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Abstract: The regularities of changing chemical composition and size of a ultra-small multicomponent gas
bubble growing in a viscous solution have been analyzed. The full-scale effects of solution viscosity and
bubble curvature at non-stationary diffusion of arbitrary number of dissolved gases with any value of gas
supersaturations and solubilities in the surrounding liquid solution have been taken into account. The non-
uniform concentration profiles of gas species in supersaturated solution around the growing bubble with
changing composition have been found as a function of time and distance from the bubble center. Equations
describing transition to stationary concentrations of gases in the bubble with increasing radius have been
obtained. Analytic asymptotic solutions of these equations for a ternary system have been presented.

Keywords: bubble chemical composition; bubble growth; curvature effect; degassing; diffusion; Mendeleev-21;
multicomponent solution; viscous effects.

Introduction

There are two general approaches to theory of first-order phase transitions in a closed system with a limited
availability of the nucleating species: the approach with the mean-field supersaturation and the approach
with the excluded volume. The first approach implies that nucleation and growth of new-phase particles is
governed by stationary diffusion of molecules and accompanied by a synchronous and uniform decrease
in the mean supersaturation of the metastable phase [1-5]. The excluded volume approach is based on
a self-similar solution for non-stationary diffusion onto the growing supercritical particles and takes into
account that nucleation of new particles is strongly suppressed around growing ones [3-10]. Only the theory
of excluded volume describes strong swelling of liquid solutions with dissolved gas at fast decompressing
[3, 5, 6].

In the case of liquid solution with several dissolved gases, both approaches assume stationary concentra-
tions of gases in the bubbles growing with steady rate [3, 5]. However, strong influence of the Laplace pressure
in a submicron gas bubble and viscosity of liquid solution on the growth rate of the bubble is able to post-
pone significantly establishing the stationary chemical composition in the bubble and its steady growth rate.
As a result, application of the self-similar concentration profiles around the bubble in the theory of bubble
nucleation is under the question. “Equations for bubble pressure and gas concentration profile around the
bubble” of this paper answers how the dynamics of a multicomponent bubble growth in supersaturated
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solution with several dissolved gases should be reformulated to include the full-scale viscosity and capillar-
ity (the Laplace pressure or curvature) effects, non-stationary diffusion of gas components at any value of
their supersaturations and solubilities in the surrounding liquid solution and changing the bubble chemi-
cal composition. Equations describing transition to stationary concentrations of gases in the bubble with
increasing radius are considered in “Joint evolution of the radius and chemical composition of a growing
bubble”. Analytical asymptotic solutions of these equations for a ternary system are presented in “Asymptot-
ics of reaching steady-state and self-similar diffusion growth regime”.

Equations for bubble pressure and gas concentration profile
around the bubble

Let us consider a growing gas bubble in viscous liquid solution with arbitrary number k of dissolved gases.
The dependence of total gas pressure P ina free supercritical spherical bubble growing in the liquid solution
with supersaturated dissolved gases on the bubble radius R (and its derivatives R’ and R” with respect to time)
is described by the Rayleigh—Plesset equation [11, 12]

20 R
= 4p— 1
R 77R M

p(RR”+3R’2)=P -pP-
2 g
where P is the pressure in the liquid solution, o is the bubble surface tension, p and # are the liquid solution
density and viscosity, respectively. We can neglect in most cases the contribution from inertial effects [given
by the left-hand side of eq. (1)] [10] and to reduce eq. (1) to the form

20 R
P =P+—+4n—. 2
g R TR )

Under assumption that all gases in the bubble are uniformly distributed and ideal, we have the following
k
relation for the total gas concentration n(R)= Zl_:lni as a function of the bubble radius R with the full-scale
account of the Laplace pressure 20/R and viscosity n:

n(R):szn[HI;"(HZnR/ﬂ (3)

g

where n = P/kBT, R,=20/P. If the bubble radius is larger ten nanometers, we can neglect adsorption of gas
components at the bubble surface, then the total number N of gas molecules in the bubble equals

R ’
N=*ThRR = AR [1+*(1+2’7Rﬂ. %)
3 3 R o

It is follows from eq. (4) that the rate N’ of changing the total number N in time equals

3 Rdlnn(R)j
N'=NQR)2R|1+> d
Rz (+3 dR ©
where
-1
1+Rdlnn(R):{1+1{(l+277R H {1+2R*(1+277R LIRAR ﬂ ©)
37 4R R\ oR 3R\ 0 o dR
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As seen from egs. (4) and (5), the number N, and the rate N of changing molecules of ith gas component
in the bubble can be related to its volume concentrations n, in the similar to eq. (5) way

Rdlnni(R)j

3 &R @)

N.’=N.(R)3R’(1+
1 1 R

Because the surface of the growing bubble with radius R shifts at every point with the velocity of an
incompressible liquid solvent, so we have for the rate N, of ith gas component and the total rate N the
following balance equations

dc.(r, t
N.’:szzD.M (i=1,2,... k), (8)
i i ar .
k- 9c(r,t)
N =47R*y D —— "~
; tooor . ©)
where D, is the diffusivity of molecules of ith gas component (i=1, 2, ..., k) in a solvent and c/(r, f) is the

volume concentration of molecules of this component at time ¢ in solution at distance r from the center of the
bubble. The concentration ci(r, t) satisfies in the most general case the non-stationary diffusion equation [3, 5]

(i=1,2,....k) (10)

de(r,0) D 3 [rz dc,(r, t)}_ R(OR(E) ¢ (1, 1)
ot ror or r’ or

with boundary conditions

c(r—eo,t)=c,, c(r=R(t),t)=c,(R). (11

Here c(R) is the equilibrium concentration of ith gas component at the bubble surface. According to the
Henry law, ¢,(R)=sn(R) where s, is the solubility of the same component in the liquid solvent.

A self-similar solution of eq. (10) has been considered in [3, 5, 6, 9, 13] in the case of one dissolved gas
in absence of the viscosity and the Laplace pressure effects and been extended in [3, 5] to the case of several
dissolved gases. To include the viscous effects on bubble growth in the solution with one dissolved gas under
conditions of nonstationary diffusion, it was recently proposed [14, 15] to use an approximate expression for
the gas concentration profile around the bubble which is similar to that for the self-similar solution without
viscosity. In this paper, we make a next step and propose an approximate anzatz for the concentration profile
at nonstationary diffusion of ith (i=1, 2, ..., k) gas component dissolved in multicomponent liquid solution in
the most general case when the rates N" and N/ of changing the number of molecules in the bubble is deter-
mined by egs. (5)—(7). In this way, we will take into account the full-scale viscosity and capillarity effects.

In accordance with the previous results [3, 5, 13-15], the concentration profile around the growing multi-
component bubble can be approximately written in the form

wd—f p{—Rg’hi(R)(zz+§—3)}

P i [ = _T
c,.(p,R)=C,.0—(C,.0—CI.(R))de { R (2 . j}(1_1,2, ey K, P= RO’ (12)

J.—Zexp - hi(R) z°+—-3

1 Z 2D, z

Function h,(R) serves here as an important correction factor which can be determined from the requirement
that the approximate solution (12) should provide a conservation of the total number of molecules of ith gas
component in the bubble and solution. Note that such a correction factor has not previously been consid-
ered. Recognizing that eq. (8) for solution (12) can be rewritten as N’=47RD, aci( p,t)/ap‘p_l, we see that an
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acceptable approximation (12) for the concentration profile of ith dissolved gas ensures the fulfillment of this
relation if

Cio ~ Ci(R) 9]

2d RR 2 (=1.2.. (13)
V4 2,2
J—Zz exp{— %) hi(R)(z + . 3)}

For concentration profile (12), the decrease AN, (R) in the number of particles of ith gas component in the
solution at time ¢ is given by the expression

, T tde RR , 2
47R (cio—ci(R))!dpp {?exp _thi(R) z +;—3

AN, (R)= rw RR 5 (i=1,2,...,k). (14)
z
— -—h(R 2+—3)
'!.z2 exp{ 2D, 3 )(z z }
Using the identity
T Tdz b 2 1
i [ ] (212 5oL 1
! pplzz Xp{ 12+ = (15)
which is valid for an arbitrary positive parameter b, we obtain from eq. (14)
-1
47R’ (¢, —c,(R)D,| T dz RR’ ( 2 j .
AN (R)= 01 L | =Zexp| ——h.(R)| 22+=-3 =1,2,..., k). 16
W(R)=— RRR@®) |12 Xp 2D, {(R)| 2%+ (i ) (16)

It follows from the condition of conservation of the number of particles of ith component of the dissolved
gas in the form AN, (R) = N(R) and from egs. (7), (13), (16) that function h(R) equals
RdInn(R)

hl(R) = 1+§d7R (l =1, 2, ceey k). (17)

Thus the gas concentration profiles around the growing multicomponent bubble are completely determined
by egs. (12) and (17) if we know a relation between radius of the bubble and its chemical composition at any
moment of time.

Joint evolution of the radius and chemical composition of a
growing bubble

Taking into account definition N’ =2f N/, eqgs. (4), (5) and (13), we obtain the nonlinear equation for the

-1 i

evolution of the bubble radius in the form

) Rdinn(R)) <& “dz RR’ L2 )
RR n(R)(1+3 IR ):g‘Di(ci0 —ci(R))[_!zzexp{— 2D hi(R)(z +Z—3)D . (18)

In the case of one dissolved gas, in view of egs. (6), (11) and (17), eq. (18) is sufficient for description of bubble
growth. However, in the case of multicomponent solution with a number of dissolved gases, we need, in addi-
tion to evolution equation (18), to predict how the chemical composition of the bubble changes with time or
with the bubble radius.
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Let us introduce, together with volume concentrations n, of ith gas component in the bubble, the mole
fraction x, of the same gas in the bubble as

k
x,=N/N=n/n, n=xn, ¥ x=1 (19)
i=1
As follows from eq. (19), the rate x/ of changing the mole fraction of ith gas component in the bubble with
time is
x=ni o Nio1,2,. 00, (20)

Let us also define the supersaturation {, of ith gas component in the solution as

C. —C. .
¢, E% (i=1,2,...,k) 1)

oo

where ¢_ is the volume concentration of ith gas component at equilibrium with the bulk binary solution with
the same solvent at presure P. Using egs. (4), (11), (13), (19), equalities c(R) =sn(R) and c_=s, egs. (21) and
(3) in eq. (20), we find

D-S[(CH)/{HR*(HZWR/H—XJ . Ds, ((C +1)/{1+ 1+2’7R'H j
- z ‘XZ (i=

X/= 2,..,k). (22)
R , 2 , 2
J.exp{ i(R)(z +—3)} f— xpl: ( +—3ﬂ
1 1 z 1 z
With the help of eq. (19), eq. (17) for function h(R) can be rewritten as
dlnn 1 dx
h(R) =1+~ ——L],
®= ( R ", dRJ 23)
Substituting eq. (6) into the right-hand side of eq. (23) gives
-1
R ’ 2R, ’ ’ d
h(R)= {1+*(1+2’7Rﬂ {1 (1+ 2R +’7RdRH R dx, . k). (24)
! R o 3R o o dR 3x dR
Using eqs. (3), (6), (11), (19) and (21) in eq. (18), we obtain
R ’
. . [C +1- x[l R°[1+2’7R Dj
2R, 2nR’ nRdR’ o
RR|1+—|1+——+——— | |= . 2
[ BR[ o adRD ZN ( L2 BH 25)
z

= !Zjexp{

The expression for dx, /dR =x/ /R’ follows from egs. (22):

Disi[(§i+1/{1+1;[1+27713'ﬂ xij . D}.s}.[(@ﬁl)/{n];[1+277R'H_x}.j
d, _ 3 g Xy 7 (i=1,2,..., k).

dR RR'| =d RR’ 2 el ’
fEX{ h(R) 2 +2-3 P [ % exp RRh(R)( +2—3]
z z 1 Z z

1

(26)
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It is obvious under the imposed conditions that the concentrations of all components of the solution are
considered constant far away from the bubble, the requirement to preserve the total number of particles of
each component in the solution together with the bubble is satisfied. However, the proposed approximate
solution (12) [as well as the exact solution of the non-stationary diffusion equation (10)] provides the diffu-
sion fluxes for each component consistent with the balance of these components at the bubble boundary
precisely due to the factors h. As can be seen from eqs. (25) and (26), the presence of these factors directly
affects the dynamics of the size and chemical composition of the bubble with time.

Expressions (22), (24)—(26) make a set of equations describing the joint evolution of the radius of mul-
ticomponent bubble and its chemical composition {x}=(x,, x,,..., x,). They allow one to find radius of the
bubble R and all molar fractions x, (i=1, 2, ..., k) of gases in the bubble as a function of time or the bubble
radius.

For a sufficiently large bubble, for which the influence of the curvature and viscosity becomes inessen-
tial, the self-similar regime of bubble growth is realized as an exact solution of nonstationary eq. (10). In this
case we have [3, 5] x,=x,_=const, h(R)=1(i=1,2, ..., k),

5]
Jf +;—3
C(p) C _(CIO_XIS 10(,)Do |: (RR,) ( . ’ J: (1:1’ 2, .. k)) (27)
—2 z'+—-3
1 i z
RR'=(RR). = Ds(C,+1-x,) zk: Dsi(Cl.+1—xis) .
Ctdz {(RR’)[ H (RR’)S[ ), 2 H (28)
X, | —exp|- 7—3 _[ —|z°+—-3
sz 2D, 122 | 2D, z

The corresponding equations for stationary bubble composition {x } and steady rate (RR’)_ in the regime
of self-similar growth look as

‘- D'; ff +1) (i=1,2,..., k),
(RR) J.— Xp{ ( Dl.)s (ZZ+§—3]:|+D1‘SI‘ 7
= (RR’)s.!‘geXp{_ 2Di5(z +Z—3H+Disi

In the limit of slow bubble growth at (RR')S/Di < 1, one can find that

el (e

As aresult, a steady-state diffusion of gases to the bubble is established, and egs. (28)—(30) transform to

+1
(RR'),=Ds, [; -
X

is

1J:iDisi(§i +1-x.), (32)

Ds(¢.+1) .
=112 = (i=1,2,..,k),
Xis (RR'),+Ds, g ) (33)
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L Ds(C,+1)
y ool (34)
“~(RR) +Ds.
Another limit is reached for fast bubble growth at (RR") /D,>1(i=1, 2, ..., k). In this case,
12
Tdz (RR),( , 2 7D,
Zexp| ————=| 22 +2-3 , 35
! z’ eXp{ 2D, (Z 2 | 6(RR), %)
and egs. (28)-(30) transform as
1/2 1/2
D. +1 K
(RR")* = [61) s, [“ - 1] = (6] Y D”s,(&,+1-x,). (36)
T X, ) 5
s(C,+1) .
) i=1,2,..,k),
is (JI(RR ) /6D )1/2 ( ) (37)
k s(E,+1)
2 (38)

= (2(RR) /6D Y4s

Let us note that in the case of a two-component bubble, the self-similar growth regime at station-
ary chemical composition of bubble was considered earlier in [16]. In particular, the differences in the
stationary molar fractions of gases in the bubble for the Henry and Sieverts laws of gas dissolution have
been analyzed.

Asymptotics of reaching steady-state and self-similar diffusion
growth regime

As follows from the results of the previous section, if we consider bubble growth in the presence of viscosity
and curvature effects, then the composition of the bubble changes while its size grows until these effects
become negligible. It is important to establish the size interval for reaching the stationary composition in the
bubble. In the case of ternary solution with two dissolved gases, we can describe asymptotic reaching the
stationary composition {x} in the growing bubble analytically.

Let us first consider the case of slow bubble growth at (RR") /D,< 1 (i=1, 2). Denote the molar fraction of
first dissolved gas in solution as x=x,. As follows from egs. (25), (26) and (31) at x,= x, x,=1-X,

2R ’ ’ R ’ R ’
RR|1+— 1+277R +ﬁdR =Ds | +1-x[1+— 1+2nR +Ds,| C,+1-(1-x)| 1+— 1+% ,
3R o o dR R o R o

(39)

1 1
dx_ 3 D;s (1-x) &+ —xD s &t

S S— B Re— (40)
dR RR R ’ 22| R '
R'R 1+ R(1+2’7Rj 1+R(1+2’7RJ

o o
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It is convenient to introduce new notation

R ’ 2R ’ ’
qu*(Han ), vE*(1+277R+77RdRJ, Ax(R)=x-x,_. (41)
o

3R o o dR

With increasing the bubble radius R and approaching stationary molar fraction x_in the bubble, quan-
tities u, v, Ax(R) tend to zero and RR’ — (RR’)S where the molar fraction x, and the rate (RR’)S of stationary
bubble growth can be found from egs. (33) and (34). Being interested in finding the asymptotic solutions of
egs. (39) and (40), we can set RR’=(RR’)_ and, correspondingly, use R’=(RR’) /R on the right-hand side of
expressions for u and v:

R(. 2n(RR 2R RR’
R oR 3R oR

Keeping the terms of the first order with respect to small u, v and Ax(R), we obtain from egs. (39)—(41)
with the help of eq. (32)

RR'=(RR’) (1-v)—(D,s, - D,s,)Ax—(D,s x_+D,s,(1-x))u, (43)

1"1s

dAx 3
dR  R(RR),

[((RR’)S +D;s (1-x)+D,s,x JAx+x (1-x_)(D,s, - Dzsz)u], (44)

With use of eq. (42), egs. (43) and (44) can be rewritten as

R (2 n(RR’) Dsx +Ds(1-x) 2n(RR’)
RR'=(RR’) |1——| =| 1+ Sl4—Lls 22 S 1+ S 11|-(Ds,—D.s,)Ax,

( )s[ R [3[ UR (RR/)S O,R ( lsl 252) (45)

dAx 34 3 R 2n(RR’)
=" Ax-— 1-x)Ds —-Ds)—|1+——5|, 46
dR R (RR/)S Xs( Xs)( 151 ZSZ) RZ [ O.R ( )

where

114 (1- xs)Dlsl,+ x.D,s, _ D;s,(1-x)+D,s,x, o1 @)

(RR'), Dis (8, +1-x)+D,s,(E, +x_)

The general solution to eq. (47) with the initial condition for molar fraction deviation Ax( R)‘ =Ax, at
R=R.
an arbitrary R=R  has the form ’

3 321 342
_ & 3XS(1—XS)(D1$1—D252)ﬁ 1 _ & 2 N4 &
AX(R)~AX°[R] ' (RR), R 3,1—1{1 (RJ ]+3/1—20R[1 (RJ ] .

Equations (48) and (45) give the desired asymptotic behavior in bubble radius R for molar fractions of
gases in the bubble and the bubble growth rate at slow bubble growth and describe the transition to the
steady-state diffusion. As we can see, the most long-lived are terms that decrease with increasing size like
R'and R

Let us now consider case of fast bubble growth at (RR’) /D,>1 (i=1, 2). In view of eq. (35) we have

-1 1/2
= dx RR’ L2 (6RR
[Jzzexp [_ZDih"(R)(z - 3JD = [n D hi(R)] . (49)

1
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As well as in the case of slow diffusion, with increasing the bubble radius R and approaching stationary
molar fraction x_ in the bubble, quantities u, v, Ax(R) tend to zero and RR’ — (RR’) . However the molar frac-
tion x_and the rate (RR’), of stationary bubble growth should be sought now from egs. (37) and (38). Keeping
the terms of the first order with respect to small u, v and Ax(R), we obtain from eq. (25) at x,=x, x,=1-x in
view of egs. (41)

1/2

1/2
(RRHV*(1+v) = (2D1h1(R)j 5, (&, +1-x - Ax—xu)+ (2 Dth(R)) s, (G, +x + Ax—(1-x)u). (50)

Using eqs. (24) and (41), (42), we find with the same accuracy

R (. 4yR’) R dAx
HP2(R)=1——x| 14+ | 228
v (R) 6R( o ] 6x, dR (51)
R (. 4R’ R  dAx
hW2(R)=1-—:| 1+ - ,
; (R) 6R( o J 6(1-x,) dR G2

Substituting h*(R) and h”*(R) with the help of egs. (51) and (52) into eq. (50) and using egs. (36) and (42)
allows us to rewrite expression for (RR")"? in the form

R 4n(RR’ D"s x_+D"s (1- 2n(RR’
(RRz)I/Z Z(RR/)UZ 1-—= §+ 77( )S + — 1 slxs 2 5252 Xs) 1+ 77( )s
s R\6 30R  D”s (¢ +1-x)+Ds,(C,+x,) oR

1/2
—[i] (D}”s, - D)s,) Ax(R). (53)

As follows from egs. (45) and (53), the ratio between the contributions of viscous forces and Laplace
forces during the evolution of the bubble substantially depends on the degree of non-stationarity of diffusion
flows of gas molecules in solution. Quantitatively, this ratio can be characterized by the value of a dimen-
sionless quantity n(RR’) /cR. Thus, with an increase in the degree of nonstationary diffusion and a corre-
sponding increase in the magnitude (RR’),, the relative role of the viscosity forces, ceteris paribus, increases
monotonously.

As follows from egs. (26) at x,=x, x,=1-x in view of egs. (41), (49) and smallness of u, v, RR" - (RR’), and
Ax,

dix _3(6 1
dR R 7 (RR),
= (X, + AX)(D, (R))"s, (€, + X, + Ax = (1= X ) .

1/2
] [(Dlhl(R))l/2 s,(1-x,— AX)(g, +1-x,— Ax—x u)
(54)

Substituting hl”z(R) and hzl/z(R) with the help of egs. (51) and (52) into eq. (54) and using egs. (36) and (42)
allows us to rewrite expression for Ax in the form

D'?s —p¥? R 2n(RR’
dﬂ:_% - 12 ! SI Z 1522 X (1—X )72 1+u (55)
dR R D”s (&, +1-x)+D)’s, (L, +x,) ° s oR
where
6 1 ) DY*s (1-x )+ D"s x
usl+| ——— (D!”s,(1-x,)+D)s x ) =1+ T NS >1. (56)
7 (RR'), D/”s,(§,+1-x)+D,"s,(C, +x,)
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The solution to eq. (55) can be constructed in the same way as for eq. (43) (the equations differ only in the
coefficients in terms on the right-hand side). Integration of eq. (55) with initial condition Ax(R)‘R:R =Ax, at
an arbitrary R=R, gives ’

6u
R 6(D"*s —D"s )x (1- R
AX(R)zAXO[ OJ D1/2 ( 1 1 2 Z)XS( XS) >
1

R s,(C,+1-x)+DY’s,(5,+x) R
1 RY''l 1 &R (. (RY
X 1-| =2 +7h 1-| =2 . (57)
6u—1 R 6u—2 oR R

Equations (57) and (55) give the desired asymptotic behavior in bubble radius R for molar fractions of
gases in the bubble and the bubble growth rate at fast bubble growth and describe the transition to the self-
similar diffusion of gas components. Finally, we see from egs. (57) and (53) that, as in the case of slow growth,
the most long-lived terms are those that decrease with increasing size as R and R2.

Conclusions

The results of this research can be directly applied to kinetics of distribution of bubbles in radii and compo-
sition at degassing of a multicomponent decompressed solution. Using an approximate solution (12) of the
non-stationary diffusion equation (10) allows one to completely take into account the capillary and viscosity
effects in the evolution of the bubble distribution in time in the entire range of bubble radii above the unsta-
ble equilibrium radius. Thus, the general approach to an adequate description of the kinetics of the nuclea-
tion stage of the bubbles arises, not only under the assumption of their self-similar growth, but also in a such
situation when, by the end of this stage, the self-similar growth mode and stationary composition of the
bubbles have not yet been established. A significant difference between expression (12) and that proposed
in [14, 15] in the case of one-component bubble growth in a viscous solution is the presence of factor h [h, in
the one-component case determined by eq. (17)], the choice of which, as shown, provides the requirement
to preserve the total number of gas molecules in the system. Setting h=1 generally violates the condition of
such a balance.

The role of the capillary effects jointly with the viscosity effects, as well as the multicomponent case
with arbitrary number of dissolved gases, has not been considered previously. As said above, we were
focused in this study on possible application to nucleation theory, in particular from the point of reaching
the stationary growth and steady composition of supercritical bubbles at the nucleation stage. However, the
obtained results should be of interest for planning experiments with single bubbles which were intensively
studied in [17, 18].
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