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Abstract: The inherent irreversibility in a steady hy-
dromagnetic permeable channel �ow of a conducting
�uid with variable electrical conductivity and asymmet-
ric Navier slip at the channel walls in the presence of in-
duced electric �eld is theoretically investigated. Themodel
nonlinear governing equations are obtained and numeri-
cally solved using shooting quadrature. Numerical results
for velocity and temperature pro�les are utilised to com-
pute the entropy generation number and the Bejan num-
ber. Pertinent results are displayed graphically and dis-
cussed quantitatively.
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Nomenclature
cr Skin-Friction coe�cient.
P Fluid pressure.
u Fluid velocity.
La Electrical �eld loading parameter.
T Fluid Temperature.
Ez Induced magnetic �eld.
Be Bejan number.
(x, y) Cartesian coordinates.
Tw Upper wall temperature.
Jz Current density.
a Channel width.
M Magnetic �eld parameter.
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Re Suction/Injection Reynolds number.
IT Total current.
Ns Dimensionless form of entropy generation.
Ec Eckert Number.
k Thermal conductivity.
EG Entropy generation.
T0 Lower wall temperature.
G Pressure gradient.
Pr Prandtl Number.
Br Brinkmann Number.
w Dimensionless velocity.
Nu Nusselt NUmber.
B0 Magnetic �eld.
Greek letters
θ Dimensionless temperature.
β0, β1 Slip coe�cients.
σw Fluid electrical conductivity.
Φ Irreversibility Ratio.
λ Electrical conductivity variation index.
Ω Temperature di�erence parameter.
η Dimensionless transverse coordinate
γ0, γ1 Dimensionless Navier Slip Coe�cient.

1 Introduction

The study of the (Magnetohydrodynamic) MHD �ow of a
conducting �uid through a permeable channel between
two parallel plates has gained the attention of scientists
and engineers in the recent time. This is attributed to vi-
tal applications in various branches of industries and en-
gineering such as MHD generators, MHD pumps, accel-
erators, electrostatic precipitation, polymer technology,
Petroleum industries, puri�cation of crude oil, plasma
studies, nuclear reactors, geothermal energy extraction,
the boundary control in the �eld of aerodynamics and
blood �ow problems. Based on the application, various
mathematical models have been formulated to study the
behavior of the �ow. [1] examined the motion of a two di-
mensional steady �ow of a viscous, electrically conduct-
ing, incompressible �uid �owing between two in�nite par-
allel porous plates under the in�uence of transverse mag-
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netic �eld and constant pressure gradient. [2] studied the
combined e�ect of a transverse magnetic �eld and radia-
tive heat transfer to the unsteady �ow of a conducting op-
tically thin �uid through a channel �lled with saturated
porousmedium and non-uniformwall temperature. [3] in-
vestigated the hydromagnetic steady �ow of a viscous con-
ducting �uid in a channel with slip at permeable bound-
aries. Several experimental works on the e�ects of mag-
netic �elds of the �ow and heat transfer characteristics of
electrically conducting �uids can be found in [4–6] etc.
Entropy generation is closely related to thermodynamic
irreversibility, which is encountered in all heat transfer
processes. The analysis of thermodynamic irreversibility
paves theway to identify the irreversibility associatedwith
various components and to avoid loss of available energy.
[7, 8] was the �rst to introduce the theoretical concept
of entropy generation minimization based on the second-
law analysis into heat transfer and thermal design prob-
lem. After the pioneering works of [7, 8], several other re-
searchers have discussed entropy generation under vari-
ous conditions. [9] studied the combined e�ects of convec-
tive heating and suction/injection on the entropy gener-
ation in a steady �ow of an incompressible viscous �uid
through a channel with permeable walls. [10] numerically
investigated the entropy generation due to steady lami-
nar forced convection�uid�ow throughparallel platesmi-
crochannel. [11] analytically examined the e�ects of radi-
ation heat transfer on magnetohydrodynamic mixed con-
vection through a vertical channel packed with �uid satu-
rated porous substances. [12] investigated the e�ects of the
thermodynamic second law on steady �ow of an incom-
pressible variable viscosity electrically conducting �uid
in a channel with permeable walls and with convective
surface boundary conditions. Second law analysis is a
new emergence in the �eld of radiation heat transfer (see
[13, 14]).

Recently, some researchers have shown interest in the
study of convective transport of slip �ow due to its appli-
cations. [15] studied the boundary layer �ow over a �at
plate with slip �ow and constant heat �ux surface condi-
tions. [16] studied the combined e�ect of buoyancy force
and Navier slip on entropy generation in a vertical porous
channel. [17] modeled �ow in a laminar boundary layer by
using slip boundary conditions. [18] considered the e�ect
of Navier slip on entropy generation in a porous channel
with suction/injection. [19] investigated the driven cavity
�ow using the Navier slip boundary conditions.

In the present study, our objective is to study the in-
herent irreversibility in steady hydromagnetic permeable
channel �ow of a conducting �uid with variable electri-
cal conductivity and asymmetric Navier slip at the channel

walls in the presence of induced electric �eld. The paper is
organised as follows: we de�ne the problem, give the gov-
erning equations and present the mathematical formula-
tion in Section 2. In Section 3, we derive the entropy gener-
ation rate andBejannumberwhile in Section 4,wepresent
anddiscuss the pertinent results graphically andquantita-
tively. Finally, in Section 5, we make concluding remarks.

2 Mathematical model

The steady hydromagnetic �ow of a viscous conducting in-
compressible �uid in a channel with permeable walls is
considered in the presence of an asymmetric Navier slip,
an imposed transverse magnetic �eld of strength B0 and
an induced electric �eld Ez. The induced magnetic �eld is
assumed to be small when compared to the applied mag-
netic �eld and is thus neglected. Both �uid injection and
suction are assumed to take place at the lower and upper
walls respectively (shown in Figure 1 below). The channel
wall temperature is non-uniform with temperature T0 at
the lower wall and Tw at the upper wall such that Tw > T0.

The temperature dependent variable electrical con-
ductivity is given as ([20])

σ̄ = σw
( T − T0
Tw − T0

)λ
, (1)

where σw is the �uid electrical conductivity at the upper
plate and λ is the electrical conductivity variation index.
Under the above assumptions, the dimensionless govern-
ing equations for the momentum and energy balance can
be expressed as:

d2w
dη2 − Re dwdη −M(La + w)θλ + G = 0, (2)

d2θ
dη2 −RePr

dθ
dη+EcPr

(dw
dη

)2
+EcPrM(La+w)2θλ = 0, (3)

Figure 1: Geometry of the problem.
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where θ is the dimensionless temperature, w is the dimen-
sionless velocity, β0 and β1 are slip coe�cients, Re, La,
M, Ec, Pr, and G are the suction/injection Reynolds num-
ber, electric �eld loadingparameter,Magnetic �eldparam-
eter, Eckert number, Prandtl number and the pressure gra-
dient parameter. The appropriate boundary conditions in
dimensionless form are given as follows:

W(1) = γ1
dw
dη (1), θ(1) = 1, (4)

W(0) = γ0
dw
dη (0), θ(0) = 0. (5)

The following quantities have been utilised in order to ob-
tain the dimensionless governing equations (2)-(5):

η = y
a , X = x

a , w = u
V , La = Ez

VB0
,

θ = (T − T0)
(Tw − T0) , Ec = V2

cp(Tw − T0) ,

P = aP̄
µV , Pr = µcp

k , Re = ρVa
µ , γ1 = β1

a ,

σ = − σ̄
σw

, G = − dPdX , M = σwB2
0a2

µ , (6)

where T is the temperature, V is the uniform suction / in-
jection velocity, a is the channel width, k the thermal con-
ductivity, P is the �uid pressure, γ0 and γ1 is the Navier
slip parameters for both the lower and upper walls re-
spectively. The set of equations (2)-(3) under the bound-
ary conditions (4) and (5) were numerically solved by ap-
plying the shooting technique togetherwith a fourth-order
Runge-Kutta-Fehlberg integration scheme ([21]). Both ve-
locity and temperature pro�les were numerically obtained
and utilized to compute the skin-friction coe�cient (Cf )
and the Nusselt number (Nu) given as

cf = dw
dη

∣∣∣
η=0,1

, Nu = dθ
dη

∣∣∣
η=0,1

. (7)

The current density and the total current generated within
the MHD �ow system are given as

Jz = θλ(La + w) (Current density), (8)

IT =
1∫

0

θλ(La + w)dη (Total current). (9)

It is important to note that for a short circuit con�guration
(where there is no electric �eld loading) La = 0.

3 Entropy generation analysis

The convection process in a channel is inherently irre-
versible and thus causes continuously entropy generation.

The local volumetric rate of entropy generation for a vis-
cous incompressible conducting �uid in the presence of
magnetic �eld and induce electric �eld is given as ( [22].)

EG = k
T2

0

(
dT
dy

)2
+ µ
T0

(
du
dy

)2
+ σ̄(Ez + uB0)2

T0
. (10)

The �rst term in equation (10) describes the heat transfer
irreversibility while the second and third terms represent
irreversibility due to �uid friction and magnetic �eld re-
spectively. Using equation (6), the dimensionless form of
local entropy generation rate in equation (10) is given as

Ns = T2
0a2EG

k(Tw − T0)2 =
(
dθ
dη

)2

+ Br
Ω

[(
dw
dη

)2
+ M(La + w)2θλ

]
, (11)

where Ω = (Tw − T0)/T0 is the temperature di�erence pa-
rameter and Br = EcPr is the Brinkmann number.

N1 =
(
dθ
dη

)2
(Heat transfer Irreversibility) (12)

N2 =BrΩ

[(
dw
dη

)2
+ Ha(Le + w)2θλ

]
(13)

(Fluid friction and magnetic �eld irreversibility).

The Bejan number Be is de�ne as

Be = N1
Ns

= 1
1 + Φ , (14)

where Ns = N1 + N2, Φ = N2
N1

(Irreversibility Ratio).
The Bejan number (Be) as shown in equation (14) has
range 0 ≤ Be ≤ 1. Irreversibility is dominated by the
combined e�ects of �uid friction and magnetic �elds, if
Be = 0. Irreversibility due to heat transfer dominates the
�ow system by the virtue of �nite temperature di�erences
if Be = 1.

4 Results and discussion

We performed numerical solutions of the above models
by chosen some physically meaningful values for the pa-
rameters. The results are illustrated graphically in Figures
(3 − 34).

4.1 E�ects of parameter variation on
velocity pro�le

The key parameters e�ect on the velocity pro�les are pre-
sented in Figures (3 − 8). Generally, we noticed mostly
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negative velocity values at the upper plate. This indicates
�ow reversal due to a velocity slip. This result agreed with
the earlier observation of [3]. It is noticed in Figure 2 that
the �uid velocity decreased at both permeable walls and
was skewed toward the upper permeable wall due to suc-
tion as the as Reynolds number (Re) increases. The elec-
tric �eld loading parameter (La) e�ect is observed in Fig-
ure 3. Increases in (La) decrease the �uid velocity in the
channel and increase the �uid velocity at the upper perme-
able wall. Clearly, the velocity decreases with increasing
Magnetic �eld parameter (M) as shown in Figure 4. This
tends to slow down the movement of the �uid in channel
because of the application of magnetic �elds that creates
a resistive force that acts in di�erent direction to the �uid
motion and thereby cause decrease in the �uid velocity.
This observation agreed perfectly with the earlier theoret-
ical and experimental results of [4–6, 11] and thus vali-
dates our present studies. Figure 5 shows the in�uence of
Navier slip parameter γ1 at the plates, on the velocity pro-
�le. The �uid velocity decreases at both permeable plates
as γ1 increases while Figure 6 shows an increase in �uid
velocity at the lower permeable wall with little or no e�ect
at the upper permeable plate as Navier slip parameter γ0

increases. E�ect of the pressure gradient (G) on the veloc-
ity pro�le is shown in Figure 7. Increases in G caused the
�uid velocity at the lower plate and in the channel to in-
creasewhile the�uid velocity at theupper permeable plate
decreased due to the reversal �ow that occurred. Figure 8
shows the e�ect of the electrical conductivity variation in-
dex (λ) on the velocity pro�le. As (λ) increases, the �uid
velocity at centerline of the channel increases but no ef-
fect is noticed at both plates.

Figure 2: E�ect of increasing Re on velocity pro�le

Figure 3: E�ect of increasing La on velocity pro�le

Figure 4: E�ect of increasing M on velocity pro�le

Figure 5: E�ect of increasing γ1 on velocity pro�le
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Figure 6: E�ect of increasing γ0 on velocity pro�le

Figure 7: E�ect of increasing G on velocity pro�le

Figure 8: E�ect of increasing λ on velocity pro�le

4.2 E�ects of parameter variation on
temperature pro�le

The in�uence of various key parameters on the dimen-
sionless temperature distribution are presented in Figures
(9 − 12). Here we see that for varied key parameters the
minimum temperature θ = 0 at the lower plate and maxi-
mum temperature θ = 1 at the upper plate. Figure 9 shows
the e�ect of Re on the temperature pro�le. As Re is increas-
ing, it is noticed that the temperature of the �ow decreases
at all point. The in�uence of Pr on the temperature pro-
�le is shown in Figure 10. As Pr increases, the �uid ele-
ment of themolecular motion is lowered and thus the �ow
�eld su�ers a decrease in temperature at all points. Figures
(11 − 12) show an increase in temperature as the Eckert
number (Ec) and La increases at all points.

Figure 9: E�ect of increasing Re on Temperature pro�le

Figure 10: E�ect of increasing Pr on Temperature pro�le
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Figure 11: E�ect of increasing La on Temperature pro�le

Figure 12: E�ect of increasing Ec on Temperature pro�le

4.3 E�ects of parameter variations on
current density

The thermophysical parameters e�ects on the current den-
sity (Jz) are depicted in Figures (13 − 19). Generally, the
in�uences of these key parameters on current density are
asymmetric. Figure 13 illustrates that the current density
has a rapidly decreasing nature as λ increases in the chan-
nel. Figure 14 shows a rapid increase in the current density
at the upper plate with increase in La. There is agreement
in this observation with the earlier result reported by [20].
Meanwhile, Le = 0 represents the case of short circuit in
the �ow �eld without electric �eld. Re e�ects on the cur-
rent density is presented in Figure 15. As Re increases, a
decrease in current density across the channel is noticed.
There is no e�ect on the lower plate but a slight decrease
is noticed at the upper plate while Re = 0 represents the
case of impermeable plates. Figure 16 shows that as γ0 in-
creased, the current density increased in the channel but
decreased at the upper plates. The in�uence of M on the
current density is illustrated in Figure 17. It is clear that as
M increases, the current density decreases in the channel
but increases at the upper plate while an increase in Ec (as

Figure 13: E�ect of increasing λ on Jz

Figure 14: E�ect of increasing La on Jz

shown in Figure 18), only increases the current density in
the channel but has no e�ect on both the plates. The ef-
fect of Pr is illustrated in Figure 19. It is clear that as Pr
increases, the current density in the channel decreases.

Figure 15: E�ect of increasing Re on Jz
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Figure 16: E�ect of increasing γ0 on Jz

Figure 17: E�ect of increasing M on Jz

Figure 18: E�ect of increasing Ec on Jz

Figure 19: E�ect of increasing Pr on Jz

4.4 E�ects of parameter variations on
entropy generation rate

Figures (20 − 26) represent the e�ect of di�erent values of
the key parameters on the entropy generation rate. The ef-
fect of G is shown in Figure 20. With an increase in G, the
entropy generation rate at both upper and lower perme-
able plates increases. With an increase in Re as shown in
Figure 21, it is observed that the entropy generation rate
at the lower permeable plate decreases and increases at
the upper permeable plate as well. At the centreline of the
channel there is no e�ect. Figure 22 depicts the increase
in λ . As λ is increasing, the entropy generation rate at the
lower plate up to the point η = 0.8 decreases but as from
this point to theupperpermeableplate entropyproduction
shoot up and increases. The in�uence of La is shown in
Figure 23, as La is increasing, the entropy generation rate
in the �ow channel increases at all points. Group parame-
ter is an important dimensionless number for entropy gen-
eration rate analysis. The relative importance of viscous
e�ects to the temperature gradient entropy generation is
determined. Increasing the group parameter (BrΩ−1) (as
shown in Figure 24),results in the entropy generation rate
at both plates increasing. The in�uence of M on the en-
tropy generation is shown in Figure 25 and asM increases,
the entropy generation rate in the channel increases. At
both plates, a decrease in the entropy generation rate is
noticed. The e�ect of γ0 is depicted in Figure 26. As γ0 in-
creases, it has no e�ect on the entropy generation at the
lower plate but has a decreasing e�ect at the upper plate.
In the channel prior to the upper plate, we noticed an in-
crease in the entropy generation.
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Figure 20: E�ect of increasing G on Ns

Figure 21: E�ect of increasing Re on Ns

Figure 22: E�ect of increasing λ on Ns

Figure 23: E�ect of increasing La on Ns

Figure 24: E�ect of increasing BrΩ−1 on Ns

Figure 25: E�ect of increasing M on Ns
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Figure 26: E�ect of increasing γ0 on Ns

4.5 E�ects of parameter variation on
Bejan number

The in�uence of various parameters on the Bejan num-
ber is shown in Figures (27 − 34). With increasing G (as
shown in Figure 27), the Bejan number of the �ow pro-
cess decreased. This means that irreversibility due to heat
transfer dominates the �ow process. The e�ect of Re is
shown in Figure 28. As Re is increasing, the Bejan num-
ber at the lower permeable wall is decreasing and the Be-
jan number at the upper permeable wall is increasing. At
point η = 0.5 we noticed no e�ect on Bejan number. Irre-
versibility due to �uid friction dominates the lower perme-
ablewall and irreversibility due to heat transfer dominates
the upper plate but at the point η = 0.5 both irreversibility
due to �uid friction and irreversibility due to heat trans-
fer contributed equally. Figure 29 illustrates the e�ect of λ
on the Bejan number. From this Figure, it can be seen that
the Bejan number increases with an increase in λ in the
channel but it decreases with λ at the plates. Meanwhile,
Figure 30 shows a decrease in the Bejan number withM at
upper permeable plate but an increase in the Bejan num-
ber at lower permeable plate. The in�uence of BrΩ−1 on
the Bejan number is illustrated in Figure 31. An increase
in BrΩ−1 bolsters the e�ect of irreversibility due to �uid
friction across the �ow process leading to a lower Bejan
number. The e�ect of an increase γ0 on the Bejan number
is shown in Figure 32. Initially as γ0 increases, the Bejan
number at the lower plate increased but immediately after
η = 0.1, the Bejan number decreases. This implies that ir-
reversibility due to heat transfer dominates the lower per-
meable plate while irreversibility due to �uid friction dom-
inates the �ow after η = 0.1 At η = 0.1 both contributed
equally to the �ow process. Meanwhile an increase in γ1,
as shown in Figure 33, increased the Bejan number in the
entire �ow process. This means that irreversibility due to

Figure 27: E�ect of increasing G on Be

Figure 28: E�ect of increasing Re on Be

heat transfer dominates the entire �ow process. Figure 34
presents the e�ect of La on the Bejan number. With in-
crease La, it is noticed that the Bejan number increases
at the lower permeable wall and decreases at the upper
permeablewall.Within the channel, there also exists cross
�ow.

5 Conclusion

Second lawanalysis forMHDpermeable channel �owwith
variable electrical conductivity and asymmetric Navier
slips is carried out. The velocity and temperature pro�les
are obtained numerically and used to compute the en-
tropy generation number and current density. The e�ects
of the suction/injection Reynolds number, electric �eld
loading parameter, Magnetic �eld parameter, Eckert num-
ber, Prandtl number and the pressure gradient parameter
on velocity, temperature and current density pro�les are
presented. The in�uences of these parameters and the di-
mensionless group parameter on the entropy generation
rate andBejannumber are alsopresented. From the results
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Figure 29: E�ect of increasing λ on Be

Figure 30: E�ect of increasing M on Be

Figure 31: E�ect of increasing BrΩ−1 on Be

Figure 32: E�ect of increasing Re on velocity pro�le

and subsequent discussions the following conclusions are
deduced:

– Increases in La,M, and γ1 decrease the velocity pro�le
at the centre of the channel while an increase in γ0, G
and λ increases the velocity pro�le.

– Increases in Re and Pr decreases the temperature of
the �ow process while increases in La and Ec increase
the temperature of the �ow process.

– Generally, the �ow under current density is asymmet-
ric. Increases in λ, Re and Pr decrease the current den-
sity of the �ow process while decreases in La and Ec ,
increase the current density. Moreso, increases in γ0

increase the current density in the channel and de-
crease the current density at the upper plate. The cur-
rent density decreases in the channel and increases at
the upper plate as M increases.

– Increases in Re and λ decrease entropy production
rates at the injection plate but increase entropy pro-
duction at the suction plate. Meanwhile, increases in
G, La, M, BrΩ−1 and γ0 increase entropy production
rates of the �ow process.

– Increases in γ0, La and M increase the Bejan num-
ber at the injection plate and decrease the Bejan num-
ber at suction plate while increases in Re decrease the
Bejan number at the injection plate and increase the
Bejan number at the suction plate. Increases in G de-
crease the Bejan number at both plates, similarly for
λ but the Bejan number increases in the channel. In-
creases in BrΩ−1 decrease the Bejan number across
the �owwhile increases in γ1 increase the Bejan num-
ber across the �ow.
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Figure 33: E�ect of increasing La on velocity pro�le
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