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Abstract: In this paper, based on Jumarie’s modified
Riemann-Liouville derivative, we apply the fractional vari-
ational iteration method using He’s polynomials to ob-
tain solitary and compacton solutions of fractional KdV-
like equations. The results show that the proposed method
provides a very effective and reliable tool for solving frac-
tional KdV-like equations, and the method can also be ex-
tended to many other fractional partial differential equa-
tions.
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1 Introduction

In recent years, theory and numerical analysis of frac-
tional partial differential equations (FPDESs) have received
considerable interest due to their numerous applications
in the areas of physics, biology, fluid and continuum me-
chanics, and engineering [1-11]. For example, in [10], De-
vendra Kumar, Jagdev Singh and Sunil Kumar used the ho-
motopy perturbation transform method to study the non-
linear fractional Zakharov-Kuznetsov equation arising in
ion-acoustic waves; Devendra Kumar, Jagdev Singh and
Sushila used the homotopy analysis transform method to
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study the fractional biological population model in [11].
For better understanding of the complicated nonlinear
physical phenomena, the solution of the fractional dif-
ferential equation is much involved. In the past, various
methods have been proposed to obtain solutions of FPDEs,
such as homotopy perturbation method [12-14], homo-
topy perturbation Sumudu transform method [15, 16], Ado-
mian decomposition method [17, 18], homotopy analysis
method [19], fractional variational iteration method [20,
21], finite difference method [22], fractional sub-ODE
method [23-26], and so on. Based on these methods, many
fractional differential equations have been investigated.

Recently, Jumarie proposed a new definition of the
fractional derivative which is a simple alternative defini-
tion to the Riemann-Liouville derivative. His definition has
the advantages of both the standard Riemann-Liouville
and the Caputo fractional derivatives, because the Jumarie
derivative of a constant is equal to zero, an arbitrary con-
tinuous function needs not to be differentiable, and more
importantly it removes singularity at the origin for all func-
tions, for example, the exponentials functions and Mittag-
Leffler functions.

In this paper, we will apply the the fractional
variational iteration method using He’s polynomials
(FVIMHP) [27-29] and Jumarie’s modified Riemann-
Liouville derivative to get solitary and compacton solu-
tions of the following KdV-like equations

¢ The time fractional K(2, 2) equation:
fu+a@)x+bx =0, O0<as<l.
¢ (2+1)-dimensional time fractional Z-K equation:
fu+a@?)x + b + k@)yyx =0, O<as<1.
® (3+1)-dimensional time fractional Z-K equation:

fu+ a(uz)x + b(uz)xxx + k(uz)yyx + r(uz)zzx =0,

O<ac<l1.
¢ (3+1)-dimensional time fractional K-P equation:

[Dfu + g(uz)x + b xx)xlx + uyy + Uzz = 0,

O<ac<1.
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The rest of this paper is organized as follows: In Sec-
tion 2, we introduce some basic definitions of Jumarie’s
modified Riemann-Liouville derivative and give the main
steps of the method here. In Section 3, we construct soli-
tary and compacton solutions of fractional KdV-like equa-
tions by the proposed method. Some conclusions are given
in Section 4.

2 Description of Modified
Riemann-Liouville derivative and
FVIMHP method

In this section, we first introduce some basic definitions of
the fractional calculus theory.

Definition 2.1. The Riemann-Liouville fractional inte-
gral [30] is defined as

e - L [ g
100 - i [ G- 9@ a0 @
0

Definition 2.2. The Jumarie’s modified Riemann-
Liouville derivative [31-34] is defined as

o & & JX0c= 7 N(f (@) - f(0)dE,

T oG- O (@) - FlO)E,
(F )y,

a<O0,
O<ac<l,
Dyf() =

n<a<n+1,

ns1,

@

Definition 2.3. The integral with respect to (dx)“ is de-
fined by Jumarie [31] as follows:

/ FEdE) = a / (- OFUEdE,  0<a<l. ()
(0] (0]

We present the essential steps of the FVIMHP method as
follows: Consider the following initial value problem

tulx, t) + L(u(x, £)) + N(u(x, t)) = f(x, t) (4)

where Dj is the Jumarie’s modified Riemann-Liouville
derivative, L is the linear operator, N is the nonlinear op-
erator.

Step 1. By using the fractional variational iteration
method (FVIM), we can get the iteration formula as fol-
lows:

Ums1 (X, £) = um(x, ) + I} {A(T) [Dium(x, 7)
+L(um(x, 7)) + N(un(x, 1)) - f(x, 1)] },  (5)
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where A is the Lagrangian multiplier, the subscript m de-
notes the m-th order approximation, and un, is considered
as a restricted variation.

Step 2. By means of the homotopy perturbation method
(HPM), Eq. (5) becomes the following form:

Zp um(x, 1) = uo(x, t +p{2p un(, ) (6)

=i m=1

+1I) {A(T)t (meDfum(x, )+ meL(um(x, 7))
m=0 m=0

+Y " p"N(@m(x, 1) - f(x, r))} } ,
m=0

where p € [0, 1] is an imbedding parameter, and ug is an
initial approximation of Eq. (4).

Step 3. Comparing the coefficients of the same order of p
on both sides of Eq. (6), we can obtain un(m =0, 1, 2,...).
According to the HPM, the solution of Eq. (4) can be ex-
pressed as:

u=Zum. (7)

3 Application of the proposed
method

In this section, we apply the FVIMHP method to obtain
solitary and compacton solutions of the time fractional
KdV-like equations.

3.1 Time fractional K(2, 2) equation

We consider the following time fractional K(2, 2) equation:

Dfu+a(?)x +b)xx =0, O<as<l, 8
with the initial condition
u(x,0) = —coshz( —%x). )

According to the FVIMHP method given in Section 2,
we can get the iteration formula of Eq. (8) in the following
form:

[e=] oo [ oo

m _ m 1 mpa
ZP Um =Up +p{zp um—m/ |:Zp Dru
m=0 m=1 0 m=0
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+{(Grmea] )
(Er)) Jor

By the above iteration formula and initial approx-
imation uo(x,t) = u(x,0) = ;‘—;coshz(%\/—%x) =
2¢[cosh(3 /-%x) + 1], we can obtain

2 (¢ [a

" 3a \2 b

. 1 a t*
-sinh (5\/ b >r(1+a)

p': wily, 0=

a t4{X
E") I+ 4a)’
So we have the solitary solution of Eq. (8):
2c 1/ a c [ a

u(x, t) “3a {cosh (E _EX> {1 + (E _E>
2 ¢ a 4 fha
DL S (Y i [ ——
I'(l1+2a) <2 \/:) I'(1+4a)
_sinh [ £,/-% c fa)y_t*
2V b 2V b)) Trd+a)
NN RN
2 b) r(1+3a)
_ 2 1/ a 1/ a .
-3z [cosh (2\/:)() cosh (2\/:(;1? ,a)
: 1/ a )\ 1/ a aq
—sinh <2\/;x> sinh (2\/;” ,a) + 1} ,

where the functions sinh(z, a) and cosh(z, a) are defined
as follows:

2

(1)

Ea(2) - Eq(-2)

sinh(z, a) = 3 , cosh(z,a) =

2

Here Eq(z) = Z

s
= W(a > 0) is the Mittag-Leffler func-

tion.

Eo(2) + Eq(-2)
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We show some properties of the approximate solu-
tion (11) obtained by the proposed method in Fig. 1. The
plot (a) shows that approximate solution (11) is in good
agreement with the exact solution. The plot (b) shows the
fifth-order approximate solution (11) when a = 0.89. The
plot (c) shows the approximate solution (11) for different
values of a.

If we select the initial approximation u(x,0) =

g‘—;sinhz(% \/—$%x), we can get the solitary solution as fol-

lows:
ulx, t) =- =— 2¢ cosh L -2y cosh 1 —gct“,a
2 b
. 1 a . 1/ a 4
—-sinh (5 _EX) sinh (E _Ed ,a) - 1} .

3a 2 b
(12)

In order to search compacton solutions of Eq. (8), we
select the following initial approximations

4csin?(L,/Tx), |x|< Z,
u(x,0)= {Ba (4\/;) ‘ ‘
0,

and

2
u(x,0) = {0 cos’(31/2),  Ixl < 50

Using the FVIMHP in the same manner, we could get
the compacton solutions as follows:

2¢[1 - cos(%+/%x) cos(3/Fct®, a)-

ulx, t) = ¢ sin(3/2x)sin(3/$ct*, a)], |x-ct| < Z,
O;

and
25 [1 + cos(3+/%x) cos(3/Fct?, a)+

u(x, t) = ¢ sin(3/2x)sin(3/Fct*, a)], |x-ct?| < %

0,
where y = /4.
3.2 (2+1)-dimensional time fractional Z-K
equation

Consider the following (2+1)-dimensional time fractional
Z-K equation:

fu+ a(?)x + b(uz)xxx + k(uz)yyx =0, O<ac<l. (13)
with the initial condition
u(x,y,0) = —coshz( (x+y)). (14)

b+k
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(b)

Figure 1: (a) the absolute error between the fifth-order approximate solution (11) and exact solution when a = 1
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(c)

alpha=0.7,
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(b) the fifth-order approxi-

mate solution (11) when a = 0.89 (c) the fifth-order approximate solution (11) for different values of a whent = 0.5;c = 1;a = -1; b = 10

According to the method given in Section 2, its itera-
tion formula can be constructed in the following form:

oo oo t oo
m, m 1 m
Zp Um =Uo + P ZP um—m/ |:Zp
m=0 m=1 0 m=0

(Span) | o (Soman)
m=0 m=0
XXX

- 2

(Zp"'um> (dn)* (15)

m=0

yyx

By initial approximation uo(x,y,t) = u(x,y,0) =

4¢ cosh?(/=3% (x +)), we can obtain

1, __2c(c | _a
p ul(xay’t)_ 3a <2 b+k>

1 t*
smh( - b+k(x y)> A+’
2
poountn0-35 (555
1 a 2%
- cosh (5 —ﬁ(x+y)> Tai2a)

<
2 b+k
t3a

1
s1nh< b+k(x y)> a3’
a 4
V5e%)
4a

L xy) )
b+k ") T+ 4a)’

p o uslx,y,t)=

o)

“, _ 2
JZ u4(Xay’t)_3a<

- cosh (

Nl N

Consequently, we have the following solitary solution

" of Eq. (13)
m

2c 1 a
u(x,y,t) = 3q [cosh <§ k(x + y))

1/ a .
cosh (5 bkt ,a)
—sinh 1 x+y)
b+k y

a5

We show some properties of the approximate solu-
tion (16) obtained by the proposed method in Fig. 2. The
plot (a) shows that the approximate solution (16) is in good
agreement with the exact solution when a = y = 1. The
plot (b) shows the fifth-order approximate solution (16)
when x = 2, a = 0.75. The plot (c) shows the approximate
solution (16) for different values of a.

If we choose u(x,y,0) = ;‘—gsinhz(%\/%(x +Y),
then we can obtain the solitary solutions of Eq. (13) as fol-
lows:

(16)

ux,y,t) = —3— [cosh ( (x + y))
1 a «
-cosh(i _b+kCt ,a)
. 1 a
—sinh (f —7b+k(X+y)>

p— a a —
,/ b+kCt ,a) 1}.

N =

-sinh (
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Figure 2: (a) the absolute error between the fifth-order approximate solution (16) and exact solution whena = y = 1 (b) the fifth-order
approximate solution (16) when x = 2, @ = 0.75 (c) the fifth-order approximate solution (16) for different values of « when t = 0.5,y =
2,c=1;a=-1;b=k=1

In order to construct compacton solutions of Eq. (13), we select initial approximations as follows:

. 2
u(x,y,0) = {gzsm (%\/g(x"'}’)), x+y| <X,

>

and

4¢c 201 a R
u(x,y,0) = {MCOS GVpx&+y),  |x+y|< z,
0.

By using the FVIMHP method, we can get the following compacton solutions of Eq. (13)

2 [1 - cos(3 /5% (0 + y)) cos(} /3% ct®, @)
u(x,y, t) = { —sin(2 /55 0+ y)sin(d /7t )], |x+y-ct?] <,
0.

and

261+ cos(3/35 (x + ) cos(3 /5% ct?, )
ulx,y, ) = § +sin(3 /3% (x + y)) sin(3 /3% ct*, a)], x+y-cth <,
0,

where yu = /3%

3.3 (3+1)-dimensional time fractional Z-K equation

We consider the following (2+1)-dimensional time fractional Z-K equation:

U+ a(ux + b )ux + k(W)yyx + r(U?)zzx =0, O<a<1. 17)

_4c > (1 8 a
u(x,y,z,O)—B—acosh (ZU 7b+k+r(x+y+z)). (18)

with the initial condition
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According to the FVIMHP method, its iteration for-
mula can be constructed in the following form:

oo oo t oo

m _ m 1 m
Zp Un =Uo + P Zp um—w/[zp
m=0 m=1 0 m=0

0o 2
-DSum +a <meum>
m=0 X

()
>

XXX

- 2
+r ((Zp'"um> ) ] (d‘r)“} . (19)
m=0

By initial approximation uo(x, y, z, t) = u(x, y, z,0) =
4¢ cosh® (% /= 5% (x + ¥)), we can obtain

1, __2c(c | a
S 3a (2 b+k+r>

2
2, _2fc [ a
priowbey, =55 (2 b+k+r>
1 a 2%
- cosh (f \/_b+k+r(x+y+2)> Ir'l1+2a)’

3, __2c(c | a
P usly, )= a(z b+k+r>

4, _2(c | a
p: u4(x,y,t)—3a (2 b+k+r>

- cosh 1/ _a x+y+2)) —
2\ hrker Y (1 +4a)’

Consequently, we have the following solitary solution
of Eq. (17)

u&JAZJ)=22[amh(ivcb+i+r@+y+za
1 _a .
1

. a
- sinh 5 —b+k+r(x+y+z)>
. 1 a a
sinh 5 —mct ,a> + 1} . (20)
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We show some properties of the approximate solu-
tion (20) obtained by the proposed method in Fig. 3. The
plot (a) shows that our approximate solution (20) is in good
agreement with the exact solution. The plot (b) shows the
fifth-order approximate solution expressed by (20) when
a, x, y are fixed. The plot (c) shows the approximate solu-
tion (20) for different values of « when t, y, z are fixed.

If we choose u(x, y, z, 0) = - %sinh® (L /=55 (x+y+
z)), we can get the solitary solution of Eq. (17) as follows:

2c 1 a
u(x,y,z, t)——% [cosh (5 _b+k+r(x+y+z))

1/ a
cosh (5 —mct ,a)
1
. 1 a a
sinh (j’/_md ,a) - 1} .

In order to construct compacton solutions of Eq. (17),
we select initial approximations as follows:

Q

u(x,y,z,0)=
{%sinz(im&+y+z)), Ix+y+z] <X,
0,
and
u(X,y,Z,0)=
{;‘;cosz(}‘\/E(ererz))’ x+y+z| <3,
0.

By using the FVIMHP method, we can get the com-
pacton solutions of Eq. (17) as follows

ulx,y,z,t) =

21 -cos(3 /5% (x +y + 2)) cos(3 /55 ct*, )
-sin(3\/5as (0 +y + 2)sin(3 /55 et @), [x+y
+z - ct®] < 7,

0.

and

ulx,y,z,t) =

2 [1+cos(3 /5% (x +y + 2)) cos(3 /55 ct*, )
+sin(3 /555 (X +y + 2))sin(3 /55 ¢t )], [x+y
+z-ctY < L

2u’
0,

_1 a
where u = 7/ 5%+
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Figure 3: (a) the absolute error between the fifth-order approximate solution (20) and exact solution whena = 1,y = 0.1,z = 0.2 (b) the

fifth-order approximate solution (20) when x = 2,y = 1, a = 0.94 (c) the fifth-order approximate solution (20) for different values of @ when
t=0.6,y=1,z=5,c=5;a=-0.01;b=10; k = 20;r = 30

3.4 (3+1)-dimensional time fractional K-P . a ¢
esinh ( 4/-—~(x+y+2) ) —,
equation 2b r+a)
2. ( ) = 2(c-2) (¢ a g
We consider the following (3+1)-dimensional time frac- p: Wy, U= a 2\ 2p
tional K-P equation: a £2a
- cosh (, [-—((x+y +z)> —_,
[Dt”‘u + g(uz)x + b(u(u)xx)x} Uy +Uz=0, O<a<l, 2b I+ 2?)
X
(21) 3, __2c=2)(c | a
p’: uslx,y,t) 7 5\ "3p
with the initial condition a £3a
4c-2) (1 [ a 'Smh<V_E(X+y+Z)> I(1+3a)
u(x,y,z,0)= ——=~cosh” | =4/-——(x+y+2)]|.
a 2 2b 2( _ 2) 4
oy, )= =6 Al or
(22) b uUs\x,y, a 2 2b
According to the FVIMHP method, its iteration for- . cosh ( _a (cby+ z)) e
mula can be constructed in the following form: V 2b I'(1+4a)

oo > 1
m _ m - -
Zp Um —u0+p{zp Um Irl+a) i i i
s ot Consequently, we have the following solitary solution
67 o oo 2 of Eq. (21)
[ [Srmotun (S
o |m=o m=0 x ulx, y,z,t) =¥ [COSh (\/E(X T Z)>

+b (meu’" <meu’") )X> -cosh< ~ 2 o a>
m=0 m=0 XX X 2b ’
+ ipm(umyy + umzz)(dT)a} s (23) - sinh (M _%(X ty+ Z))
m=0

a
-sinh ——ct*a)+1]. 24
By initial approximation uo(x, y, z, t) = u(x, y, z,0) = ( 2b > } (24)

4(c-2) 201 —a .
=G cosh”(3 /=55 (x +y + 2)), we can obtain We show some properties of the approximate solu-

2(c-2) (c a > tion (24) obtained by the proposed method in Fig. 4. The

1, - v
p i wmby, )= a plot (a) shows the absolute error between the approximate

2 2b
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alpha=0.59, - - - - - alpha=0.69, alpha=0.79,
— - — alpha=0.89, — - alpha=0.99, — - alpha=1

(c)

Figure 4: (a) the absolute error between the fifth-order approximate solution (24) and exact solution whena = 1,y = 0.1,z = 0.2 (b) the
fifth-order approximate solution (24) when x = 1, y = 0, a = 0.82 (c) the fifth-order approximate solution (24) for different values of a when

t=0.6,x=1,y=1,c=1;a=-1;b=1

solution (24) and exact solution. The plot (b) shows the ap-
proximate solution expressed by (24) when a is fixed. And
the plot (c) shows the approximate solution (24) for differ-
ent values of a when time is fixed.

If we choose u(x, y, z, 0) = —"(CT‘Z)sinhz(% V-5 (x+y+
z)), we can get the solitary solution of Eq. (22) as follows:

2(ca— 2) [cosh (E(x iy z)>
- cosh <\/Ect“, a)

o (e oy9)

sinh( —%ct“,a) - 1] .

In order to construct compacton solutions of Eq.( 22),
we select initial approximations as follows:

4(c=2) ¢in2(1 a n
sin“(54/ 5 (x+y+2), |[x+y+z|<Z,
u(x,y,z,O)—{ a 2y Y byl

)

ulx,y,z,t) =-

and

4(c=2) 2(1 a n
B cos?(54/ 2 (x+y+2), |x+y+z] <L,

ulx,y,z,0) = { N 2V 2 XY bory el <
0.

By using the FVIMHP method, we can get the follow-
ing compacton solutions of Eq. (22)
2D [ - cos(\/E(x +y +2))
-cos(3+/Zct?, a)
-sin(y/55 (x +y + 2)) sin(y/ & ct?, 2],
|x+y+z-ct¥ < g,
0,

ulx,y,z,t) =

and
2D + cos(y/F(x +y +2)
-cos( /55 ct*, @)

ux,y,z, ) = { +sin(y/ & (x +y + 2)) sin(y/ & ct?, a)],

x+y+z-ct*| < L&

2u’
0,

where y = /&

4 Conclusion

In this paper, we apply the FVIMHP method to obtain
the solitary and compacton solutions of fractional KdV-
like equations. The numerical results given in Section 3
demonstrate the good accuracy of the proposed method.
The results show that the FVIMHP method is direct, effec-
tive, and can be useful in dealing with many other frac-
tional partial differential equations. Our results confirm
that the method takes all the advantages of the variational
iteration method, homotopy perturbation method, and Ju-
marie’s modified Riemann-Liouville derivative. The com-
parison made with the exact solutions, enables us to see
the accuracy of the FVIMHP method clearly. It is worth
mentioning that the FVIMHP method is capable of reduc-
ing the volume of the computational work. In our future
studies, we will solve many other nonlinear fractional par-
tial differential equations by this method.
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tional Natural Science Foundation of China (11526088).
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