, EFH1, having the proper-
ties: fluid density ρ = 1.21×103 kg/m3, dynamic viscosity
µ = 0.006kg/(ms), Prandtl number Pr = 101.2 at an av-
erage temperature of 250C, a magnetic particle concentra-
tion of 7.9%, is used. The nano particles contain amixture
of magnetite (Fe3O4 about 80%) with maghemite (Fe2O3

about 20%).

2 Mathematical Formulation of the
Problem

Cylindrical polar coordinates (r,ϕ,z) are used to repre-
sent the problemmathematically, with an electrically non-
conducting infinite rotating plate fixed at z = 0. The plate,
subjected to a magnetic field H, is considered to revolve
about z-axis with a constant angular velocity Ω at a uni-
form temperature Tw (at the plate) and temperature T∞
(far away from it).
The viscosity of the magnetic nanofluid, considered to be
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both depth and temperature dependent [28], is given as:

µ(z, T) = µ∞(1 − αz)
1 + α(T − T∞)

(1)

where µ∞ is the uniform viscosity of the fluid and α ≥ 0 is
a constant [29].
The governing equations of unsteady FHD boundary layer
flow along with the boundary conditions in component
form are given as (Ram and Kumar [19]):
Equation of Continuity:

ur +
u
r + wz = 0 (2)

Equations of Momentum:

ρ(ut + uur −
v2
r + wuz) + pr = (µur)r + (µ

u
r )r (3)

+ (µuz)z + µ0|M⃗||H⃗|r −
µ
k0
u

ρ(vt + uvr +
uv
r + wvz) = (µvr)r + (µ

v
r )r (4)

+ (µvz)z −
µ
k0
v

ρ(wt + uwr + wwz) + pz = (µwr)r +
1
r (µw)r (5)

+ (µwz)z + µ0|M⃗||H⃗|z −
µ
k0
w

Energy Equation:

ρCp(Tt + uTr + wTz) (6)

= k(Trr +
1
r Tr + Tzz) + µ[(uz)

2 + (vz)2]

where ρ is the fluid density, µ is the magnetic permeabil-
ity in free space, k is the thermal conductivity, and Cp is
the specific heat at constant pressure. The boundary con-
ditions for the flow are:

u = sr, v = rΩ, w = 0, T = Tw at z = 0
u → 0, v → 0, T → T∞, p → p0 as z → z∞
w → some finite negative value as z → z∞

⎫⎪⎪⎬⎪⎪⎭ (7)

2.1 Solution of the Problem

The magnetic scalar potential due to the magnetic dipole
m is given by

ψm = m
2πr cosϕ.

The corresponding magnetic field H, considering negligi-
ble variation along z-axis, has the components,

Hr = −
∂ψm
∂r = 1

2π
mcosϕ
r2 ,

Hϕ = −1r
∂ψm
∂ϕ = 1

2π
msinϕ
r2 , Hz = 0

⇒ H =
√︁
H2
r + H2

ϕ + H2
z =

m
2πr2 (8)

Themagnetic fieldH is assumed to be sufficiently strong to
produce the state of maximum magnetization of the mag-
netic nanofluid and themagnetizationM is approximated,
as considered by Neuringer [30] in his work, by

M = K(Tc − T) (9)

where Tc is he Curie temperature and K is the pyromag-
netic coefficient.
The outward flow of the fluid particles due to the centrifu-
gal force is balanced by the radial pressure force. So, the
boundary layer approximation for equation (3) is

1
ρ pr = rΩ

2. (10)

We introduce the following similarity transformations to
non-dimensionalize the governing equations:

η = z
δ , u = rΩU(η), v = rΩV(η),

w = ν
δW(η) and T − T∞ = ∆Tθ(η)

⎫⎬⎭ (11)

with ∆T = Tw − T∞ and δ(t) is a scalar factor.
Using eq. (11) in the Equation of Continuity (2), we get

W = − 2ω
R1Re2

U . (12)

Using the above transformations (8)–(12) in the system
of governing equations (3)–(6), we have the transformed
ODEs as:(︁

1 − ε1ηRe

)︁
Uηηη −

ε1
ReUηη (13)

−
(︁
1 − ε1ηRe

)︁
(1 + εθ)−1εθηUηη

+ (1 + εθ)
[︂
δ
ν δt

η
Re2 Uηη +

ω
R1Re2

(V2 − Uη2)

+ 2ω
R1Re2

UUηη −
ωR1
Re2 −

2Bω
R1Re3

− ω
Re2 βUη

]︂
= 0

(︁
1 − ε1ηRe

)︁
Vηη −

ε1
Re Vηη (14)

−
(︁
1 − ε1ηRe

)︁
(1 + εθ)−1εθηVηη + (1 + εθ)[︂

δ
ν δt

η
Re2 Vη +

2ω
R1Re2

(UVη − VUη) −
ω
Re2 βVη

]︂
= 0

Energy Equation:

θηη + Pr
{︂
δ
ν δt

η
Re2 + 2ω

R1Re2
U
}︂
θη (15)
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+ PrEc(U2
ηη + V2

η ) = 0,

where ε = α∆T and ε1 = αδ are the viscosity variation
parameter and modified viscosity variation parameter, re-
spectively, ω = Ωδ2

ν is the rotation parameter, R1 = Ω
s

is the rotation strength parameter measuring the ration
of swirl to stretch, Re =

√︀ s
ν is the Reynolds number,

B = m
2π µ0K(Tc − T)

ρ
µ2 is the FHD interaction parameter,

β = µ
k0ρΩ is the permeability parameter, Ec = r2s2

∆TCp is the
Eckert number, and Pr = µCp

k is the Prandtl number.
For unsteady flow, the term δ

ν δt in equations (13)–(15)
should not be dropped. We consider the usual scaling fac-
tor for various unsteady boundary layer flows [31]

δ = 2
√
νt + L (16)

where L represents the length scale of steady flow.
Introducing (16) in equations 13)–(15, we get the following
set of modelled equations:(︁

1 − ε1ηRe

)︁
Uηηη −

ε1
ReUηη (17)

−
(︁
1 − ε1ηRe

)︁
(1 + εθ)−1εθηUηη

+ (1 + εθ)
[︂
2η
Re2 Uηη + R(V

2 − Uη2) + 2RUUηη

−RR21 −
2BR
Re − RR1βUη

]︂
= 0

(︁
1 − ε1ηRe

)︁
Vηη −

ε1
Re Vηη (18)

−
(︁
1 − ε1ηRe

)︁
(1 + εθ)−1εθηVηη

+ (1 + εθ)
[︂
2η
Re2 Vη + 2R(UVη − VUη) − RR1βV

]︂
= 0

θηη + Pr
{︂

2η
Re2 + RU

}︂
θη + PrEc(U2

ηη + V2
η ) = 0, (19)

The boundary conditions (7) reduce to

Uη(0) = 1, V(0) = R1,W(0) = 0, θ(0) = 1
Uη(∞) = V(∞) = θ(∞) = 0

W(∞) tends to somenegative values

⎫⎪⎪⎬⎪⎪⎭ , (20)

where R = ω
R1Re2 is the modified rotation parameter. The

solutions of the abovemodelled equations provide uswith
the variation within the velocity profiles and temperature
profile. Besides these results, the radial and tangential
skin friction and the Nusselt number at the surface of the
plate are also calculated. These are given as, respectively:⎧⎪⎪⎨⎪⎪⎩

(1 − ε)−1Re 1
2 Cfr = Uηη(0),

(1 − ε)−1Re 1
2 Cfϕ = Vη(0),

Re 1
2 Nu = −θη(0),

Figure 2: Effect of the viscosity variation on the radial velocity pro-
file

Figure 3: Effect of the viscosity variation on the tangential velocity
profile

where Cfr and Cfϕare the radial and tangential skin fric-
tions coefficients, respectively, Nu is the Nusselt number,
and Re is the local rotational Reynolds number.

3 Numerical Results and Discussion
Using the finite difference scheme in the MATLAB tool
ODE45, the effects of various parameters on the flow
behaviour near the plate for the considered flow equa-
tions (2)–(6) are discussed. From the present simulation
(Table 1), it is observed that the skin friction coefficients
increase with increasing viscosity variation parameters ε,
ε1, and modified rotational parameter R. The rate of heat
transfer is represented by the value of −θη(0). The present
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Table 1: Various values of the skin friction coeflcients and the Nusselt number for R1 = 1.0; Re = 40.0; B = 2.0; β = 1.0 and Ec = 0.25.

ε ε1 R Pr U′′(0) V′(0) θ′(0)
0.0 0.0 0.1 101.2 0.349533145015 0.477964239598 0.228767975032
0.1 0.1 0.1 101.2 0.375095331450 0.511642395981 0.512479202287
0.5 0.5 0.1 101.2 0.465096593315 0.623501942396 1.798767975032
1.0 1.0 0.1 101.2 0.549465965933 0.725019423959 3.769876797503
0.5 0.5 0.1 101.2 0.465096593315 0.623501942396 1.798767975031
0.5 0.5 0.2 101.2 0.639596593315 0.870896250194 1.908984279977
0.5 0.5 0.3 101.2 0.781797996593 1.059601942396 2.253298984279
0.5 0.5 0.4 101.2 0.901797996593 1.217205960194 2.470789842799
0.5 0.5 0.1 78.4 0.465046965933 0.623219423959 1.283167975031
0.5 0.5 0.1 79.3 0.464696593315 0.623219423959 1.316797503213
0.5 0.5 0.1 101.2 0.465096593315 0.623501942396 1.798767975030
0.5 0.5 0.1 176.4 0.466024596593 0.624059670194 3.342973423798

Figure 4: Effect of the viscosity variation on the axial velocity profile

Figure 5: Effect of the viscosity variation on the temperature profile

Figure 6: Effect of the modified rotation parameter on the radial
velocity profile

computation shows that the rate of heat transfer increases
with increasingmodified rotation parameter R andPrandtl
number Pr, while it decreases with increasing viscosity
variation parameters.
Figures (2)–(5) exhibit the trends of the velocity and tem-
perature profiles vs. the non-dimensional parameter η for
viscosity variation parameters (ε & ε1) with modified ro-
tational parameter R = 0.1, stretching parameter R1 = 1.0,
Reynolds number Re = 40.0, FHD interaction parameter
B = 2.0, permeability parameter β = 1.0, Prandtl number
Pr = 101.2, and Eckert number Ec = 0.25. The parameter
of viscosity variation ε depends on the temperature of the
heated surface. The positive values of ε taken in the prob-
lem are for a heated surface, while for ε = ε1 = 0 the
problem reduces to the case of uniform viscosity flow. An
increase in the viscosity variations causes a decrease in
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Figure 7: Effect of the modified rotation parameter on the tangential
velocity profile

Figure 8: Effect of the modified rotation parameter on the axial ve-
locity profile

the velocity profiles, while the dual nature of the tempera-
ture profile is noted along the critical point (0.62, 0.4393).
The temperature profile changes its nature at the critical
point from increasing to decreasing with increased viscos-
ity variation. The fact is due to the increase in the skin fric-
tion which is caused by variation in the viscosity.
Figures 6–9 depict the influence of themodified rotational
parameter on the boundary layer flow profiles. The trend
shows that the effect of the rotation parameter is to de-
crease the velocity at all layers of fluidwithin the boundary
layer. From Figures 6–8, it is observed that the velocity in-
creases with decreasing values of the rotation parameter.
Figure 9 shows that temperature profile decreases with in-
creasing rotation of the plate. Also, the rate of reaching of
the state of free steam velocity is faster in the velocity and

Figure 9: Effect of the modified rotation parameter on the tempera-
ture profile

Figure 10: Effect of the Prandtl number on the temperature profile

temperature profiles as the value of modified rotation pa-
rameter increases.
To explicitly illustrate the influences of the Prandtl num-
ber Pr on the temperature profiles with a specified set of
values of various physical parameters, such as ε = ε1 =
0.5; R = 0.1; R1 = 1.0; Re = 40.0; B = 2.0; β=1.0 & Ec = 0.25,
Equations (17)–(19) have been solved and results are nu-
merically presented in Figure 10. It is observed that the
Prandtl number shows negligible effects on the velocity
profile, however, an interesting behaviour is noticed in the
temperature profile. A critical point (0.26, 0.9655) is found
before which temperature the profile increases while after
this point the temperature profile has a reverse trend. The
numerical results reveal that an increase in Prandtl num-
ber results in an increase in the rate of heat transfer and a
decrease in the thermal boundary layer thickness.
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4 Conclusion
1. When we move from uniform viscosity to variable

viscosity (temperature and depth dependent), the
velocity profiles thins and approaches quickly to
its steady state. The temperature profile increases
with increasing viscosity variation parameter, caus-
ing thickening of the thermal boundary layer.

2. The temperature profile has a dual nature for viscos-
ity variation and Prandtl number along the critical
points (0.62, 0.4393) and (0.26, 0.9655) respectively.

3. In the present model, fast cooling of the device can
be achieved by increasing the modified rotation pa-
rameter (R) and Prandtl number (Pr).

The present study considers the range of Prandtl num-
bers which have a direct application in controlling heat
losses or in keeping an instrument cool and avoiding the
damage caused due to the heat generation by the motion
of its blades/shafts such as in the cases of thermal-power
generating systems, high speed rotating machinery, and
aerodynamic extrusion of plastic sheets.
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