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Abstract: Imperfections and noise in realistic quantum
computers may seriously affect the accuracy of quantum
algorithms. In this article we explore the impact of static
imperfections on quantum entanglement as well as non-
entangled quantum correlations in Grover’s search algo-
rithm. Using the metrics of concurrence and geometric
quantum discord, we show that both the evolution of en-
tanglement and quantum discord in Grover algorithm can
be restrained with the increasing strength of static imper-
fections. For very weak imperfections, the quantum entan-
glement and discord exhibit periodic behavior, while the
periodicity will most certainly be destroyed with stronger
imperfections. Moreover, entanglement sudden death may
occur when the strength of static imperfections is greater
than a certain threshold.
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1 Introduction

Quantum algorithms, both in certainty and probability,
have great advantages over classical algorithm in the po-
tential of computing. It is believed that quantum algorithm
provides speedup depending largely on quantum entan-
glement and other quantum phenomenon. Entanglement
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- aspecial kind of quantum state, is used to describe a com-
pound system which contains two or more members in the
quantum system. However, recent studies have demon-
strated that there are other quantum correlations which
cannot be captured by entanglement [1, 2]. In order to
quantify and describe these non-entangled quantum cor-
relations, quantum discord was proposed by Zurek et al
[3-5].

In realistic situations, a quantum computing system
is not an ideally closed system and thus external environ-
ments will have an impact on it. Even if a quantum com-
puting system is isolated, there will be unavoidable inter-
qubit couplings in the hardware of quantum computers
- which is called static imperfections [6, 7]. These static
imperfections may lead to many-body quantum chaos,
which strongly modifies the hardware properties of real-
istic quantum computers. Therefore, studying the behav-
ior of quantum entanglement and quantum discord under
static imperfections has far-reaching consequences.

Grover’s quantum search algorithm plays an impor-
tant role in the advance of quantum computation and
quantum information because it provides a proof that
quantum computers are faster than classical ones in
database searching. The algorithm uses O(v/N) (N is the
size of search space) evaluations to find a unique ele-
ment in an unstructured database, while classical algo-
rithms need O(N) steps [8]. Thus Grover search algorithm
achieves a quadratic speedup over the classical algorithm
in unsorted database searching. For the global stability di-
agram of reliable operability of the above mentioned al-
gorithm the reader is referred to [9]. Using the methods
of quantum trajectories or perturbative approach, the ef-
fects of dissipative decoherence on the accuracy of the
Grover quantum search algorithm have been analyzed in
Refs. [10-12]. For the unitary noise resulting from tiny fluc-
tuations and drift in the parameters of the quantum com-
ponents performing the Grover search algorithm, see [13].
The amount of entanglement of the multiqubit quantum
states was calculated in Ref. [14] and the scale invariance
property of entanglement dynamics was also exhibited.

As quantum discord is a novel and not yet fully under-
stood measure of quantum correlations, we will mainly fo-
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cus on the evolution of it as well as quantum entanglement
in the disturbed Grover search algorithm. Specifically, we
will examine the behaviors of entanglement and quantum
discord in the presence of static interqubit couplings. The
paper is organized as follows. In Sec.2, we briefly review
the Grover search algorithm. In Sec.3, we introduce quan-
tum entanglement, quantum correlations and their mea-
surements. The effects of static imperfections on quantum
entanglement and quantum discord in Grover search algo-
rithm are discussed in Sec.4. We conclude the paper with
some discussions in Sec.5.

2 The Grover Search Algorithm

The search problem for an unstructured database is a fun-
damental and practical problem which appears in many
different fields. It was first shown by Grover that searching
a database using quantum mechanics can be substantially
faster than any classical search of unsorted data.

Grover’s search algorithm begins with a quantum reg-
ister of n qubits, where n is the number of qubits necessary
to represent the search space of size N = 2", all initial-
ized to |0). By applying the Hadamard operation H®", the
qubits are put into an equal superposition state |¢pg):

2"-1

po) = HOM[0)®" = L 3™ i

We then repeat the Grover transformation a number of
times in order to enlarge the probability amplitude of the
searched state |T) while restraining the probability ampli-
tudes of other states. The Grover transformation operator
G is composed of two operators: G = DO. Here the quan-
tum oracle O is a quantum black-box that will rotate the
phase of the state by 7 radians if the system is indeed in
the searched state while do nothing otherwise. The dif-
fusion operator D is independent of the searched state:
D;; =-1+2/NandD;; = 2/N(i # j).

For the equal superposition state |@g), t applications
of the Grover transformation operator G give

lp(t)) G'[po)
= sin((t + 1/2)wg)|T) + cos((t + 1/2)we)|n)

@)

@

where the Grover frequency wg = 2arcsinh/1/W) and
In) = Y4 |i)/V/N = 1. Hence, the ideal algorithm gives a
rotation in the two-dimensional plane (|7), |n)) [9]. If the
quantum state is measured at the moment, the searched
state |7) will yield with very high probability. Although
Grover’s algorithm is probabilistic, the error truly becomes
negligible as N grows large.
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3 Quantum Entanglement and
Quantum Discord

3.1 Quantum Entanglement and Its
Measurement

Quantum entanglement is a quantum mechanical phe-
nomenon in which the quantum states of two or more ob-
jects have to be described with reference to each other,
even though the individual objects may be spatially sep-
arated. Entangled states display strong correlations that
are impossible in classical mechanics. It is believed to be
an essential resource for quantum computation, quantum
communication etc. To quantify entanglement, a number
of measures have been proposed, such as entanglement
of formation, entanglement of distillation, entanglement
cost, etc [15, 16]. Nevertheless, most proposed measures
of entanglement involve extremizations which are difficult
to handle analytically. For that reason we choose concur-
rence to investigate the behavior of entanglement because
it is well justified and mathematically tractable.

Suppose p,p to be the density matrix of a quantum
system that is composed of two qubits, g4 and gg. The con-
currence of the two-qubit density matrix C(p4p) is com-
puted as:

€)

where the A;’s are the square root of the eigenvalues of
PABf)AB- And ﬁAB = (O'y ® U]/)p*AB(O-,V ® Uy), where oy

C(pap) = max{A; - Ay — A3 - A4, 0},

denotes the Pauli-Y matrix and p)p denotes

the complex conjunction of p,p in the standard basis
{|00), |01), |10}, |11)}. The concurrence for a pure state
is zero and it takes the maximum value of one for a com-
pletely entangled state.

3.2 Quantum Discord

If measurement of a single quantum subsystem alters
global correlations, then the subsystems are quantum
correlated. Entanglement is not the only kind of gen-
uine quantum correlation. Compared with entanglement
in composite quantum systems, quantum correlations
are more general and fundamental. Recent studies have
demonstrated that quantum entanglement is just one form
of quantum correlation and there are other forms of corre-
lations even in separable states [17, 18].

The use of quantum discord as a measure of quan-
tum correlations has attracted increasing interest. Here ge-
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ometric quantum discord is used to describe and quan-
tify non-entangled quantum correlation. This measure is
significant in capturing quantum correlations from a ge-
ometric perspective. The geometric measure of quantum
discord is defined as [19, 20]

Dg(pap) = 1)1(1;;1 Ipas -~ Xasll*s (4)

where the minimum is over the set of zero-discord states
and the geometric quantity ||pag — Xagll* = Tt(0a — XaB)*
is the squared Hilbert-Schmidt distance between the Her-
mitian operators p,p and y 4.
Specifically, the density matrix p,p for a two-qubit
state can be written as
1 3
pap = Z(IA ®@Ip+ zlzini ® Ip
-

3 3
+ Y Ia®yioi+ Y wyo;® o)), (5)
i=1 i,j=1
where I is the identity matrix, x; = Trp(o; ® I) and y; =
Trp(I ® o0;) are the components of the local Bloch vectors,
o;(i = 1,2,3) are the Pauli spin matrices {ox, oy, 0},
w;; = Trp(0; ® 0j). As a consequence, the geometric quan-
tum discord of p 4 is evaluated as [21]

Do(pan) = 7K + W2~ Anar),  (©)

where x = (x1, X2, x3)T, W is a matrix consisted by w;; and
Amax is the largest eigenvalue of the matrix K = xx” + WW7
(the superscript T denotes the transpose). The geomet-
ric measure of quantum discord for an arbitrary state has
been evaluated in Ref. [20] and an explicit and tight lower
bound has been obtained.

4 The Effect of Static Imperfections

To study the effects of static imperfections on quantum al-
gorithms, we use the standard generic quantum computer
model proposed in Refs. [6, 7, 9]. The quantum computer
model is defined as a two-dimensional lattice of qubits
with static imperfections in the individual qubit energies
and residual short-range interqubit couplings. The Hamil-
tonian of this model is

H - H+ Z D40, @)
H; = Za o+ Baolo?
i<l
where 0‘(() denotes the Pauli spin operators oy, ) for

the ith qublt Ay is the average spacing between the two
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states of one qubit, a; denotes the fluctuation in the energy
spacing of the ith qubit, and f;; denotes the inter-qubit
couplings over nearest-neighbor qubit pairs with periodic
boundary conditions applied. Since the model in Eq. (7)
catches the main physics of different experimental propos-
als, it can be considered as a generic quantum computer.
Following [6, 7, 9, 22] we assume that the average spac-
ing A is compensated by specially applied laser pulses so
that the static imperfections act as an additional unitary
operator Us = e s between any two consecutive quan-
tum gates in the quantum circuit. The parameters a; and
B arise generally as a result of imperfections and are cho-
sen to be random numbers with initial values uniformly
distributed in [-a, a] and [-8, B], respectively. a; and B;; re-
main unchanged for one iteration of the Grover algorithm.
Without loss of generality, we will consider the coupling
strengtha = = €.

In our numerical experiments, we first defined a 3 x 3
square lattice which contains 9 qubits. As the implemen-
tation of Grover algorithm with the elementary quantum
gates requires an ancillary qubit, the size of the search
space becomes N = 28, As a result, we can find the
searched state after mv/N/4—1/2 ~ 12 iterations of Grover
algorithm. Similarly, a two-dimensional lattice model con-
taining 4 x 3 qubits was generated. The size of the search
space is correspondingly N = 2! and it takes approxi-
mately 35 iterations to find the searched state.

According to Eq. (3) and Eq. (5), we have numerically
calculated the concurrence and the geometric quantum
discord with iterations of Grover search algorithm in the
presence of imperfections. The experimental results of the
concurrence C and the geometric quantum discord D for
the 3x3 lattice model are shown in Fig. 1. For the 4x3 lattice
model they are shown in Fig. 2. In Fig. 1and 2, the concur-
rence C exhibits periodical behavior when the strength of
the static imperfections become very weak. Furthermore,
the period is almost equal to the number of iterations that
we will find the searched state |7) with highest probability
(it is approximately 12 in Fig. 1 and around 35 in Fig. 2). As
the strength of the imperfections increase, the amplitude
decreases and the periodical behavior of entanglement is
destroyed gradually. Hence the quantum search algorithm
is unable to function properly.

Although the geometric quantum discord D exhibit
similar dynamical behaviors with concurrence C for small
or moderate imperfections, they show different behaviors
for large imperfections. When the strength of static imper-
fections exceeds a certain value, we see the sudden death
of entanglement (as depicted in the left bottom panels of
Fig. 1 and Fig. 2), while this phenomenon cannot be ob-
served in dynamics of geometric quantum discord. Our
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Figure 1: The concurrence C and the geometric quantum discord D with iterations of the perturbed Grover search algorithm fora 3 x 3

lattice model. The strength of the imperfection are € = 0, 1 x 10,1 x 1073, 5 x 1073, 1 x 1072 from top to bottom.
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Figure 2: The concurrence C and the geometric quantum discord D¢ with iterations of the perturbed Grover search algorithm fora 4 x 3

lattice model. The strength of the imperfection are € = 0,1 x 107, 1 x 1073, 5 x 1073, 1 x 1072 from top to bottom.
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numerical results suggests that quantum discord in quan-
tum algorithms is more robust to static imperfections than
quantum entanglement.

5 Conclusions

Quantum entanglement and non-entangled quantum cor-
relations are valuable resources in quantum information
processing, but at the same time, they are very fragile. In
this paper we have numerically studied the dynamics of
quantum entanglement and quantum discord in quantum
computing systems with the static interqubit couplings.
Static imperfections in quantum computing systems can
break quantum correlations and seriously destroy oper-
ability, and thus lead to unpredictable computation re-
sults. Although the evolutions of both entanglement and
quantum discord will be suppressed by static imperfec-
tions in the same way, quantum discord is slightly more
robust against imperfections in comparison with quantum
entanglement.
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