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Abstract: In this paper, well-posedness, controllability
and optimal control for a time-delay beam equation are
studied. The equation of motion is modeled as a time-
delayed distributed parameter system(DPS) and includes
Heaviside functions and their spatial derivatives due to
the finite size of piezoelectric patch actuators used to sup-
press the excessive vibrations based on displacement and
moment conditions. The optimal control problem is de-
fined with the performance index including a weighted
quadratic functional of the displacement and velocity
which is to be minimized at a given terminal time and a
penalty term defined as the control voltage used in the
control duration. Optimal control law is obtained by us-
ing Maximum principle and hence, the optimal control
problem is transformed the into a boundary-, initial and
terminal value problem.The explicit solution of the con-
trol problem is obtained by eigenfunction expansions of
the state and adjoint variables. Numerical results are pre-
sented to show the effectiveness and applicability of the
piezoelectric control.

Keywords: Wellposedness; Time-delay; Vibration; Con-
trol; Maximum Principle

PACS: 64.30.Ef, 62.20.dj, 62.20.fg, 62.30.+d

1 Introduction

Time-delay is a widespread phenomenon in applied sci-
ences, e.g. space engineering, chemical kinetics, fluid dy-
namics, etc. Such delays occur as a result of the finite
time-response of actuators used in the implementation of
control law [11]. Since time delay leads to a decrement in
the performance of the actuator, the state variable can-
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not reflect the changes in the system [18]. Active vibra-
tion control of mechanical systems, which are modeled as
DPS without time delays, has been excessively studied in
the literature by several authors, such as, but not limited
to [3, 7, 12-16]; however, the optimal control of DPS with
time delay has not received considerable attention yet.
Some studies of the control of DPS with time delay can be
summarized by [4-6, 11, 18]. Although undamped free vi-
brations in mechanical systems are often studied from an
optimal control point of view, controlling other forms of vi-
brations caused by the thermal effect or an external excita-
tion has not received enough attention. Vibrations caused
by the thermal effect and external excitation are also mod-
eled as displacement or moment boundary conditions. The
contribution of material damping to the piezoelectric con-
trol of a system without time delay in control function has
been studied in the [8] and it was observed that neglecting
natural damping leads to under-estimation of the struc-
tural behavior [12].

In the literature, according to author’s best knowl-
edge, there is no study dealing with the well-posedness,
controllability and optimal control of a time-delay beam
equation. Therefore, this paper presents an original contri-
bution to the literature of the study of the well-posedness,
controlability and optimal control of a time-delay beam
equation is studied and results are simulated using
MATLAB. The contribution of material damping to the sys-
tem is also considered. Moreover, in order to achieve a bet-
ter observation for the beam, three other conditions(time
delay, internal damping and boundary effects) are taken
into account.

This paper studies the dynamic response of a beam,
modeled as an Euler-Bernoulli beam with Kelvin-Voigt
damping and a time delay in the control function, sub-
ject to displacement and moment boundary conditions.
The control is applied by means of piezoelectric actuators
bonded onto the beam.

Due to the presence of the damping term, the gov-
erning equation does not admit a variational principle in
the classical sense, making an approach based on varia-
tional calculus impractical. Also, the equation of motion
includes Heaviside functions and their spatial derivatives
due to the finite size of the piezoelectric patch actuators
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used. Because of this, it is not sensible to use the opti-
mal linear quadratic regulator or linear quadratic Gaus-
sian control algorithms for solving the system. Therefore,
optimal control law is obtained by using the Maximum
principle and hence, the optimal control problem is trans-
formed into a boundary-, initial and terminal value prob-
lem. The performance index, to be minimized with min-
imum expenditure of voltage applied to the piezoelectric
patch actuators, consists of a weighted quadratic function
of displacement and velocity of the beam. It also includes
a penalty function of control voltage. The solution of the
control problem is sought by the eigenfunction expansion
method. To illustrate the capability and efficiency of the
control law, introduced, two numerical examples are pre-
sented.

2 Mathematical Formulation of the
Control Problem
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Figure 1: Beam diagram with piezoelectric pathces

The time-delay optimal control problem of a smart
beam is considered. The beam shown in Fig. 1, initially
un-deformed, has internal damping modeled as Kelvin-
Voigt damping and is subject to displacement and moment
boundary conditions. The equation of motion of the beam
is controlled by piezoelectric patch actuators, bonded on
both sides of the beam, with a control voltage C( - 1) is
given by [1]

v + 2&PVisszx + PVxx = C(E - 1) (H'(x - x1)
- H'(x - X)) 6]

where v is the transversal displacement, X € (0, ¢) is the
space variable, ¢ is the length of the beam, f € (0, ff) is the
time variable, t} is the terminal time, 7 > O is the known
constant delay in the control function, 9 is the mass per
unit area, 3 is the damping coefficient, H is the Heaviside
function and (X1, x») is the location of a piezoelectric ac-
tuator. The flexural stiffness of the beam, p, is defined as
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follows:

_ ERW

S 12(1-0%)

in which E is Young’s modulus, h is the elastic thickness
of the plate and g is Poisson’s ratio. Eq. (1) is subject to the
following boundary conditions:

p

v(0,) =v(t, ) =D, vw0,D)=vlt, D=7 ()

where ((?) is the displacement boundary condition, n(f) is
the moment boundary condition and the initial conditions
are:

u(x,0) = vo(x), wi(x,0)=v1(%). (3)

Theorem 1. (Second Order Linear Picard-Lindelof
Existence-Uniqueness Theorem:) Let the coefficients
a(x), b(x), c(x), f(x) be continuous on an interval ] con-
taining x = x0. Assume a(x) # 0 on J. Let g1 and g, be real
constants. The initial value problem

)’/(Xo) =82
(4)

a(x)y” + by’ + c(y = f(x), y(xo) = g1,

has a solution and this solution is unique [20].

The system defined by Egs. (1-3) can be reduced to an ordi-
nary differential equation by using the Galerkin expansion
method like in Eq. (42) section 3. Please note that all co-
efficients and functions are analytic functions in Eq. (42)
near the 0. Then, Eq. (42) with initial conditions satis-
fies the Second Order Linear Picard-Lindelof Existence-
Uniqueness theorem. Namely, the system has a unique so-
lution.

The uniqueness of the optimal control function will
be discussed in the next section of this paper. For conve-
nience, let us introduce non-dimensional variables as

£=2./8,

1 /p;
Nz st’

(x,8) € 8=(0,1)x (0, t)

X
u=-, x==, t
V4

v
J4
0
Clt-1)=-=C(t-1),
p
where t; is the terminal time. Substituting new parameters
into Eq. (1), one obtains the non-dimensional equation of
the motion subject to the following boundary and initial
conditions, respectively.
U + 2€utxxxx + U = C(t - 1) (HH(X -X1)
- H'(x - x2)) (5)
u(Oa t) = u(19 t) = C(t)) uXX(O) t) = uXX(ly t) = rl(t)’ (6)

u(x,0) = up(x), ux,0) = ui(x). @)
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The aim of the optimal control problem is to determine an
optimum voltage function C(¢t — 7) to minimize the perfor-
mance index of the beam at ¢ with the minimum expendi-
ture of control voltage. Therefore, the performance index
is defined by the weighted dynamic response of the beam
and the expenditure of control over (0, t;). The set of ad-
missible control functions is given by

Caa = {CO|C() € L*(0, t7), |C(0)] < co < oo} (8)

and the performance index of the controlled system is de-
fined as follows;

1
J(C(0) = /[uluz(x, tr) + pauz (x, t)ldx
0

&
+ [ usC*(tdt )
/

where y1, 4220, pu1+p; #0 and s > O are weight-
ing constants. The first integral in Eq. (9) is the modified
dynamic response of the beam and last integral represents
the measure of the total voltage energy that accumulates
over (0, t;). The optimal control of a beam with a time de-
lay in the control function is expressed as

(o) = C(Iglin @) (10)

t)E€Caa
subject to the Eqs. 5—7. In order to achieve the maximum
principle, let us introduce an adjoint variable v(x, t) satis-
fying the following equation
11)

Vit — Z{Vtxxxx + Viox = 0

and subject to the following homogeneous boundary con-
ditions

vix,t) =vu(x,t)=0 at x=0,1 (12)
and terminal conditions
ve(x, ) = 28V (X, t) = 2pqulx, t),
vix, t) = 2pou(x, ) at t=tp. (13)

A maximum principle, in terms of the Hamiltonian func-
tion is derived as a necessary condition for the optimal
control function. It is proved in [3] that under some con-
vexity assumption, which is satisfied by Eq. (9), on the
performance index function, the maximum principle is
also a sufficient condition for the optimal control func-
tion. Note that v is the unique solution to the system de-
fined by Eqgs. 1—3. By considering uniqueness of the solu-
tion, it can be concluded that when v° is the unique so-
lution to the system, the corresponding control function
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C° must be unique. In this situation, system has a unique
control function and solution and the system is called ob-
servable. The Hilbert uniqueness method proved that ob-
servable implies the system under consideration is con-
trollable [21, 22]. The maximum principle gives an explicit
expression for the optimal control function and implicitly
relates optimal control to the state variable. Then, the max-
imum principle can be given as follows:

Theorem 2. (Maximum principle) The maximization prob-
lem states that if

H[t; vO, CO(D)] = C(nt)lgé( H[t; v, C(b)] (14)

in which v = v(x, t) satisfies the adjoint system given by
Egs. 11—13 and the Hamiltonian function is defined by
H[t;v, C(B)] = COVx(, ) = valxa, O] - psC3(8),  (15)

then
alcel = arel,

where C°(t) is the optimal control function.

VC(t) € Cuq (16)

Proof. Before starting the proof, let us introduce an oper-
ator and its adjoint operator as follows:

Y(u) = usr + oxxx + zgutxxxx,

Y (V) = Vet + Voo — 2V toxx- (17)

The deviations are given by Au = u - u°, Au; = us - uy
in which u® is the optimal displacement. The operator
Y(Au) = AC(t)(H"(x - x1) - H'(x - x,)) is subject to the
following boundary conditions

Au(x,t) = Auxx(x,£) =0 at x=0,1 (18)
and initial conditions
Au(x,t) = Aux,t)=0 at t=0. (19)

Consider the following functional

{vY(Au) - AuY*(v)}dtdx =

o o~
O — “T—=

{vAC(t)(H”(x -x1)-H'(x- xz))}dtdx. (20)

Integrating the left side of Eq. (20) twice integration by
parts with respect to t and four times integration by parts
with respect to x, using Egs. (18-19), one observes the fol-
lowing relation:

¢

1 i
// {vY(Au) -Auy*(v)}dtdx
0 0
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1
= / (v(x, tr)Aue(x, tr)
0

= Au(x, tg) [ve(x, tr) = 28vaax(x, ty) ] ) dx. (1)

In view of Eq. (13), Eq. (21) becomes

t

1 I
// {vY(Au) —Auy*(v)}dtdx
0O 0

1
= —2/ (M1u(x, t)Au(x, te) + pouc(x, tr)Aue(x, t;)) dx.
0

(22)

For the right side of Eq. (20), recall the properties of dirac-
delta function

H'(x-0)=6(x-0),

1
/ 5 (x - 0)ckdx = -'(6), 0€(0,1).  (23)
0

In the light of Eq. (23), the right side of Eq. (20) is obtained
as follows:

tr 1
/ / v(x, DACH[8(x - x1) - 8'(x — x2)] dxdt
0 o0

t

- / AC(E) (ve(xa, ) - va(xa, D) dt. (24)
0
Consider the difference of the performance index
AJ[C()] = [cB)] - alc (0]
1
= /{Hl[uz(X, t) - u (x, tpl
0
+ o [uf(x, te) - u?z(x, tf)]}dx
&
+ [mleo- ot (25)
0

Letus expand u?(x, tf) and uf (x, t;) to Taylor series around
u® (x, tr) and u?z (x, t¢), respectively. Then, one observes
the following

u?(x, te) - uoz(x, te) = 2u°(x, tp)Au(x, t;) + 1, (26a)

U2, tr) — U (x, ty) = 2ug (x, t)Au(x, t) + 10 (26b)
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where r = 2(Au)? + higher order terms > 0 and r; = 2(Au;)?
+ higher order terms > 0. Substituting Eq. (26) into Eq. (25)
gives

1
AJ[C(D)] = / { pa 26 (x, ) Aulx, t) + 1]

0

+ Mo [2uf (x, tp)Aue(x, tf) + r[]}dx
&
+ [ le? - o at. @)
0

From Eq. (22) and because of uyr + pa1¢ > 0, one obtains

t

aglce)s - [ { (C(t) [V, ) = valxa, 0] + usCZ(t))
0

- (c°(t) VS0, )~ V30, 0] + HsCOZ(l‘)> }dt

>0 (28)
which leads to
C(Ovx(x1, £) = vx(xa, O] + u3C(* =
COW 0, 0= vi0, O+ i€ (O, (29)
that is,
H[t; v, C) = H[t; v, C].
Hence, we obtain
alC1=3[C°], VYC € Caa
Therefore, the optimal control function is given by
c(o) = b ”2;3”3("1’ 0, (30)
O

The existence and uniqueness of the solution to the ad-
joint system, defined by Egs. (11-13), can be obtained in
a similar way to Egs. (1-3). Then, the state system given by
Egs. (1-3) is controllable.

3 Solution Method

The solution of the optimal control problem is sought as
follows: Let the adjoint variable v(x, t) satisfying Eqs. (11—
13) be expanded in Fourier sine series as

VX, 1) = > Za(O)gn(x)

n=1

€3y
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where the orthonormal eigenfunctions

en(x) = V2sin(Anx), An=nm (32)

satisfy boundary conditions given by Eq. (12). Substitut-
ing Eq. (31) into Eq. (11), multiplying both sides with ¢n(x)
and integrating both sides over (0, 1) leads to the follow-
ing lumped parameter system(LPS) in time

Zn =28\ Zn+ApZn =0, for n=1,2,.... (33)

The general solution of the LPS given by Eq. (33) is given
by

Zn(t) = ankn(t) + bnta(-1), (34)

where

Kn(t) = exp ((@n + {/\f‘l)t),

@n = A2\ /8204 - 1

and a, and b, are constants to be determined. Next, we
solve the equation of the optimal motion. In order to con-
vert the non-homogeneous boundary conditions to homo-
geneous ones, let us define the following relation

ta(t) = exp (@0 - EX2)0),

(35)

2 _
w=u-¢(0)-peon®, == Ge)
Then, the system given by Egs. (5-7) becomes
Wyt + 2éﬁthxxx + Wy = C(t - 1) (HN(X -X1)
-H"(x = x2)) = {"(6) - BO)n" (t) (37)

subject to the new homogeneous boundary conditions

W(X, t) = Wxx(X, t) =0 at x=0,1 (38)
and initial conditions
w(x, 0) = up(x) - ¢(0) - B(x)n(0),
we(x, 0) = u1 (x) - {'(0) - BN’ (0). (39)

Due to Eq. (36), one observes the terminal conditions of the
adjoint equation Eq. (13) as follows:

ve(x, tf) = 2&Vioux (X, tf)

= 2ualwlx, tr) + S(tp) + BOON(tr)], (40a)

v(x, ty) = =2pa[we(x, tf) + §i(tp) + BOON(t)].  (40b)

Now, let us obtain the solution of the motion equation by
using Fourier sine series

wix, ) = > Qu(O@n()

n=1

(41)

DE GRUYTER OPEN

in which Q,(t) satisfies the following LPS

Qn + 28000 + 1300 = 11{" () + 721" (©)

+73C(t - 1), (42)

where

1 1
n=- [ euX)dx, v =- [ BX)p.(x)dx,
/ /

1

v = / (H"(x - x1) - H' (x - x2))on(x)dx.

0

The general solution of Eq. (42) is given by
Qn(t) = cnkn(=t) + dntn(t)

¢
+ Ziwn /(ln(t = 8) = kn(s — )(32¢" () + 721" (s))ds
0

t
+ Ziwn /(ln(t —8) —Kn(s - )(13C(s —1)ds  (43)

in which ¢, and dy, are constants to be determined by
means of Eq. (39). The remaining unknown constants an
and b, appearing in Eq. (43) are evaluated by using the
terminal conditions given by Eq. (40).

4 Numerical Results and
Discussions

In this section, the theoretical results obtained in the pre-
vious sections are illustrated to show the effectiveness and
capability of the proposed control algorithm for control-
ling the dynamic response of a smart beam with Kelvin-
Voigt damping and a time delay in a minimum level control
voltage to be applied to the piezoelectric patch actuator.
Due to the selection of the damping coefficient (£), three
cases: over damping, critical damping and under damping
are studied in the literature. Under damping is the most
important case due to the insufficient internal damping
of the beam. Therefore, in this paper, under damping is
studied. In this case, ¢ < % and two complex roots are
obtained from Eq. (5). Also, taking the one term solution,
when ¢ < %, the stability of the system defined by Egs. (5—
7) is guaranteed [9]. The location of the piezoelectric patch
actuators and predetermined terminal time are specified
as (x1,x2) = (0.25,0.75) and t; = 5, respectively. The
time delay in the control voltage function applied to the
piezoelectric patch actuator 7 is evaluated as 0.002 and
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the damping coefficient is taken into account as 0.001.
The weighting coefficients in the calculations are taken as
us = 1072 and u; = u, = 1 for the controlled case. Dis-
placement boundary conditions, moment boundary con-
ditions and initial conditions are evaluated as follows;

For the casea, {(t) =0, n(t)=e>", uo =2 cos(mx)
and u; = V2 sin(mx),
Forthecaseb, {(f)=5-t, n(t)=0, uo=v2sin(mx),

and u; = 1v2 cos(mx).

Let us define the dynamic response of the beam and the
control voltage as follows, respectively;

&
C= / C3(Hdt (44)

1
D(t;) = / W2(x, ) + w2 (x, ¢)]dx,
0 0

The dynamic response of the beam is presented in table 1
for case a and b. Observing table 1, it can be seen that
for both cases with/out delay in the control function, the
penalty us on the expenditure of voltage decreases as the
dynamic response of the beam decreases corresponding to
an increase in the voltage. Also, it can be observed from
table 1 that in the cases of T = 0, the dynamic response
of the beam is less than the cases in which 7 = 0.002. In
case a, the vibrations in the beam are induced by larger ex-
ternal/thermal excitations than case b. Therefore, it seems
from table 1 that the value of the dynamic response of the
beam corresponding to case b is less than the dynamic re-
sponse of the beam corresponding to case a. Also, as a
parallel result to this, the difference between dynamic re-
sponses with/out delay for case a is larger than the corre-

Table 1: The values of D(¢f) at & = 0.001 for different values of y3 in
caseaandb.

b b
M3 Dio.002) D?no.ooo)‘ U3 Dio.002) Dlr-o.000)

10> 3203.52 3202.10 | 10> 231.91  231.80
101  214.65 212.38 | 10'  10.62 10.45
10° 29.00 27.90 | 10° 1.82 1.74

1071 1.42 1.36 10t 0.813 0.808

Table 2: The values of D(ty) at £ = O for different values of u3 in
caseaandb.

b b
M3 Dio.002) D?no.ooo)‘ U3 Dio.002) Dlr-o.000)

102  3401.34 3399.82 | 10>  246.2 246.0
101 223.227 220.73 | 10! 11.1 10.9
10°  30.643  29.462 | 10° 1.92 1.83
107t 1.439 1.383 | 107! 0.8141 0.809
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sponding difference for case b. A comparison of the con-
trolled and uncontrolled dynamic responses with/out de-
lay in table 1 demonstrates a substantial decrease as a re-
sult of the proposed control method. In table 2, some nu-
merical results are given for the dynamic response of the
beam with/out delay at & = 0. Due to the absence of inter-
nal damping in the system, the dynamic response is much
more than the case with internal damping. Also, similarly
to table 1, the dynamic response of the beam without delay
is less than the case with delay for the undamped case.

In table 3, the dynamic response of the time-delayed
controlled beam is given together with the control voltage
spent for case a. As stated above, the difference between
the dynamic responses in table 3 is an effect of the inter-
nal damping. The same observation is valid for the spent
voltage to suppress the vibrations in the time-delayed con-
trolled beam. In the case of the system with delay and
¢ = 0.001, the control voltage spent in (0, ¢;) is less than
the case without damping. Parallel results to the ones ob-
served in table 1-3 are obtained from table 4 for case b in
the system with delay.

The un/controlled displacements and velocities are
plotted at the midpoint of the beam at x = 0.5 since their
maximum occurs at this point at ¢ = 0 owing to the dis-
placement and moment boundary conditions. Therefore,
the midpoint gives an idea about the transient behavior
of the time-delayed controlled damped beam. By observ-
ing Figs. 2-3, it seems that the uncontrolled displacement
displays a steady harmonic motion while the controlled
displacement gradually decreases in case a. The same ob-
servations is valid for the uncontrolled velocity plotted in
Figs. 4-5 where the velocity is effectively suppressed be-

Table 3: The values of D(tf) at T = 0.002 for different values of y3 in
case a.

M3 Die_o.0001) ¢ M3 Do) €
10> 3203.52 29.26 | 107 3401 32.55
10! 214.65 140.2 | 10* 223 149
10° 29.00 203.2 | 10° 30 215
107! 1.42 297.2 | 107! 1.44 314

Table 4: The values of D(t) at T = 0.002 for different values of 3 in
caseb.

M3 Df’&o.ooon ¢ M3 D?&o) ¢
102 231.9 2.4 102 246.1 2.64
10! 10.6 11.4 10!  11.08 12.09
10° 1.8 16 10° 1.91 16.87
107! 0.81 21.6 107! 0.81 22.8
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w(0.5,t)

Uncontrolled w/o damping
Controlled w/o damping
Uncontrolled w/ damping

Controlled w/ damping
v A4 v

4 5

Figure 2: Controlled and uncontrolled displacements with delay at
(0.5) for case a.

20

Uncontrolled w/o damping
Controlled w/o damping
Uncontrolled w/ damping
Controlled w/ damping

15

w(0.5,t)

Figure 3: For 4.5 < t < 5, controlled and uncontrolled displacements
with delay at (0.5) for case a.

cause of control. For case b, the displacement and veloc-
ity of the beam are plotted in Figs. 6-7 and Figs. 8-9, re-
spectively, illustrating the effect of the control and internal
damping are illustrated. It can be concluded from Figs. 6—
9 that the uncontrolled displacements and velocities are
damped at a given terminal time ¢; = 5 asaresult of control
actuation. Let us focus on the bandwidths in Figs. 2-5 and
Figs. 6-9. Because the external excitation/thermal effect is
larger in case a than case b, the bandwiths of the Figs. 2—
3 and Figs. 4-5 is larger than the bandwidths of Figs. 6-7
and Figs. 8-9. By taking into consideration all tables and
figures, it can be concluded that the control method intro-
duced for the beam, with Kelvin-Voigt damping and a time
delay in the control voltage, is effective and applicable for
the beam with/out damping.
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Uncontrolled w/o damping
Controlled w/o damping
Uncontrolled w/ damping
Controlled w/ damping

i
i ———

t

w (0.5,t)

-
N

Figure 4: Controlled and uncontrolled velocities with delay at (0.5)
for case a.

200

150

100

50

Uncontrolled w/o damping
Controlled w/o damping
Uncontrolled w/ damping
Controlled w/ damping

-200 1 1 1
4.5 4.6 4.7 4.8 4.9 5

Figure 5: For 4.5 < t < 5, controlled and uncontrolled velocities with
delay at (0.5) for case a.

5 Conclusion

In this paper, the optimal control algorithm to suppress
undesirable vibrations in a smart beam, with Kelvin-Voigt
damping and a time delay in the control voltage function,
subject to the displacement and moment boundary con-
ditions, is investigated by using the maximum principle.
The performance index of the control problem consists of
a weighted quadratic functional of the dynamic responses
of the beam to be minimized at a predetermined termi-
nal time and a penalty term defined as the control voltage
spent in the control process. By means of the maximum
principle, the optimal control problem is transformed into
a coupled system of partial differential equations in terms
of state, adjoint and control variables subject to the bound-
ary, initial and terminal conditions. The explicit solution
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T

A i} A A
Uncontrolled w/o damping
,\ Controlled w/o damping

Uncontrolled w/ damping
Controlled w/ damping

—
— <

|
EN
LS -

Figure 6: Controlled and uncontrolled displacements with delay at
(0.5) for case b.

Uncontrolled w/o damping
-3r Controlled w/o damping
Uncontrolled w/ damping
Controlled w/ damping

-5 1 1 1 1
4.5 4.6 4.7 4.8 4.9 5

Figure 7: For 4.5 < t < 5, controlled and uncontrolled displacements
with delay at (0.5) for case b.

of the problem is sought by the eigenfunction expansion
method. By using MATLAB, numerical results are given to
demonstrate the robustness and efficiency of the proposed
control algorithm.
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