
© 2016 A. K. Singh et al., published by De Gruyter Open.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.

Open Phys. 2016; 14:200–211

Research Article Open Access

Abhay Kumar Singh*, Sukhamoy Pattanayak, Amrit Kumar Mahato, and Manoj Kumar Patel

On Negacyclic Codes Over the Ring
Zp + uZp + · · · + uk−1ZpZp + uZp + · · · + uk−1ZpZp + uZp + · · · + uk−1Zp
DOI 10.1515/phys-2016-0027
Received Nov 30, 2015; accepted Apr 19, 2016

Abstract:We investigate the structure of negacyclic codes
over the chain ring Zp[u]/⟨uk⟩, which plays an important
role in data transmission technologies. We study the set of
generators for these codes. We also discuss the rank and
hammingdistance for these codes.Wegive some examples
of negacyclic codes which are near to optimal.
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1 Introduction
In the middle last of the century, Shannon, Golay and
Hammingdiscussed codes over finite field. Recently, codes
over chain ring have been considered as the finite ring can
be related to codes over finite fields via the Graymap. Cod-
ing theory, at its origin, is concerned with effective com-
munication of information. Specifically, to detect and cor-
rect transmission errors techniques were developed. Cod-
ing theory was primarily studied for its application to tele-
phone communication, elementary computing machines
and computer to computer communication.

Negacyclic code played a very important role in the
area of error correcting codes due to their rich algebraic
structure. Negacyclic code has a lot of applications in con-
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sumer electronics, data transmission technologies, broad-
cast systems and computer applications as it has efficient
encoding and decoding algorithms. In 1968, Berklamp in-
vestigated negacyclic codes over odd prime fields GF(p)
and designed a decoding algorithm that corrects up to t ≤
⌊(p − 1)/2⌋ in [1]. In [2], Wolfmann discussed some inter-
esting results about negacyclic codes of odd length over
Z4, and proposed questions about such codes when the
length is even. In [3], Blackford classified all negacyclic
codes of even length using a transform approach. This has
motivated authors to study the negacyclic codes over the
ring Zp[u]/⟨uk⟩. In particular, cyclic and negacyclic codes
over finite rings have received much attention in series of
paper [4–15].

Dinh and Lopez-Permouth in [16] have considered the
ringZ2m (m ≥ 2) and studied the negacyclic codes of length
2t(t ≥ 1) over that. They have provided complete list of ne-
gacyclic codes of length 2t Over Z2m. Dinh in [17], deter-
mined the structure of negacyclic codes of length 2s over
the Galois ring GR(2a ,m), as well as that of their duals,
and studied the Hamming distance of negacyclic codes of
length 2s over the Galois ring GR(2a ,m).

Let Rk,p = Zp + uZp + · · · + uk−1Zp, where p is a prime
number and uk = 0. Note that the ring Rk,p can also be
viewed as the quotient ring Zp[u]/⟨uk⟩. Let C be a nega-
cyclic code over the ring Rk,p = Zp + uZp + · · · + uk−1Zp,
uk = 0. The line of arguments we have used to find a set
of generators and a minimal spanning set of a code C are
somewhat similar to those discussed in [4]. The idea to
find a set of generators is as follows. We view the nega-
cyclic code C as an ideal in Rk,p,ps = Rk,p/⟨xp

s
+ 1⟩. Then

we define the isomorphism map from µ : Rk,p[x]/⟨xp
s
−

1⟩ −→ Rk,p[x]/⟨xp
s
+ 1⟩ and discuss that I is a cyclic code

of length ps over Rk,p if and only if µ(I) is a negacyclic code
of length ps over Rk,p.

This paper is organized as follows. In second section,
we present some basic background. In Section 3, we de-
termine a set of generators for the negacyclic codes C over
the ring Rk,p = Zp + uZp + · · · + uk−1Zp, uk = 0. We dis-
cuss a minimal spanning set for these codes and find the
rank in section 4. In Section 5, we study the minimum dis-
tance of these codes. We discuss some examples of differ-
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ent lengths of these codes in Section 6. Section 7 concludes
the paper.

2 Preliminaries
Let R be a ring. A linear code of length n over R is a R
submodule of Rn. A linear code C of length n over R is λ-
constacyclic if for some unit λ ∈ R, the code is invariant
under the automorphism ν. That is ν(cn−1, c1, . . . , c0) =
(λc0, c1, . . . , cn−1). We can consider a negacyclic codes
C(λ = −1) of length n over R as an ideal in R[x]/⟨xn + 1⟩
via the following correspondence

Rn −→R[x]/⟨xn + 1⟩, (c0, c1, . . . , cn−1) ↦→
c0 + c1x + · · · + cn−1xn−1.

A ring R is called local ring if R has a uniquemaximal right
(left) ideal. A ring is called a chain ring if the set of all right
(left) ideals of R is a chain under set-theoretic inclusion. If
R is both a right and a left chain ring , we simply call R a
chain ring.

For the class of finite commutative rings, We have the
following equivalent conditions.

Proposition 2.1. The following conditions are equivalent
for a finite commutative ring R.

(i) R is a local ring and the maximal ideal M of R is prin-
cipal;

(ii) R is a local principal ideal ring;
(iii) R is a chain ring.

Let R be a finite commutative local ringwithmaximal ideal
M. We define the residue field R = R/M. Let µ : R[x] →
R[x] denote the natural ring homomorphism that maps
r ↦→ r + M and the variable x to x.We define the degree of
the polynomial f (x) ∈ R[x] as the degree of the polynomial
µ(f (x)) in R[x], i.e., deg(f (x)) = deg(µ(f (x)). A polynomial
f (x) ∈ R[x] is called regular if it is not a zero divisor.

Proposition 2.2. Let R be a finite commutative local ring.
Let f (x) = a0+a1x+· · ·+anxn be in R[x], then the followings
are equivalent.

(i) µ(f (x)) ≠ 0;
(ii) ai is a unit for some i, 0 ≤ i ≤ n;
(iii) ⟨a0, a1, . . . , an⟩ = R.

Proof: (i) ⇒ (ii) Let µ(f (x)) ≠ 0 ⇒ ∃ an ai for some i,
0 ≤ i ≤ n such that ai ∈ ̸ M. ⇒ ai is a unit element (Since
all element out side of the M are unit).
(ii) ⇒ (iii) Let ai is a unit for some i, 0 ≤ i ≤ n⇒ ⟨ai⟩ = R

⇒ ⟨a0, a1, . . . , an⟩ = R.
(iii) ⇒ (i) Let ⟨a0, a1, . . . , an⟩ = R. We claim that at least
one of ai is a unit for some i, 0 ≤ i ≤ n. If not then all
ai ∈ M⇒ ⟨a0, a1, . . . , an⟩ ⊆ M ⊂ R. A contradiction. So
∃ an ai ∈ ̸ M for some i, 0 ≤ i ≤ n⇒ µ(f (x)) ≠ 0.

The following version of the division algorithm holds true
for polynomials over finite commutative local rings.

Proposition 2.3. Let R be a finite commutative local ring.
Let f (x) and g(x) be non zero polynomials in R[x]. If g(x) is
regular, then there exist polynomials q(x) and r(x) in R[x]
such that f (x) = g(x)q(x) + r(x) and deg(r(x))⟨deg(g(x)).

Let Rk,p = Zp + uZp + · · · + uk−1Zp, uk = 0. It is easy to see
that the ringRk,p is a finite chain ringwithuniquemaximal
ideal ⟨u⟩. Let g(x) be a non zero polynomial in Zp[x]. It is
also easy to see that thepolynomial g(x)+up1(x)+u2p2(x)+
· · ·+uk−1pk−1(x) ∈ Rk,p[x] is regular. Throughout thepaper,
we repeatedly make use for the polynomial g(x) + up1(x) +
u2p2(x) + · · · + uk−1pk−1(x) ∈ Rk,p[x]. Note that deg(g(x) +
up1(x) + u2p2(x) + · · · + uk−1pk−1(x)) = deg(g(x)).

3 A generator for negacyclic codes
of length ps over the ring Rk,p

Let p be a odd prime number. Let Rk,p = Zp + uZp + · · · +
uk−1Zp , uk = 0.

Proposition 3.1. Let µ be the map µ : Rk,p[x]/⟨xp
s
−

1⟩ −→ Rk,p[x]/⟨xp
s
+ 1⟩ defined by µ(f (x)) = f (−x) . Then

µ is a ring isomorphism.

Proof: For the polynomials f (x), g(x) ∈ Rk,p[x],

f (x) ≡ g(x) mod (xn − 1);

if and only if there exists a polynomial h(x) ∈ Rk,p[x], such
that

f (x) − g(x) = h(x)(xp
s
− 1);

if and only if ps is odd and

f (−x) − g(−x) = h(−x)((−x)p
s
− 1); if and only if

f (−x) − g(−x) = h(−x)((−1)p
s
xp

s
− 1)

= −h(−x)(xp
s
+ 1));

if and only if

f (−x) ≡ g(−x) mod (xp
s
+ 1);
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This implies that f (x), g(x) ∈ Rk,p[x]/⟨xp
s
− 1⟩, µ(f (x)) ≡

µ(g(x)) mod (xp
s
+ 1) if and only if f (x) = g(x). Hence, µ is

well-defined and one-to-one. Since the ring Rk,p[x]/⟨xp
s
−

1⟩ and Rk,p[x]/⟨xp
s
+1⟩ are finite and of same order, µ is an

onto map. It is easy to see that µ is a ring homomorphism.
So µ is a ring isomorphism.

Remark 3.1. We restrict the isomorphism µ to an isomor-
phism µ : Zp[x]/⟨xp

s
− 1⟩ −→ Zp[x]/⟨xp

s
+ 1⟩

Throughout this paper we use the isomorphism µ and re-
striction of µ defined in Proposition [3.1] and Remark [3.1].

Corollary 3.2. If I is a subset of Rk,p[x]/⟨xp
s
− 1⟩ and

µ(I) is a subset of Rk,p[x]/⟨xp
s
+ 1⟩, then I is an ideal of

Rk,p[x]/⟨xp
s
−1⟩ if and only if µ(I) is an ideal of Rk,p[x]/⟨xp

s
+

1⟩. Equivalently I is a cyclic code of length ps over Rk,p if and
only if µ(I) is a negacyclic code of length ps over Rk,p.

Proof: The proof is obvious since the map µ is a ring iso-
morphism.
Let p be a odd prime number. Let Rk,p = Zp + uZp + · · · +
uk−1Zp , uk = 0. and Rk,p,ps = Rk,p[x]/⟨xp

s
+ 1⟩. Let Ck

be a negacyclic code of length ps over Rk,p. From Corol-
lary [3.1], we know that for the negacyclic code Ck there
exist a cyclic code, say A over the same ring and of same
length. We know the structure of a cyclic code over the
ring Rk,p from [4]. Since ps is not relatively prime to p,
then we know that cyclic code of length ps over Rk,p is
A = ⟨g(x) + up1(x) + u2p2(x) + · · · + uk−1pk−1(x), ua1(x) +
u2q1(x) + · · · + uk−1qk−2(x), u2a2(x) + u3l1(x) + · · · +
uk−1lk−3(x), · · · , uk−2ak−2(x) + uk−1t1(x), uk−1ak−1(x)⟩with
ak−1(x)|ak−2(x)| · · · |a2(x)|a1(x)|g(x)|(xp

s
− 1) mod p,

ak−2(x)|p1(x)
(︁
xp
s
−1

g(x)

)︁
, · · · , ak−1|t1(x)(︁

xp
s
−1

ak−2(x)

)︁
, · · · , ak−1|pk−1 ×

(︁
xp
s
−1

g(x)

)︁
· · ·
(︁
xp
s
−1

ak−2(x)

)︁
. Moreover,

deg pk−1(x)⟨deg ak−1(x), · · · ,
deg t1(x)⟨ak−1(x), · · · , and deg p1(x)⟨deg ak−2(x).
Now the polynomials g(x) + up1(x) + u2p2(x) +
· · · + uk−1pk−1(x), ua1(x) + u2q1(x) + · · · +
uk−1qk−2(x), · · · , uk−2ak−2(x) + uk−1t1(x),
uk−1ak−1(x) ∈ Rk,p[x]/⟨xp

s
− 1⟩ Therefore from the defini-

tion of µ from Proposition [3.1], we get µ(g(x) + up1(x) +
u2p2(x) + · · · + uk−1pk−1(x)) = g(−x) + up1(−x) + u2p2(−x) +
· · · + uk−1pk−1(−x) = g1(x) + up11(x) + u2p12(x) + · · · +
uk−1p1(k−1)(x), µ(ua1(x) + u2q1(x) + · · · + uk−1qk−2(x)) =
ua1(−x) + u2q1(−x) + · · · + uk−1qk−2(−x) = ua11(x) +
u2q11(x) + · · · + uk−1q1(k−2)(x), · · · , µ(uk−2ak−2(x) +
uk−1t1(x)) = uk−2ak−2(−x) + uk−1t1(−x) = uk−2a1(k−2)(x) +
uk−1t11(x), µ(uk−1ak−1(x)) = uk−1ak−1(−x) = uk−1a1(k−1)(x)
and µ(xp

s
− 1) = −(xp

s
+ 1), where g(−x) =

g1(x), p1(−x) = p11(x), p2(−x) = p12(x), · · · , ak−2(−x) =
a1(k−2)(x), t1(−x) = t11(x), ak−1(−x) = a1(k−1)(x). Again
µ(A) = Ck. Therefore the code C can be written as Ck =
⟨g1(x) + up11(x) + u2p12(x) + · · · + uk−1p1(k−1)(x), ua11(x) +
u2q11(x) + · · · + uk−1q1(k−2)(x), u2a12(x) + u3l11(x) + · · · +
uk−1l1(k−3)(x), . . . , uk−2a1(k−2)(x)+uk−1t11(x), uk−1a1(k−1)(x)⟩
with a1(k−1)(x)
|a1(k−2)(x)| · · · |a12(x)|a11(x)|g1(x)|(xp

s
+ 1) mod p,

a1(k−2)(x)|p11(x)
(︁
xp
s
+1

g(x)

)︁
, · · · , a1(k−1)|t11(x)(︁

xp
s
+1

a1(k−2)(x)

)︁
, · · · , a1(k−1)|p1(k−1) ×

(︁
xp
s
+1

g1(x)

)︁
· · ·
(︁

xp
s
+1

a1(k−2)(x)

)︁
.

Lemma 3.3. Let C2 be a negacyclic code over R2 = Zp +
uZp , u2 = 0. If C2 = ⟨g1(x) + up11(x), ua11(x)⟩, and g(x) =
a11(x) with deg g(x) = r, then

C2 = ⟨g1(x) + up11(x)⟩ and (g1(x) + up11(x))|(xp
s
+1) in R2.

Proof: We have u(g1(x) + up11(x)) = ug1(x) and g(x) =
a11(x). It is clear that C2 ⊂ ⟨g1(x) + up11(x)⟩. Hence,
C2 = ⟨g1(x) + up11(x)⟩. By the division algorithm, we have
xp

s
− 1 = (g1(x) + up11(x))q(x) + r(x), where r(x) =

0 or deg r(x)⟨ r. This implies that r(x) = (xp
s
− 1) − (g1(x) +

up11(x))q(x). This gives, r(x) ∈ C2. Thus, we have r(x) = 0
and hence (g1(x) + up11(x))|(xp

s
− 1) in R2.

Lemma 3.4. Let C3 be a negacyclic code over R3 =
Zp + uZp + u2Zp , u3 = 0. If C3 = ⟨g1 + up11(x) +
u2p12(x), ua11(x)+u2q11(x), u2a12(x)⟩, and a12(x) = g1(x),
then C3 = ⟨g1(x)+up11(x)+u2p12(x)⟩, (g1(x)+up11(x)|(xp

s
+

1) in R2 and (g1 + up11(x) + u2p12(x))|(xp
s
+ 1) in R3.

Theorem 3.5. Let Ck be a negacyclic code over Rk,p = Zp +
uZp +u2Zp +· · ·++uk−1Zp , uk = 0. Since ps is not relatively
prime to p, then,

(1) Ck = ⟨g1(x)+up11(x)+u2p12(x)+· · ·+uk−1p1(k−1)(x)⟩
where g1(x) and p1i(x) are polynomials in Zp[x] with
g1(x)|(xp

s
+1)mod p, (g1(x)+up11(x)+u2p12(x)+· · ·+

uk−1p1(k−1)(x))|(xp
s
+ 1) in Ri and degp1i ≤ degp1(i−1)

for all 1 ≤ i ≤ k.
(2) Ck = ⟨g1(x) + up11(x) + u2p12(x) + · · · +

uk−1p1(k−1)(x), ua11(x) + u2q11(x) + · · · +
uk−1q1(k−2)(x),
u2a12(x) + u3l11(x) + · · · + uk−1l1(k−3)(x), . . . , uk−2

a1(k−2)(x) + uk−1t11(x), uk−1a1(k−1)(x)⟩ with
a1(k−1)(x)|a1(k−2)(x)| · · · |a12(x)|a11(x)|g1(x)|(xp

s
+

1)mod p, a1(k−2)(x)|p11(x)
(︁
xp
s
+1

g(x)

)︁
,

· · · , a1(k−1)|t11(x)
(︁

xp
s
+1

a1(k−2)(x)

)︁
, · · · , a1(k−1)|p1(k−1) ×(︁

xp
s
+1

g1(x)

)︁
· · ·
(︁

xp
s
+1

a1(k−2)(x)

)︁
. Moreover,

deg p1(k−1)(x) < deg a1(k−1)(x), . . . , deg t11(x) <
a1(k−1)(x), . . . , and deg p11(x) < deg a1(k−2)(x).
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4 Ranks and minimal spanning sets
If negacyclic code C over the finite chain ring R are free R-
submodules, then the basis of C over R is called the min-
imal generating set of C, and the number of element in-
clude in the minimal generating set is called the rank of
the code C, denoted the rank(C).

Theorem 4.1. Let C = ⟨g0, ag1, · · · , at−1gt−1⟩ be any ne-
gacyclic code over the finite chain ring R, where gt−1 | gt−2 |
· · · | g1 | g0 | (xp

s
+ 1), deg(gi) = ri, i = 0, 1, · · · t −

1, rt−1 < rt−2 < · · · < r0, then C is a free R-submodule with
rank(C) = ps − rt−1 and its minimal generating set is β =
{g0, xg0, . . . , xn−r0−1g0; ag1, xag1, · · · , xr0−r−1ag1; . . .
; at−2gt−2, xat−2gt−2, · · · , xrt−3−rt−2−1

at−2gt−2; at−1gt−1, xat−1gt−1, · · · , xrt−2−rt−1−1at−1gt−1}

Theorem 4.2. Let ps is not relatively prime to p. Let C2 be
a negacyclic code of length ps over R2 = Zp + uZp , u2 = 0.

(1) If C2 = ⟨g1(x) + up11(x)⟩ with deg g1(x) = r and
(g1(x)+up11(x)|(xp

s
−1), then C2 is a freemodulewith

rank n− r and a basis B1 = {g1(x)+up11(x), x(g1(x)+
up11(x)), · · · , xn−r−1(g1(x) + up11(x))}, and |C2| =
p2p

s−2r .
(2) If C2 = ⟨g1(x) + up11(x), ua11(x)⟩ with deg

g1(x) = r and deg a11(x) = t, then C2 has rank
n − t and a minimal spanning set B2 = {g1(x) +
up11(x), x(g1(x) + up11(x)), · · · , xn−r−1(g1(x) +
up11(x)), ua11(x), xua11(x), . . . , xr−t−1ua11(x)},
and |C2| = p2p

s−r−t.

Proof: (1) Suppose xp
s
+ 1 = (g1(x) + up11(x))(h1(x) +

uh11(x)) over R2. Let c(x) ∈ C2 = ⟨g1(x) + up11(x)⟩, then
c(x) = (g1(x) + up11(x))f (x) for some polynomial f (x). If
deg f (x) ≤ ps − r − 1, then c(x) can be written as linear
combinations of elements of B1. Otherwise by the division
algorithm there exist polynomials q(x) and r(x) such that
f (x) =

(︁
xp
s
+1

g1(x)+up11(x)

)︁
q(x) + r(x) where r(x) = 0 or deg r(x) ≤

ps − r − 1. This gives,

(g1(x) + up11(x))f (x) = (g1(x) + up11(x))

×
(︃(︃

xp
s
+ 1

g1(x) + up11(x)

)︃
q(x) + r(x)

)︃
= (g1(x) + up11(x))r(x).

Since deg r(x) ≤ ps−r−1, this shows that B1 spans C2. Now
we only need to show that B1 is linearly independent. Let
g1(x) = g10 + g11x + · · · + g1rxr and p11(x) = p110 + p111x +
· · · + p11lxl , g0 ∈ Z×p , g1i , p11(i−1) ∈ Zp , i ≥ 1. Suppose
(g1(x)+up11(x))c0+x(g1(x)+up11(x))c1+· · ·+xp

s−r−1(g1(x)+

up11(x))cps−r−1 = 0. By comparing the coefficients in the
above equation, we get

(g10 + up110)c0 = 0. (constant coefficient)

Since (g10 + up110) is unit, we get c0 = 0. Thus,

x(g1(x) + up11(x))c1 + · · ·

+ xp
s−r−1(g1(x) + up11(x))cps−r−1 = 0.

Again comparing the coefficients, we get

(g10 + up110)c1 = 0. (coefficient of x).

As above, this gives c1 = 0. Continuing in this way we get
that ci = 0 for all i = 0, 1. . . . , n − r − 1. Therefore, the set
B1 is linearly independent and hence a basis for C2.
(2) If C2 = ⟨g1(x) + up11(x), ua11(x)⟩ with deg g1(x) =
r and deg a11(x) = t. The lowest degree polynomial in
C2 is ua11(x). It is suffices to show that B2 spans B =
{g1(x) + up11(x), x(g1(x) + up11(x)), · · · , xp

s−r−1(g1(x) +
up11(x)), ua11(x), xua11(x), · · · , xp

s−t−1ua11(x)}. We first
show that uxr−ta11(x) ∈ span(B2). Let the leading coef-
ficients of xr−ta11(x) be a0 and of g1(x) + up11(x) be g10.
There exists a constant c0 ∈ Zp such that a10 = c0g10.
Then we have

uxr−ta11(x) = uc0(g1(x) + up11(x)) + um(x),

where um(x) is a polynomial in C2 of degree less than r.
Since C2 =< g1(x) + up11(x), ua11(x) >, any polynomial
in C2 must have degree greater or equal to deg a11(x) = t.
Hence, t ≤ deg m(x) < r and

um(x) = α0ua11 + α1xua11 + · · · + αr−t−1xr−t−1ua11.

Thus, uxr−ta11 ∈ span(B2). Inductively, we can show that
uxr−t+1a(x), . . . ,
uxp

s−t−1a(x) ∈ span(B2). Hence, B2 is a generating set. As
in (1), by comparing the coefficients we can see that B2 is
linearly independent. Therefore, B2 is aminimal spanning
set and |C2| = p2p

s−r−t .
Following the same process as in the above theorem, we
can find the rank and the minimal spanning set of any
cyclic code over the ring Rk,p , k ≥ 1.

Theorem 4.3. Let ps is not relatively prime to p. Let Ck be
a negacyclic code of length ps over Rk,p = Zp + uZp + · · · +
uk−1Zp , uk = 0. We assume the constraints on the generator
polynomials of Ck as in Theorem 3.5.

(1) If Ck = ⟨g1(x)+up11(x)+u2p12(x)+· · ·+uk−1p1(k−1)(x)⟩
with deg g1(x) = r, then Ck is a free module with
rank ps − r and a basis B1 = {g1(x) + up11(x) +
u2p12(x) + · · · + uk−1p1(k−1)(x), x(g1(x) + up11(x) +
u2p12(x) + · · · + uk−1p1(k−1)(x)), · · · , xn−r−1(g1(x) +
up11(x) + u2p12(x) + · · · + uk−1p1(k−1)(x))}.
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Table 1: Non free module negacyclic codes of length 5 over Z5 + uZ5 + u2Z5 , u3 = 0.

Non-zero generator polynomials d(c) Ranks
< u, u2 >, < gi , u, u2 >, 1 ≤ i ≤ 4. 1 5
< g2 + uc0 + u2c1, ug + u2c2, u2g >, c0, c1, c2 ∈ Z5 2 4
< g2 + uc0, ug, u2 >, c0 ∈ Z5 1 5
< g3 + u(c0 + c1) + u2(c2 + c3), ug2

+u2(c4 + c5), u2g2 >, ci ∈ Z5, 0 ≤ i ≤ 5 3 3
< g3 + u(c0 + c1) + u2c2, ug2 + u2c3), u2g >, ci ∈ Z5, 0 ≤ i ≤ 3 2 4
< g3 + u(c0 + c1), ug2, u2 >, c0, c1 ∈ Z5. 1 5
< g3 + uc0 + u2c1, ug + u2c2, u2g >, c0, c1, c2 ∈ Z5. 2 4
< g3 + uc0, ug, u2 >, c0,∈ Z5. 1 5
< g4 + uc0g2 + u2(c1 + c2x + c3x2), ug3 + u2(c4 + c5x)g, u2g3 > ci ∈ Z5, 0 ≤ i ≤ 5. 4 2
< g4 + uc0g2 + u2(c1 + c2x), ug3 + u2(c3 + c4x), u2g2 >, ci ∈ Z5, 0 ≤ i ≤ 4. 3 3
< g4 + uc0g2 + u2c1, ug3 + u2c2, u2g >, c0, c1, c2 ∈ Z5. 2 4
< g4 + uc0g2, ug3, u2 >, c0 ∈ Z5. 1 5
< g4 + uc0g + u2(c1 + c2x), ug2 + u2(c3 + c4x), u2g2 >, ci ∈ Z5, 0 ≤ i ≤ 4. 3 3
< g4 + uc0g + u2c1, ug2 + u2c2, u2g >, c0, c1, c2 ∈ Z5. 2 4
< g4 + uc0g, ug2, u2 >, c0 ∈ Z5. 1 5
< g4 + uc0g + u2c1, ug + u2c2, u2g >, c0, c1, c2 ∈ Z5. 2 4
< g4 + uc0g, ug, u2 >, c0 ∈ Z5. 1 5
< ug4 + u2c0g3, u2g4 >, c0 ∈ Z5. 5 1
< ug4 + u2c0g2, u2g3 >, c0 ∈ Z5. 4 2
< ug4 + u2c0g, u2g2 >, c0 ∈ Z5. 3 3

(2) If Ck = ⟨g1(x) + up11(x) + u2p12(x) +
· · · + uk−1p1(k−1)(x), ua11(x) + u2q11(x) + · · · +
uk−1q1(k−2)(x), u2a12(x) + u3l11(x) + · · · +
uk−1l1(k−3)(x), · · · , uk−2a1(k−2)(x) + uk−1t11(x), uk−1

a1(k−1)(x)⟩ with deg g1(x) = r1, deg a11(x) =
r2, deg a12(x) = r3, . . . , deg a1(k−1)(x) = rk,
then Ck has rank ps − rk and a minimal span-
ning set B2 = {g1(x) + up11(x) + u2p12(x) +
· · · + uk−1p1(k−1)(x), x(g1(x) + up11(x) + u2p12(x) +
· · · + uk−1p1(k−1)(x)), · · · , xp

s−r1−1(g1(x) + up11(x) +
u2p12(x) + · · · + uk−1p1(k−1)(x)), ua11(x) + u2q11(x) +
· · · + uk−1q1(k−2)(x), x(ua11(x) + u2q11(x) + · · · +
uk−1q1(k−2)(x)), · · · , xr1−r2−1(ua11(x) + u2q11(x) +
· · · + uk−1q1(k−2)(x)), u2a12(x) + u3l11(x) + · · · +
uk−1l1(k−3)(x), x(u2a12(x) + u3l11(x) + · · · +
uk−1l1(k−3)(x)), · · · , xr2−r3−1(u2a12(x)+u3l11(x)+· · ·+
uk−1l1(k−3)(x)), · · · , uk−1a1(k−1)(x),
xuk−1a1(k−1)(x), · · · , xrk−1−rk−1uk−1a1(k−1)(x)}.

5 Minimum Distance
Since ps is not relatively prime to p. Let C2 = ⟨g1(x) +
up11(x), ua11(x)⟩ be a negacyclic code of length ps over

R2 = Zp + uZp , u2 = 0. We define C2,u = {k(x) ∈ R2,n :
uk(x) ∈ C2}. It is easy to see that C2,u is a negacyclic
code over Zp. Let Ck be a negacyclic code of length ps

over Rk,p = Zp + uZp + · · · + uk−1Zp , uk = 0. We define
Ck,uk−1 = {k(x) ∈ Rk,n : uk−1k(x) ∈ Ck}. Again it is easy to
see that Ck,uk−1 is a negacyclic code over Zp.

Theorem 5.1. Let ps is not relatively prime to p. If Ck =
⟨g1(x) + up11(x) + u2p12(x) + · · · + uk−1p1(k−1)(x), ua11(x) +
u2q11(x) + · · · + uk−1q1(k−2)(x),
u2a12(x)+u3l11(x)+· · ·+uk−1l1(k−3)(x), . . . , uk−2a1(k−2)(x)+
uk−1t11(x), uk−1a1(k−1)(x)⟩ is a negacyclic code of length ps

over Rk,p = Zp + uZp + · · · + uk−1Zp , uk = 0. Then Ck,uk−1 =<
ak−1(x) > and wH(Ck) = wH(Ck,uk−1 ).

Proof: We have uk−1a1(k−1)(x) ∈ Ck, thus ⟨a1(k−1)(x)⟩ ⊆
Ck,uk−1 . If b(x) ∈ Ck,uk−1 , then uk−1b(x) ∈ Ck and
hence there exist polynomials b1(x), · · · , bk(x) ∈ Zp[X]
such that uk−1b(x) = b1(x)uk−1g1(x) + b2(x)uk−1a11(x) +
b2(x)uk−1a12(x) + · · · + bk(x)uk−1a1(k−1)(x). Since a1(k−1)(x)
|a1(k−2)(x)| . . . |a12(x)|a11(x)|g1(x), we have uk−1b(x) =
m(x)uk−1a1(k−1)(x) for some polynomial m(x) ∈ Zp[x]. So,
Ck,uk−1 ∈ ⟨a1(k−1)(x)⟩, and hence Ck,uk−1 = ⟨a1(k−1)(x)⟩. Let
m(x) = m0(x) + um1(x) + · · · + uk−1mk−1(x) ∈ Ck , where
m0(x),m1(x), . . . ,mk−1(x) ∈ Zp[x]. We have uk−1m(x) =
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Table 2: Non free module negacyclic codes of length 5 over Z5 +
uZ5 + u2Z5 , u3 = 0.

< ug4 + u2c0, u2g >, c0 ∈ Z5. 2 4
< ug4, u2 > . 1 5
< ug3 + u2(c0 + c1x)g, u2g3 >, c0, c1 ∈ Z5. 4 2
< ug3 + u2(c0 + c1x), u2g2 >, c0, c1 ∈ Z5. 3 3
< ug3 + u2c0, u2g >, c0 ∈ Z5. 2 4
< ug3, u2 > . 1 5
< ug2 + u2(c0 + c1x), u2g2 >, c0, c1 ∈ Z5. 3 3
< ug2 + u2c0, u2g >, c0 ∈ Z5. 2 4
< ug2, u2 > . 1 5
< ug + u2c0, u2g >, c0 ∈ Z5. 2 4
< ug, u2 > . 1 5

Table 3: Non-zero free module negacyclic codes of length 5 over
Z5 + uZ5 + u2Z5 , u3 = 0.

Non-zero generator polynomials d(c) Ranks
< 1 > 1 5
< g + uc0 >, c0 ∈ Z5. 2 4
< g2+u(c0+c1x)+u2c2 >, c0, c1, c2 ∈ Z5. 3 3
< g3+u(c0+c1x−(c0−c1)x2)+u2(c2+c3x) >
, c0, c1, c2, c3 ∈ Z5.

4 2

< g4 + uc0(1 − 2x + 3x2 − 4x3) + u2c1(1 +
2x + x2) >, c0, c1 ∈ Z5.

5 1

uk−1m0(x), wH(uk−1m(x)) ≤ wH(m(x)) and uk−1Ck is sub-
code of Ck with wH(uk−1Ck) ≤ wH(Ck). Therefore, it is suffi-
cient to focus on the subcode uk−1Ck in order to prove the
theorem. Since uk−1Ck = ⟨uk−1a1(k−1)(x)⟩, we get wH(Ck) =
wH(Ck,uk−1 ).

Definition 5.2. Let m = bs−1ps−1+bs−2ps−2+· · ·+b1p+b0,
bi ∈ Zp , 0 ≤ i ≤ s − 1, be the p-adic expansion of m.

(1) If bs−i ≠ 0 for all 1 ≤ i ≤ q, q < s, and bs−i = 0 for all
i, q + 1 ≤ i ≤ s, then m is said to have a p-adic length
q zero expansion.

(2) If bs−i ≠ 0 for all 1 ≤ i ≤ q, q < s, bs−q−1 = 0 and
bs−i ≠ 0 for some i, q + 2 ≤ i ≤ s, then m is said to
have p-adic length q non-zero expansion.

(3) If bs−i ≠ 0 for 1 ≤ i ≤ s, then m is said to have a p-adic
length s expansion or p-adic full expansion.

Lemma 5.3. Let C be a negacyclic code over Rk,p of length
ps where s is a positive integer. Let C = ⟨a(x)⟩ where a(x) =
(xp

s−1
− 1)bh(x), 1 ≤ b < p. If h(x) generates a negacyclic

code of length ps−1 and minimum distance d then the mini-
mum distance d(C) of C is (b + 1)d.

Proof: For c ∈ C, we have c = (xp
s−1
− 1)bh(x)m(x) for

somem(x) ∈ Rk,p [x]
(xps−1) . Since h(x) generates anegacyclic code

of length ps−1, we have w(c) = w((xp
s−1
− 1)bh(x)m(x)) =

w(xp
s−1bh(x)m(x))+w(bC1xp

s−1(b−1)h(x)m(x))+· · ·+w(bCb−1
xp

s−1
h(x)m(x)) + w(h(x)m(x)). Thus, d(C) = (b + 1)d.

Theorem 5.4. Let Ck be a negacyclic code over Rk,p
of length ps where s is a positive integer. Then, Ck =
⟨g1(x) + up11(x) + u2p12(x) + · · · + uk−1p1(k−1)(x), ua11(x) +
u2q11(x) + · · · + uk−1q1(k−2)(x), u2a12(x) + u3l11(x) + · · · +
uk−1l1(k−3)(x), . . . , uk−2a1(k−2)(x)+uk−1t11(x), uk−1a1(k−1)(x)⟩
where g1(x) = (x + 1)t1 , a11(x) = (x + 1)t2 , · · · , a1(k−1)(x) =
(x + 1)tk . for some t1 > t2 > · · · > tk > 0.

(1) If tk ≤ ps−1, then d(C) = 2.
(2) If tk > ps−1, let tk = bs−1ps−1 + bs−2ps−2 + · · · + b1p +

b0 be the p-adic expansion of tk and ak−1(−x) = (x +
1)tk = (xp

s−1
− 1)bs−1 (xp

s−2
− 1)bs−2 · · · (xp

1
− 1)b1 (xp

0
−

1)b0 .

(a) If tk has a p-adic length q zero expansion or
full expansion (s = q). Then, d(Ck) = (bs−1 +
1)(bs−2 + 1) · · · (bs−q + 1).

(b) If tk has a p-adic length q non-zero expansion.
Then, d(Ck) = 2(bs−1+1)(bs−2+1) · · · (bs−q+1)

6 Examples
In this section, we give some examples of negacyclic codes
of different lengths over the ring Rk,p.

Example 6.1. Negacyclic codes of length 5 over R3,5 =
Z5 + uZ5 + u2Z5, u3 = 0: We have C = ⟨g1(x) +
up11(x) + u2p12(x), ua11(x) + u2q11(x), u2a12(x)⟩ where
a12(x)|a11(x)|g1(x)|(xp

s
+ 1)mod p and a11(x) |

(︁
xp
s
+1

g1(x)

)︁
,

a12(x) |
(︁
xp
s
+1

a11(x)

)︁
and a2(x) |

(︁
xp
s
+1

a11(x)

)︁(︁
xp
s
+1

g1(x)

)︁
, degp12(x) <

dega12(x), degq11(x) < dega12(x) and degp11(x) <
dega11(x)

x5 + 1 = (x + 1)5 over R3,5.

Let g1(x) = (x + 1) = g. The non-zero negacyclic codes
of length 5 over R3,5 with generator polynomial are given in
Tables 1, 2 and table 3.

Example 6.2. Negacyclic codes of length9 over R3,3 = Z3+
uZ3 + u2Z3, u3 = 0:
We have x9 + 1 = (x + 1)9overR3,3. Let g1(x) = (x + 1) =
g. The non-zero negacyclic codes of length 9 over R3,3 with
generator polynomial are given in Tables 4, 5 and Tables 6–
11.
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Table 8: Non free module negacyclic codes of length 9 over Z3 + uZ3 + u2Z3 , u3 = 0.

Non-zero generator polynomials d(c) Ranks
< g6 + u(c0 + c1x) + u2c2, ug2 + u2c4, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8
< g6 + u(c0 + c1x), ug2, u2 >, c0, c1,∈ Z3. 1 9
< g6 + uc0 + u2c1, ug + u2c2, u2g >, c0, c1, c2,∈ Z3. 2 8
< g6 + uc0, ug, u2 >, c0 ∈ Z3. 1 9
< g7+u(c0+c1x)g4+u2(c2+c3x+c4x2+c5x3+c6x4)g, ug6+u2(c7+c8x+c9x2)g3, u2g6 >, ci ∈ Z3, 0 ≤ i ≤ 9. 8 3
< g7+u(c0+c1x)g4+u2(c2+c3x+c4x2+c5x3+c6x4), ug6+u2(c7+c8x+c9x2)g2, u2g5 >, ci ∈ Z3, 0 ≤ i ≤ 9. 6 4
< g7 + u(c0 + c1x)g4 + u2(c2 + c3x + c4x2 + c5x3), ug6 + u2(c6 + c7x + c8x2)g, u2g4 >, ci ∈ Z3, 0 ≤ i ≤ 8. 4 5
< g7 + u(c0 + c1x)g4 + u2(c2 + c3x + c4x2), ug6 + u2(c5 + c6x + c7x2), u2g3 >, ci ∈ Z3, 0 ≤ i ≤ 7. 2 6
< g7 + u(c0 + c1x)g4 + u2(c2 + c3x), ug6 + u2(c4 + c5x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 7
< g7 + u(c0 + c1x)g4 + u2c2, ug6 + u2c3, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8
< g7 + u(c0 + c1x)g4, ug6, u2 >, c0, c1 ∈ Z3. 1 9
< g7 + u(c0 + c1x)g3 + u2(c2 + c3x + c4x2 + c5x3 + c6x4), ug5 + u2(c7 + c8x + c9x2 + c10x3)g, u2g5 >, ci ∈
Z3, 0 ≤ i ≤ 10.

6 4

< g7+u(c0+c1x)g3+u2(c2+c3x+c4x2+c5x3), ug5+u2(c6+c7x+c8x2+c9x3), u2g4 >, ci ∈ Z3, 0 ≤ i ≤ 9. 4 5
< g7 + u(c0 + c1x)g3 + u2(c2 + c3x + c4x2), ug5 + u2(c5 + c6x + c7x2), u2g3 >, ci ∈ Z3, 0 ≤ i ≤ 7. 2 6
< g7 + u(c0 + c1x)g3 + u2(c2 + c3x), ug5 + u2(c4 + c5x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 7
< g7 + u(c0 + c1x)g3 + u2c2, ug5 + u2c3, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8
< g7 + u(c0 + c1x)g3, ug5, u2 >, c0, c1 ∈ Z3. 1 9
< g7 + u(c0 + c1x)g2 + u2(c2 + c3x + c4x2 + c5x3), ug4 + u2(c6 + c7x + c8x2)g, u2g4 >, ci ∈ Z3, 0 ≤ i ≤ 8. 4 5
< g7 + u(c0 + c1x)g2 + u2(c2 + c3x + c4x2), ug4 + u2(c5 + c6x + c7x2), u2g3 >, ci ∈ Z3, 0 ≤ i ≤ 7. 2 6
< g7 + u(c0 + c1x)g2 + u2(c2 + c3x), ug4 + u2(c4 + c5x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 7
< g7 + u(c0 + c1x)g2 + u2c2, ug4 + u2c3, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8

Table 9: Non free module negacyclic codes of length 9 over Z3 + uZ3 + u2Z3 , u3 = 0.

Non-zero generator polynomials d(c) Ranks
< g7 + u(c0 + c1x)g2, ug4, u2 >, c0, c1 ∈ Z3. 1 9
< g7 + u(c0 + c1x)g + u2(c2 + c3x + c4x2), ug3 + u2(c5 + c6x + c7x2), u2g3 >, ci ∈ Z3, 0 ≤ i ≤ 7. 2 6
< g7 + u(c0 + c1x)g + u2(c2 + c3x), ug3 + u2(c4 + c5x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 7
< g7 + u(c0 + c1x)g + u2c2, ug3 + u2c3, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8
< g7 + u(c0 + c1x)g, ug3, u2 >, c0, c1 ∈ Z3. 1 9
< g7 + u(c0 + c1x) + u2(c2 + c3x), ug2 + u2(c4 + c5x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 7
< g7 + u(c0 + c1x) + u2c2, ug2 + u2c3, u2g >, c0, c1, c2, c3 ∈ Z3. 2 8
< g7 + u(c0 + c1x), ug2, u2 >, c0, c1 ∈ Z3. 1 9
< g7 + uc0 + u2c1, ug + u2c2, u2g >, c0, c1, c2 ∈ Z3. 2 8
< g7 + uc0, ug, u2 >, c0 ∈ Z3. 1 9
< g8 + uc0g6 + u2(c1 + c2x + c3x2)g4, ug7 + u2(c4 + c5x)g5, u2g7 >, ci ∈ Z3, 0 ≤ i ≤ 5. 6 2
< g8 + uc0g6 + u2(c1 + c2x + c3x2)g3, ug7 + u2(c4 + c5x)g4, u2g6 >, ci ∈ Z3, 0 ≤ i ≤ 5. 8 3
< g8 + uc0g6 + u2(c1 + c2x + c3x2)g2, ug7 + u2(c4 + c5x)g3, u2g5 >, ci ∈ Z3, 0 ≤ i ≤ 5. 6 4
< g8 + uc0g6 + u2(c1 + c2x + c3x2)g, ug7 + u2(c4 + c5x)g2, u2g4 >, ci ∈ Z3, 0 ≤ i ≤ 5. 4 5
< g8 + uc0g6 + u2(c1 + c2x + c3x2), ug7 + u2(c4 + c5x)g, u2g3 >, ci ∈ Z3, 0 ≤ i ≤ 5. 2 6
< g8 + uc0g6 + u2(c1 + c2x), ug7 + u2(c3 + c4x), u2g2 >, ci ∈ Z3, 0 ≤ i ≤ 4. 2 7
< g8 + uc0g6 + u2c1, ug7 + u2c2, u2g >, c0, c1, c2 ∈ Z3. 2 8
< g8 + uc0g6, ug7, u2 >, c0 ∈ Z3. 1 9
< g8 + uc0g5 + u2(c1 + c2x + c3x2 + c4x3)g2, ug6 + u2(c5 + c6x + c7x2)g3, u2g6 >, ci ∈ Z3, 0 ≤ i ≤ 7. 8 3
< g8 + uc0g5 + u2(c1 + c2x + c3x2 + c4x3)g, ug6 + u2(c5 + c6x + c7x2)g2, u2g5 >, ci ∈ Z3, 0 ≤ i ≤ 7. 6 4
< g8 + uc0g5 + u2(c1 + c2x + c3x2 + c4x3), ug6 + u2(c5 + c6x + c7x2)g, u2g4 >, ci ∈ Z3, 0 ≤ i ≤ 7. 4 5
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7 Conclusion
In this paper, the algebraic structure of the ring Rk,p =
Zp[u]/⟨uk⟩, where p is prime and negacyclic codes over
this ring are studied. To find the generator of these code,
we discussed the rank and hamming distance over Rk,p.
We also presented some example of these codes including
the rank and distance. For future study, it would be inter-
esting to investigate the algebraic structure of negacyclic
codes over Rk,p, where p is not prime and their rank and
minimum distance. Another question is to find new nega-
cyclic codes of general length over that ring.
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