Open Phys. 2016; 14:226-230

DE GRUYTER OPEN

Research Article

A. Bolandtalat, E. Babolian*, and H. Jafari

Open Access

Numerical solutions of multi-order fractional
differential equations by Boubaker Polynomials

DOI: 10.1515/phys-2016-0028
Received December 27, 2015; accepted February 24, 2016

Abstract: In this paper, we have applied a numerical
method based on Boubaker polynomials to obtain approx-
imate numerical solutions of multi-order fractional differ-
ential equations. We obtain an operational matrix of frac-
tional integration based on Boubaker polynomials. Using
this operational matrix, the given problem is converted
into a set of algebraic equations. Illustrative examples are
are given to demonstrate the efficiency and simplicity of
this technique.
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1 Introduction

During the last few decades, fractional differential equa-
tions (FDEs) have been applied to describe mathematical
phenomenon in physics, chemistry, damping laws, rheol-
ogy, control theory, signal processing, viscoelastic materi-
als, polymers and so on [4, 10, 13, 17, 19]. Since most FDEs
do not have exact analytic solutions, many researchers
have tried to find solutions of FDEs using approximate and
numerical techniques. For example see [3, 12, 16, 20-24].
Our aim in this work is the following type of multi-order
FDE:

k
DY) = Y yiDEY(0) + Yy + g(0), (1)

i=1

y(p)(o)zdp, p:Osls--‘sn_la (2)
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where n — 1 < a < n, the coefficientsy; (i = 1,...,k+ 1)
are constant, 0 < 81 <85 <... < B < a and g is a known
function. Moreover, D*y(x) denotes the Caputo fractional
derivative of order a. It is defined as [4, 7, 17]:

[0y®0), k-1<a<k, keN,
DSy - ©
dk
Sy, as=k

In (3) I*~® denotes the Riemann-Liouville fractional. It is
generally defined as follows:

Iay(X) - i &dt,

@ | -pre a> 0. (4)
0

Here we list the few properties of these two operators as
follow:
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Many approximation and numerical techniques are uti-
lized to determine the numerical solution of multi-order
FDE [8, 11].

The Boubaker polynomials were established for the
first time by Boubaker [1, 5, 6] as a guide for solving a
one-dimensional heat transfer equation and second order
differential equations. Kumar used these polynomials to
solve Love’s equation in a particular physical system [14].
We will generalize the operational matrix for fractional in-
tegration using Boubaker polynomials [1, 5, 6, 14].

In this study, we want to solve the multi-order FDE us-
ing the operational matrix for fractional integration based
on Boubaker Polynomials. The aim of this approach is
converting the multi-order FDE into a set of algebraic
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equations by expanding the unspecified function within
Boubaker polynomials.

This work is organized into six sections. Section 2 deals
with some properties of Boubaker polynomials. The oper-
ational matrix is computed for fractional order integration
in Section 3. We convert the multi-order FDE to system of
algebraic equations in Section 4. Following this we solve
a selection of numerical examples in section 5 by using
the proposed technique. A brief conclusion is presented in
Section 6.

2 Boubaker polynomials

The Boubaker polynomials monomial definition is given
by [5, 6, 15]:

B0 e, | o0
o ln-p) 7
where
f= |22 =D g
Chp = %

The symbol | | denotes the floor function.
The Boubaker polynomials could be calculated by follow-
ing recursive formula:

{ Bm(x) = xBp-1(X) = Bjp_2(x), for m=2,

Bo(x) =1, Bi(x)=x. ©)

2.1 Approximation of function

The function f is approximated by Boubaker polynomials
as following:

N
fO) ~ > ¢iB; = C'B(), (10)
i=0

where B(x)T = [Bg, B1,...,By], Bi(x),i = 0,1,2,--- ,N
denote the Boubaker polynomials, C L= [cosC1y...5CN]
are unknown Boubaker cofficients and N is chosen as any
positive integer.

Then CT can be obtained by

cT(B(x), B(x)) = (f, B(x)), 11)

where

1
(f, B) = / FOOBGTdx = [(f, Bo), {f, B1), - . (f» Bm)],
0

(12)
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and (B(x), B(x)) is called the dual matrix of ¢p denoted by
Q, and Q is obtained as:

1

Q = (B(), B(Y)) = / B(0B()  dx, 13)
0
and then .
cT - ( / f(x)B(x)de> Q. (14)
0
By using the expression (7) and takingn = 0,---, N, we

can express Boubaker polynomials in terms of power basis
functions

B(x) = ZX(x), (15)
where
N T
X(x)=[1x---x] , (16)
and if N is odd,
7 =
[ ®o,0 0 0 0 - 0 0 T
0 P10 0 0 o 0 0
®2,.1 0 ®2,0 0 <o 0 0
PN-1, 01 0 PN-1,82 0 ¢n-10 O
L © P, 1 0 Py, r3 0 Pno |
(default) and if N is even,
7 =
i ©o,0 0 0 0 B 0 0 ]
0 P10 0 0 0 0
@21 O ¥2,0 0 0 0
0 Oyqpa O PN-1, 18 on-10 O
L (pN’ﬂ 0 (PN’¥ 0 0 ®N,0 ]
where
§(n)
Bn(x) = Z Pn an 2p’
p=0
n
n=0’1"“’N, p=o’1s""\‘§J' (17)
(n - 4p) }
p= Chp| 1P, (18)
P { (n-p) "
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3 Operational matrix for fractional
order integration

For a vector B(x), we can approximate the operational ma-
trices of fractional order integration as:

oI$B(x) ~ P*B(x), 19)

where P? is the (N+1)x(N+1) Riemann-Liouville fractional
operational matrix of integration for Boubaker polynomi-
als. We compute P% as follows:

X
a _ i _ a1
oIS = 1o / (x - D% 'B(r)dx. 20)
0
By substituting B(x) = ZX(x), we get:
a _ i _ a-1
o8B0 = s / (- 1) ' ZX(1)dr
0
T
-7 [1“1,1“x,...,1“x1"
=7 0! sz’ , N! a+N r
T(a+1) Ta+N+1)
= ZDX(x), (21)

where the matrix Dy, 1).(y+1) iS given by

0!
m (i' .o 0
Lol 0 mm 0
: : 0
N!
0 0 e I'(a+N+1)
and
x®
th+1
X(x) =
th+N

Now we approximate x**® by N + 1 terms of the Boubaker
basis

«i  ETB(x), (22)
where E; = [E; o, Ei 1, ..., E; y] and
1
Eij = Q_l/xa+iBi,j(X)dX= %%:2:3,
0

i,j=0,1,...,N, 23)
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where E is an (N + 1) x (N + 1) matrix with E; as its column.
Therefore, we can write

I“¢p(x) = ZD[EIB(x),ETB(x),...,ELBMx)]®
= ZDE'B(>x). (24)
Finally, we obtain
oIy p(x) ~ P*B(x), (25)
where
P* = ZDE, (26)

is called the operational matrix of fractional integration
Boubaker polynomials.

4 Operational matrix for
multi-order FDE

In this section, we employ the Boubaker polynomials for
solving the multi-order FED (1). First we apply I* on both
sides of (1). It gives the following fractional order integral
equation

n-1
®)
yo) - Yy )4
k=0
a-PBi y (0) x Btk
ZYII y(x) - Zr(a STV )
+ yk+11 Ty (o) + I“g(X),
y20) = dj, i=0,1,...,n-1, 7)
where n; — 1 < 8; < n;, n; € N. This implies that
k
y0) =" yil*Py00) + yi Iy 00 + h(x),  (28)
i=1
y20)=d;, i=0,1,...,n-1, (29)
where
h I 3) = y(’)(O) a-Pi+k
() = f(X“Zy 0% - Z‘r(a‘ ESTE R
(30)

Now, we approximate y and g by Boubaker polynomials
B(x) as follows:

N
y() ~ Z ¢jBi(x) = C"B(v), €y

i=0

N
h(x) ~ " g;Bi(x) = G'B(0),

i=0

(32
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such that

¢’ =lco,...,cnl", G" =1[go,...,gnl", (33)

where GT and CT are known and unknown vectors, respec-
tively.

We also approximate the fractional order integrals by us-
ing (26) as follow:

By() ~ CTPB(x),  I*Piy(x) ~ cTP*PB(x). (34)

By substituting (31)-(34) in (28), we obtain:

k
(CT =CT> yiP P -y CTP 4 GT> B(x)=0. (35)
i=1

Finally, we get:

k
CT ="yl -y 1+ GT = 0. (36)

i=1

Finally, by solving the above system of algebraic equations
we find vector C can be obtained . Consequently y(x) can
be approximated by (31).

5 Applications

Here, we use the presented numerical approach to solve
several illustrative examples.

Example 1. We solve the following FDE [3, 12]

DO5y(0) + y(x) = Vi + Y2

-5 O<acs1,
y(0) =0,

(37)

with the exact solution y(x) = v/x.

In Fig. 1, we plotted the exact solution and the approximate
solutionsof y for N = 3and N = 5. Definitely, by increasing
the value of N, the approximate value of y(x) will close to
the exact values.

Example 2. Consider the following FDE [12, 16]

sz—a
D“y(x)=—y(x)+x2+m, 0<x<1,
y(0) =0, (38)
the exact solution in this case:
y(x) = x°. (39)

We applied Boubaker polynomials approach to solve (38)
with N = 3. In this case we obtain y(x) = x?
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Fig. 1. The exact solution (Red line) and approximation solutions for
N = 3 (dotted line) and N = 5 (dashed line).

Example 3. Consider the inhomogeneous Bagley-Torvik
equation as a multi-order FED [2, 12, 20]

Dzy(x)+D%y(x)+y(x)= 1+x, O0<x<1,
y0)=1, y©O-=1. (40)
The exact solution of (40) is:
y(x)=1+x. (41)

We solved this equation by Boubaker polynomials with
N = 3 and obtained the exact solution 1 + x.

Fig. 2. The exact solution (red line), approximation solutions for
N = 6 (dotted line), N = 4 (dashed line) and N = 3 (long-dashed
line).

Example 4. The last examined equation [3, 12] is

D?y(x) - 2Dy(x) + D°® + y(x) =

7, 2048 ¢ 6 5 2 8 15
X'+ X7 =147 +42X° - X" - —=x"" +4x -2,
4291 37
y(0)=0, y(0)=0, 0<x<1, (42)

The exact solution y(x) = x” - x2.

We applied this method for N = 3, 4, 6, and the result is
plotted in Fig. 2. It can be seen that by increasing the value
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of N, the approximate solution will converge to the exact
values.

6 Conclusion

In this work we applied Boubaker polynomials for solving
multi-order FDE. The Boubaker polynomials operational
matrices of fractional integration was used. Illustrative ex-
amples were presented to show the applicability and valid-
ity of the approach.

Mathematica was used for computation in this paper.
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