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Abstract: This work investigates the influences of double
stratification on a thermally radiative third-grade nanofluid
flow. The fluid flowed on a stretching cylinder. It is consid-
ered that the homogeneous reaction occurs at ambient flow,
while the heterogeneous reaction occurs at the wall of the
cylinder. The modeled equations were solved using an artifi-
cial neural network (ANN) approach. The outcomes of this
work revealed that the maximum performance of the mod-
eled problem was obtained at epochs 295, 1,000, 687, and 117
by using an ANN design. The velocity characteristics of the
fluid decreased with an increase in the magnetic and curva-
ture factors and increased with an increase in the third-grade
dimensionless factor. The temperature distribution dimin-
ished with an increase in the curvature factor of the cylinder
and thermal stratification factor, and increased with an
increase in the radiation factor. The heat transfer field wea-
kened with an increase in the Schmidt number and quotient
of the diffusion coefficients and augmented with an increase
in the homogeneous/heterogeneous reaction strength factors.
The absolute errors are evaluated for all the four scenarios
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that fall within the range of 10°°~107® and are associated with
the corresponding ANN configuration that demonstrates a
fine degree of accuracy.
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1 Introduction

Magnetohydrodynamic (MHD) fluid flows are used to study
the behavior of electrically conductive fluids by employing
magnetic fields. Reddy et al [1] examined that in MHD
flows, the collaboration between the magnetic field and
the conductive fluid generates a Lorentz force, which influ-
ences both the velocity and thermal distributions. Lone
et al. [2] revealed that in the case of an MHD nanofluid
flow on a convective heat sheet, the velocity field was
affected because the Lorentz force behaved as an opposite
force, decelerating the fluid motion (often referred to as
magnetic damping). MHD fluid flow is beneficial in engi-
neering applications, like cooling systems in nuclear reac-
tors or magnetic confinement in fusion reactors, where
controlling the fluid’s velocity is crucial for efficiency
[3,4]. MHD flows influence heat transfer by altering the
temperature gradient within the fluid. The magnetic field
reduces convective heat transference by impeding fluid
motion, which causes more uniform temperature distribu-
tions in most scenarios, as perceived by Ahmad et al [5].
Tarakaramu et al [6] inspected computationally convective
constraints for the MHD fluid flow using nonlinear thermal
radiations and heat absorptions. Rafique et al [7] discussed
mathematically and physically the MHD nanofluid flow using
slip constraints and variable viscous forces on an elongating
sheet. The thermal behavior in the case of MHD fluid flow is
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substantial in applications where heat dissipation needs to be
carefully controlled, like in MHD generators or space vehicle
cooling systems [8]. Moreover, in some cases, magnetic fields
also induce heating through Joule heating, which occurs when
the fluid’s electrical opposition converts kinetic energy into
heat, thereby influencing the thermal distribution in complex
ways. The coupling of magnetic fields with conductive fluids in
MHD impacts velocity and temperature profiles, with applica-
tions across the energy, aerospace, and engineering sectors.
Nanofluid flow describes the study of fluids dispersed in
a base fluid. Nanofluids are primarily designed to enhance
thermal conductivity, as developed by Choi and Eastman [9].
Al-Essa et al. [10] established that nanofluids have higher heat
transfer capabilities in comparison to conventional fluids,
making them ideal for advanced heat transfer applications
in industries like electronics’ coolants, biomedical devices,
and energy systems. Akbar et al [11] discussed thermal flow
augmentation for the trihybrid nanofluid flow and entropy
optimization on an extending sheet. Shah et al. [12] analyzed
the thermal energy using the particle swarm optimization
approach for the trihybrid nanofluid flow with an artificial
neural network (ANN) approach. In terms of velocity distri-
bution, nanofluids exhibited unique behaviors compared to
traditional fluids. Srilatha et al. [13] found that the presence of
nanoparticles increases the effective viscosity of the fluid,
which reduces the velocity of the flow under certain condi-
tions. However, this effect is balanced by the improved
thermal properties of the nanofluids. Depending on the nano-
particle concentration and size, nanofluids enhance
momentum transport within the fluid, leading to better
mixing and potentially higher velocities in some regions of
the flow. Akbar et al. [14] examined the hybrid boiling nano-
liquid flow with convective constraints at the boundary
through a permeable elongating channel using the machine
learning approach. Regarding temperature distribution,
nanofluids dramatically enhance heat transfer due to their
improved thermal conductivity. This leads to a more efficient
energy transfer process, with nanofluids dissipating heat
faster than traditional fluids. As a result, the temperature
gradient within the fluid was reduced, leading to more uni-
form temperature distributions. Shamshuddin et al [15]
debated the thermal transmissions for convective magnetized
nanofluid flow in a permeable cylindrical annular space. In
applications requiring rapid cooling or heating, this charac-
teristic is highly beneficial, like the coolant of heat exchangers
and the coolant of electric devices. However, the increased
heat transfer capability can also result in localized hotspots if
the nanofluid is not properly managed. Li et al. [16] examined
Jeffery fluid oscillating flow in a circular rough microchannel
with slip constraints at the boundary. Alghamdi et al. [17]
studied mixed convective thermally stratified micropolar
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nanofluid flow on a heated sheet with thermal diffusion using
a machine learning technique. Overall, nanofluids provide a
significant enhancement in both velocity and temperature
control, which is crucial for high-performance heat exchange
systems. Sun et al. [18] examined the effects of silica nano-
composites and carbon fibers on the rheological performance
of shear-thickening fluids.

Fluid flow on a stretching cylinder is a classical pro-
blem in fluid mechanics and is often analyzed in the theory
of boundary layers. This scenario typically arises in indus-
trial processes like extrusion, wire drawing, or glass fiber
production, where the stretching of cylindrical surfaces
affects the flow dynamics. The cylinder’s stretching intro-
duces a velocity along its surface, altering the flow char-
acteristics and developing a boundary layer where viscous
forces are dominant. Abbas et al. [19] examined the time-
dependent induced MHD fluid flow on a nonlinear elon-
gating cylinder. Sudarmozhi et al. [20] inspected mass and
thermal transmissions on a permeable elongating cylinder.
In contrast to the flow over a flat plate, the curvature of the
cylinder plays a significant role in shaping the boundary
layer’s width and velocity profiles, as observed by Khan et al.
[21]. As the fluid flows over the stretching surface, it experi-
ences an increasing radial velocity component due to the
stretching, leading to a more complex shear stress distribu-
tion than that in a flat geometry. Islam et al. [22] observed
that several parameters influence the flow behavior, like the
Reynolds number and the ratio of stretching velocity to free
stream velocity. Sowmiya and Kumar [23] discussed Maxwell
and MHD fluid flows on a cylinder with permeable effects
and microorganisms. Surface stretching enhances heat and
mass transfer, making it essential for engineering applica-
tions that require efficient cooling or coating, as observed
by Ashraf et al. [24]. Asghar et al. [25] evaluated dual solutions
for the convective spinning fluid flow on a linear shrinking/
stretching sheet. Alghamdi et al [26] studied the dual-layer
combined convective heated flow on an elevated elongating
cylinder using an intelligent computing technique.

Fluid flow involving homogeneous and heterogeneous
reactions is imperative in chemical and process engi-
neering, particularly in catalysis, environmental processes,
and chemical reactors. In homogeneous reactions, the
reactants and products are in the same phase, typically
gas or liquid. These reactions occur uniformly throughout
the fluid flow, leading to a more predictable and contin-
uous interaction between the reacting species. Madkhali
et al [27] inspected computationally the homogeneous
and heterogeneous reactions on the fluid flow with trans-
portation mechanisms. Ramzan et al. [28] used the impacts
of these reactions on a nanofluid flow through a permeable
channel using applications of the Das and Tiwari model.
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Naseem et al. [29] used these reactions for nanoparticle
flow on a Riga sheet with impressions of viscous dissipative
effects. Homogeneous reactions are influenced by flow
dynamics like convection, diffusion, and mixing, which
impact reaction rates and product formation [30]. An
example is the combustion of gases or the dissolution of
a solute in a liquid stream, where the reaction and trans-
port phenomena are tightly coupled. In contrast, heteroge-
neous reactions involve more than one phase, such as
when a solid catalyst interacts with a gas or liquid reactant.
Here, the reaction occurs at the interface between the dif-
ferent phases, making surface phenomena like adsorption,
desorption, and surface diffusion critical factors in reaction
rates. Heterogeneous reactions often dominate processes
like catalytic cracking, gas-solid reactions in environ-
mental cleanup, or liquid-solid reactions in industrial
chemical synthesis. Jiang et al. [31] studied the sharpening-
interface algorithm to simulate underwater explosions
using multiphase compressible flow on a complex grid.
In such cases, the fluid flow is critical because it deter-
mines how reactants are transported to and away from
the surface of the solid phase. Mass transfer limitations
occur, particularly at high flow rates or in systems with
low diffusivity, leading to a lower reaction rate at the solid
surface compared to what the reaction kinetics would pre-
dict under ideal conditions. The interaction between the
flow dynamics and reaction Kkinetics is central to opti-
mizing these systems. Shah et al. [32] revealed that factors
like flow velocity, temperature, pressure, and concentra-
tion gradients must be carefully controlled to ensure max-
imum efficiency in both homogeneous and heterogeneous
reaction-dominated processes, whether in reactors, envir-
onmental control systems, or industrial applications.
Fluid flow with thermal radiation is a key aspect in many
engineering applications, like high-temperature systems,
combustion processes, and astrophysical phenomena. In
these systems, thermal radiation plays a substantial role in
energy transference alongside convection and conduction, as
observed by Kandeal et al [33]. Radiative heat transfer occurs
when electromagnetic radiation, typically in the infrared
spectrum, is emitted by a hot fluid or surface and absorbed
by the surrounding cooler fluid or boundaries. Yang et al. [34]
examined nano-a' precipitates effects with dislocation and
irradiation effects. Their study enhanced our understanding
of irradiation-induced changes in nanostructured materials.
Hamad et al [35] revealed that the intensity of thermal radia-
tion depends on factors like temperature, surface emissivity,
and the medium’s optical properties. Unlike conduction and
convection, thermal radiation does not require a medium and
can occur across a vacuum or transparent media, making it
essential in systems involving high-temperature gradients

Thermally radiative third-grade nanofluid flow == 3

[36]. Pandey et al. [37] highlighted that when fluid flow inter-
acts with thermal radiation, the energy exchange impacts the
flow dynamics by altering the temperature distribution
within the fluid by augmenting the thermal distribution.
For instance, in combustion processes or high-speed aerody-
namic flows, thermal radiation can increase the energy
content of the flow. The presence of thermal radiation also
influences the heat transfer rates significantly, especially in
systems with optically thick fluids or gases, where absorption
and re-emission of radiation occur frequently [38]. Applica-
tions of fluid flow with thermal radiation include cooling
systems for electronic devices, nuclear reactors, and solar
collectors, where managing heat transfer effectively is critical
to system safety and efficiency [39,40].

From the cited literature, it has been revealed that no
work has yet been conducted to discuss the impacts of
homogenous and heterogeneous reactions on a third-grade
fluid past an elongating cylinder using the ANN approach.
This creates a gap in the existing literature; to fill this gap,
the following assumptions have been considered in the
current work:
¢ Third-grade fluid was placed on a stretching cylinder.

* The impacts of homogeneous and heterogeneous reac-
tions are imposed on the fluid flow.

* The influence of double stratification on a thermally

radiative third-grade nanofluid flow was investigated.

The impacts of thermal radiation and heat sink/source

were incorporated into the temperature equations.

The modeled equations were solved using the ANN

approach.

1.1 Practical applications of the problem

This research has significant applications in various engi-
neering and scientific fields. It enhances the heat transfer
efficiency in industrial cooling systems, including heat
exchangers and microelectronics cooling. In biomedical
engineering, it aids in precise temperature control for
drug delivery and hyperthermia therapy. The study also
supports renewable energy technologies, optimizing solar
collectors, and geothermal systems. In the chemical and
petrochemical industries, it improves the reaction rates
and mixing efficiency in reactors. Additionally, manufac-
turing processes like polymer extrusion and metal casting
gain better temperature control. As an illustration of the
domain in an engineering process, this research applies to
industrial heat exchangers, where third-grade nanofluids
improve the heat transfer. Double stratification affects
thermal and mass transfer, while homogeneous and
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Figure 1: (a): Geometrical situation of the flow problem. (b) Layer dissemination modeled problem using the LMS-NNA design.

heterogeneous reactions refine chemical processes. fluid is bounded by r > 0. The cylinder is stretched along
Thermal radiation influences heat dissipation, and the z-axis with velocity W(z) = Wyz/l with [ as the specific
machine learning enhances predictive modeling, opti- length, while r-axis is normal to the flow direction. The
mizing efficiency, process control, and energy savings in  fluid is impacted by homogeneous and heterogeneous reac-
manufacturing and chemical industries. tions, thermal radiation, and thermal source/sink effects.
The temperatures at the wall of the cylinder and the free
stream are depicted as T,, and T, , respectively, as shown in
Figure 1(a).

Implementing the stated assumptions, we have [41,42]

2 Problem formulation

ou u ow

Take a third-grade fluid flow with radiation effects on a A L )
stretching cylinder with double stratification. The flow of or r o9z
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The boundary conditions for the current flow problem
are based on physical constraints at the cylinder’s surface
and in the far field. The thermal boundary conditions
account for the temperature variation due to thermal stra-
tification and radiation, with the surface temperature set
as Ty and the ambient temperature approaching T... The
subjected boundary conditions are [41,42] as follows:

W
W(r,z) = %Z, ur,z)=0,T=T,,

ob da (6)
Dy— ar - -ksa, Dy\— ar =ka, at r=R,
W(r,z)=0,T=T.,a=ayp,b=by as r — .

Here, u, w are the flow components in the z and r direc-
tions, Dy and Dy are the diffusion coefficients of species A
and B, W(r, z) = Wyz/l shows the velocity with which the
cylinder is stretched, and Q, is a factor for heat generation
(when Q, > 0) and absorption (Q, < 0). The value of g, is
given by

= - (M
r 3 k* oz
With the help of equation (7), equation (3) becomes
oT or _ k 62T 19T
U— +w— —
or oz pey ot T rar ®)
1 140" 0| oT*
e e &(T L.).
pcpr 3kTar( or pPCp
The variables for transformation are [41,42]
. Wz vy 2R
wr, 2) = f)=-ur,2) = =\ 2| ),
i [% e ©)
vl 2R’
T-T.
o(n) = -1 ,a=ay ¢, b=ah(n).
w [

Making use of equation (9), we have
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+ Rep[6(1 + 2yn)’f“f"* + 8y(1 + 2yn)f "*]
-M(f'-1)=0

(10
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(1 +2yme” + 2yng’ + Scfp’ ~ kiSch’¢ = 0,

(11)
+ Pr(0f -

12)

s
(1 + 2np)h” + ?cfh ok + kS h2¢ 0. (@13

The related boundary conditions are described as

£(0) = 0,£0) = 1,0(0) = 1, §/(0) = g(0),
f = S 51 (0) = ~op(0),

14)
f(=) ~ 0, 9(°°) =0, ¢() = 0, h(«) ~ 0.

In the above equations, Re = % is the Reynolds

vl

_ . _ b
number, y = T is the curvature factor, v = p 18 the
. . oWy Wy BWe?| .
viscosity factor, (@, ay, B) = 11!1 e ZIHO, 312;1 ] is the
. . . Co .
third-grade dimensionless factor, Pr = % is the Prandtl
number, M = Pt is the Hartman number, Rd = 4‘;{;‘” i

the radiation factor, e =§ is the thermal stratification

kd . .
factor, k = a;vo is the homogeneous reaction strength,
[ .
k= ‘:/ D, s the heterogeneous reaction strength,

0

6= D— is the quotient of diffusion coefficients, Sc = L is

the Schmidt number, and Q =
absorption factor.

2.1 Quantities of interest

The main quantities of engineering applications are
defined mathematically as follows:

C= 12
£ SP(WL)?

Nu, =

= skin friction,

4z

———— = Nusselt number.
KTy - To) uss u

(15)
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Making use of equation (9), we have
Cr(Re))" = [1+ 3a; + 2B5£"(0)1f"(0),
an

Nu,(Re,) V2 = —[1 + %Rd]e’(O),

where Re, = % is the local Reynolds number.

3 Method for the solution

The ANN approach was used to solve this problem with the
addition of the Levenberg—Marquardt scheme with the back-
propagation neural network algorithm (LMS-BNNA). The
Levenberg—Marquardt scheme acts as a fine-tuned optimiza-
tion method that improves the convergence speed of the
backpropagation process. During training, the multilayer per-
ceptron (MLP) learns by adjusting its weights to minimize a
predefined cost function (usually the mean squared error
[MSE]). LMS-BNNA helps in this process by iterating over
the data multiple times (epochs), where each iteration
improves the network’s performance by reducing the error.
By using LM optimization, the backpropagation algorithm is
enhanced, as it reduces error faster and handles more com-
plex datasets. The Levenberg—Marquardt method is particu-
larly useful when the network approaches the optimal point,
depending on which method leads to a quicker reduction in
the error. MLP with LMS-BNNA is widely used in applications
that require complex pattern recognition, such as image clas-
sification, speech recognition, and predictive analytics. It is
capable of handling large amounts of data and can adapt to
new information through continuous learning, making it ver-
satile and powerful for solving real-world problems. Figure 1(b)
presents the neural network process, employing an algorithmic
method to optimize the design of the LMS-NNA and assess its
performance using the MSE as the evaluation metric.

4 Discussion

This work investigates the influence of double stratifica-
tion on a thermally radiative third-grade nanofluid flow.
The fluid flowed on the stretching cylinder. It is considered
that the homogeneous reaction occurs at ambient flow,
while the heterogeneous reaction occurs at the wall of
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the cylinder. The modeled equations are converted to a
dimension-free form wusing similarity transformations
and then solved using the ANN approach. The ANN graphs
and flow graphs are discussed below.

4.1 ANN graph analysis

Figure 1(b) presents the neural network process using the
LMS-NNA approach. Figures 2-5 show the different sce-
narios for velocity, temperature, concentration, and heat
transfer field against variations in different emerging fac-
tors. Figures (2-5)(a) depict the convergence of MSE for
various scenarios of the modeled problem. The maximum
performance of the modeled problem was obtained at
epochs 295, 1,000, 687, and 117. Figures (2-5)(b) show the
transitional phase of the problem for the LMS-NNA design.
These visuals provide a graphical depiction of the model’s
progress as it moves through the various phases of solving
the problem. Figures (2-5)(c) show the error histogram for
the modeled problem by implementing the LMS-NNA
design. An analysis of these figures shows a correlation
between the evaluated error histogram (EH) values. The
visual representations in Figures (2-5)(c) highlight the
model’s convergence and accuracy. These diagrams offer
a detailed assessment of the model’s precision, illustrating
how closely it aligns with the expected or intended out-
comes. Error histograms and convergence behavior plots
provide key physical insights into a model’s accuracy, sta-
bility, and efficiency. A symmetric, narrow error histogram
suggests precise predictions, while skewness or a wide dis-
tribution indicates a bias or variability in the model. Out-
liers highlight rare but significant deviations. Convergence
plots reveal how errors evolve over iterations, and smooth
monotonic convergence indicates stability, oscillations sug-
gest difficulty in optimization, and divergence points to
instability or poor parameter choices. Physically, these pat-
terns help identify model fidelity, systematic bias, noise
sensitivity, and computational efficiency, thereby guiding
improvements in accuracy and reliability. Figures (2-5)(d)
depict the function curve fitness of the modeled problem
regarding the EA structure. These graphs convey a compre-
hensive understanding of the optimization of the EA struc-
ture by evaluating the curve fitness using different scenarios.
Figures (2-5)(e) illustrate the effectiveness of the proposed
model in performing regressions across various scenarios.
A review of all figures constantly reveals a pattern in which
the correlation values, symbolized as “R,” are closely
assembled. This strong configuration with unity is a notable
result, signifying the extraordinary exactness of the LMS-
NNA design in the proposed model.
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Figure 2: LMS-NNA design graphs for velocity scenario regarding (a) MSE outcomes, (b) transition state, (c) error histogram, (d) curve fitting, and

(e) regression.
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Figure 3: LMS-NNA design graphs for the temperature scenario regarding (a) MSE outcomes, (b) transition state, (c) error histogram, (d) curve fitting,

and (e) regression.
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Figure 4: LMS-NNA design graphs for the concentration scenario regarding (a) MSE outcomes, (b) transition state, (c) error histogram, (d) curve

fitting, and (e) regression.
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Figure 5: LMS-NNA design graphs for the heat transfer field scenario regarding (a) MSE outcomes, (b) transition state, (c) error histogram, (d) curve
fitting, and (e) regression.
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The sensitivity of the ANN results to variations in the
network architecture, hyperparameters, and training
sample size was thoroughly analyzed through detailed con-
vergence studies for each factor:

(@) Network architecture: The effects of varying the number
of layers and neurons per layer were evaluated. The
findings indicate that deeper networks tend to improve
performance up to a certain point, after which overfitting
occurs. The convergence behavior was assessed by
tracking the loss reduction over epochs.

(b) Hyperparameters: Different activation functions and
learning rates were examined. The choice of activation
function significantly influenced the training stability and
convergence speed by considering the fastest conver-
gence. Learning rate adjustments further highlight the
trade-off between the convergence speed and stability.

(c) Number of training samples: Experiments with varying
dataset sizes were conducted to understand their effect
on model generalization and convergence. The inves-
tigation shows that larger training sets improve model
robustness, but diminishing returns are observed
beyond the threshold.

4.2 Velocity characteristics

The impacts of various factors on the velocity distribution
f’(n) are shown in Figure 6(a)-(f). Figure 6(a) portrays the
effects of the third-grade dimensionless factor a,. With the
progression in a,, there is a corresponding augmentation in
f’(n). As this factor increases, it suggests that the influence
of non-linear material properties becomes more noticeable. A
corresponding augmentation in the velocity distribution f*(n)
indicates that the fluid flow is increasingly influenced by
these non-linear effects. Physically, this means that the fluid
experiences enhanced shear-thinning or shear-thickening
behaviors, where the region of the cylindrical surface with
higher velocity gradients changes its flow properties due to
the material’s internal structure. The augmentation in ()
also implies that the flow becomes more sensitive to
boundary conditions and external forces. Figure 6(b) shows
the absolute error (AE) for variations in a, against f(7) using
the LMS-NNA design for the modeled problem. For the
current problem, these errors vary within the range of
1073 —1077, as depicted in Figure 6(b). The AE in the current
study focuses on the differences in computation between
predicted and actual results, offering insights into how accu-
rately the current model addresses the problem at hand.
Moreover, by analyzing the numerical AE results alongside
the reference outputs, it is evident that the developed ANN

Thermally radiative third-grade nanofluid flow = 11

models exhibit a notable level of accuracy, thereby validating
their effectiveness and dependability. Figure 6(c) depicts the
impacts of the curvature factor of the cylinder y. For fluid
flow on a stretching cylinder, an increase in the curvature
factor y (ie., reduction in the cylinder’s radius) leads to a
reduction in the velocity distribution. Physically, this occurs
because as the cylinder stretches while becoming more
curved, the fluid particles experience greater resistance to
maintaining high velocities. The stretching effect tends to
draw fluid along the surface, but the increased curvature
forces the fluid to follow a more tightly curved path,
increasing the centrifugal forces and boundary layer thick-
ness. This increased curvature reduces the fluid’s ability to
adhere closely to the surface, leading to a reduction in the
velocity distribution. The stretching and curvature effects
create more resistance to fluid acceleration, slowing down
the overall flow near the cylinder’s surface, as shown in
Figure 6(c). Figure 6(d) depicts the AE for variations in y
against f’(n) using the LMS-NNA design for the modeled
problem. For the current problem, these errors vary within
the range of 10%-107, as depicted in Figure 6(d). The AE in
the current study focuses on the differences in computation
between predicted and actual results, offering insights into
how accurately the current model addresses the problem at
hand. Figure 6(e) depicts the impact of the magnetic factor M
on f(n). The growth in the magnetic field M leads to an
increased magnetic field strength around the stretching
cylinder that exerts a Lorentz force on the fluid around the
cylinder. This force acts to dampen the motion of the fluid
particles, resulting in a reduction in their velocity distribution
f(n) as they flow along the surface of the cylinder. Physi-
cally, this means that the stronger the magnetic field, the
more it resists the fluid’s natural tendency to flow freely,
leading to a more uniform and slower velocity profile. Con-
sequently, as the magnetic factor increases, the energy
imparted to the fluid from the stretching cylinder is coun-
tered by the magnetic drag, resulting in lower fluid velocities
and altered flow characteristics, as depicted in Figure 6(e).
Figure 6(f) depicts the AE for variations in M against f'(n)
using the LMS-NNA design for the modeled problem. For the
current problem, these errors vary within the range
1073-1077, as depicted in Figure 6(f).

4.3 Temperature characteristics

The influences of variations in various emerging factors
on the thermal distribution 6(n) are shown in Figure 7(a)-(j).
The impression of the curvature factor y on 8(n) is illu-
strated in Figure 7(a). As y increases for the fluid flow on a
stretching cylinder, it enhances the thermal distribution
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0(n) within the fluid. This is primarily because the curva-
ture creates a more complex flow pattern, which increases
the surface area available for heat transfer between the
cylinder and fluid. The tighter the curvature, the more the
fluid particles are forced to interact with the heated sur-
face, leading to improved heat conduction and convection
processes. As a result, the thermal energy is more effec-
tively distributed throughout the fluid, promoting a higher
temperature gradient and enhancing the overall thermal
efficiency. Physically, this means that the fluid absorbs
heat more rapidly and uniformly, which influences proper-
ties like viscosity and thermal conductivity, ultimately
affecting the flow behavior around the cylinder. Figure
7(b) depicts the AE for variations in y against 8(n) using
the LMS-NNA design for the modeled problem. For the
current problem, these errors vary within the range of
1073-1075, as depicted in Figure 7(b). The influence of the
magnetic factor M on 6(n) is depicted in Figure 7(c). As M
increases in the fluid flow on the stretching cylinder, the
thermal distribution 6(n) tends to diminish due to the
effect of the magnetic field on the flow dynamics. A higher
M leads to a stronger Lorentz force acting on the electri-
cally conductive fluid. This force not only dampens the
fluid motion but also alters the flow patterns, resulting in
reduced convective heat transfer efficiency. The magnetic
field restricts the fluid’s natural mixing, which is essential
for even heat distribution, causing thermal energy to
become concentrated on the surface of the cylinder rather
than being uniformly dispersed. Consequently, the overall
temperature gradient within the fluid becomes less effec-
tive, leading to a reduction in 6(n), as the magnetic influ-
ence inhibits the fluid’s ability to uniformly transport and
distribute heat along the stretching cylinder. Figure 7(d)
depicts the AE for variations in M against 6(n) using the
LMS-NNA design for the modeled problem. For the current
problem, these errors vary within the range of 1073-1076, as
depicted in Figure 7(d). By analyzing the numerical AE
results alongside the reference outputs, it is evident that
the developed ANN models exhibit a notable level of accu-
racy, thereby validating their effectiveness and depend-
ability. The impression of the Prandtl number Pr on 6(n)
is illustrated in Figure 7(e). As Pr increases for the fluid
flow on the stretching cylinder, there is a reduction in 6(n)
due to the relative effects of momentum and thermal dif-
fusivities. A higher Pr indicates that momentum diffuses
more rapidly than heat, leading to a thicker thermal layer
at the boundary compared to the velocity layer at the
boundary, as observed by Akbar et al [45]. This means
that while the fluid is able to maintain its momentum, it
is less effective at conducting heat away from the cylinder
surface. As a result, the thermal energy from the cylinder
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does not distribute evenly throughout the fluid, leading to
localized heating and a less uniform temperature profile.
The diminished interaction between the fluid layers
further reduces the overall thermal distribution, which
delays the efficiency of the heat transfer processes in the
flow, as shown in Figure 7(e). Figure 7(f) illustrates the AE
for variations in Pr against 8(n) using the LMS-NNA design
for the modeled problem. For the current problem, these
errors vary within the range of 1073-107%, as depicted in
Figure 7(f). An examination of the numerical AE results, in
conjunction with the reference outputs, demonstrated that
the developed ANN models showed a significant degree of
accuracy, confirming their reliability and effectiveness.
Figure 7(g) shows the impact of the radiation parameter
Rd on 6(n). As Rd increases for the fluid flowing on a
stretching cylinder, the thermal distribution 6(17) improves
due to the enhanced transfer of heat through radiation in
addition to conduction and convection. A higher Rd sig-
nifies that the thermal radiation emitted by the cylinder
surface is more significant. This radiative heat transfer
allows for a more effective energy exchange between the
cylinder and surrounding fluid, promoting a more uniform
temperature distribution 8(n). As a result, the fluid absorbs
thermal energy more efficiently, leading to a more even
spread of temperature throughout the flow. This augmen-
tation in the thermal distribution (1) enhances the overall
thermal performance, optimizing the heat transfer pro-
cesses around the stretching cylinder, as depicted in
Figure 7(g). Figure 7(h) depicts the AE for variations in
Rd against 8(n) using the LMS-NNA design for the modeled
problem. For the current problem, these errors vary within
the range of 103-107%, as depicted in Figure 7(h). Figure 7(i)
depicts the impact of the thermal stratification factor e on
0(n). As the thermal stratification factor e increases, it
indicates a greater degree of layering or separation of
the temperatures within the fluid surrounding the
stretching cylinder. This enhanced stratification leads to
a reduced thermal distribution 6(n), meaning that the
heat from the cylinder is less effectively transferred to
the fluid. In essence, the fluid layers become more distinct,
with cooler layers failing to mix adequately with warmer
ones, resulting in a decreased ability to equilibrate tem-
perature differences. This effect delays the cooling or
heating efficiency of the cylinder, impacting processes
like heat exchange and influencing the overall thermal
behavior of the system. Hence, an increase in e results in
a reduction in 6(n), as shown in Figure 7(i). Figure 7(h)
depicts the AE for variations in Rd against 6(n) using the
LMS-NNA design for the modeled problem. For the current
problem, these errors vary within the range of 10--1075, as
depicted in Figure 7(h).
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4.4 Concentration characteristics

The impact of various factors on the concentration distri-
bution ¢(n) is shown in Figure 8(a)-(g). The impacts of the
curvature factor y on ¢(n) are shown in Figure 8(a). The
increase in y for the fluid flow on a stretching cylinder
indicates that as the curvature of the cylinder increases,
the surface area exposed to the fluid flow becomes larger.
This leads to an augmentation in the concentration distri-
bution, as more fluid particles interact with the surface of
the cylinder. Physically, this can be understood as a
stronger influence of the cylinder geometry on the fluid
behavior. The stretching motion of the cylinder enhances
diffusion and transport phenomena, which results in a
more prominent distribution of concentration near the
surface of the cylinder, as depicted in Figure 8(a). Figure
8(b) depicts the AE for variations in y against ¢(n) using the
LMS-NNA design for the modeled problem. For the current
problem, these errors vary within the range of 104-1076, as
depicted in Figure 8(b). The impact of the Schmidt number
Sc on ¢(n) is shown in Figure 8(c). When Sc increases for
fluid flow on the stretching cylinder, momentum diffusion
(or viscous effects) prevails more than mass diffusion. Phy-
sically, this means that the solute in the fluid takes longer
to diffuse or spread out across the flow on the surface of
the cylinder. As a result, the concentration layer at the
boundary becomes thinner, leading to a steeper concentra-
tion gradient near the cylinder’s surface. This augmenta-
tion in concentration distribution is because the slower
diffusion of mass keeps the solute more concentrated
near the surface of the cylinder, enhancing the localized
concentration in the boundary layer region. Figure 8(d)
illustrates the AE for variations in Sc against ¢() using
the LMS-NNA design for the modeled problem. For the
current problem, these errors vary within the range of
1074-1078, as depicted in Figure 8(d). The impact of the
quotient of the diffusion coefficients § on ¢(n) is shown
in Figure 8(e). For fluid flow on a stretching cylinder, an
increase in § typically means that the fluid has heat that
spreads more quickly within the boundary layer. As a
result, the concentration distribution of the solute becomes
more dispersed. This occurs because the higher diffusivity
ratio allows the particles to spread more efficiently
throughout the fluid, reducing sharp concentration gradi-
ents and leading to smoother and more uniform distribu-
tions. Physically, this can be seen as an enhancement of the
mixing and diffusion processes, promoting a more even
distribution of the fluid properties across the flow field.
Ultimately, growth in the diffusion coefficient quotient §
results in augmentation of the concentration distribution
¢(n). Figure 8(f) depicts the AE for variations in § against
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¢(n) using the LMS-NNA design for the modeled problem.
For the current problem, these errors vary within the
range of 10™-107%, as depicted in Figure 8(f). The impact
of the homogeneous reaction strength factor k on ¢(n) is
shown in Figure 8(g). The reduction in the concentration
distribution ¢(n) with an increase of the homogeneous
reaction strength factor for a fluid flow on a stretching
cylinder can be understood as follows: in the case of a
homogeneous reaction, the reactants are uniformly distrib-
uted within the fluid, and as the reaction progresses, reac-
tants are consumed. A higher reaction strength means that
the reaction rate is faster, which leads to a quicker deple-
tion of the reactant concentration near the surface of the
cylinder. This causes a sharper concentration gradient,
particularly near the cylinder surface, where the
stretching motion promotes fluid flow. Consequently, as
the strength of the reaction increases, the concentration
of the reactants reduces more rapidly, leading to a lower
overall distribution of concentration in the flow field near
the surface of the cylinder. Figure 8(h) depicts the AE for
variations in & against ¢() using the LMS-NNA design for
the modeled problem. For the current problem, these
errors vary within the range of 10108, as depicted in
Figure 8(h). The impact of the heterogeneous reaction
strength factor k, on @(n) is shown in Figure 8(i). The
increase in the heterogeneous reaction strength factor
indicates that the chemical reactions occurring at the sur-
face of the stretching cylinder become more intense. This
leads to a faster conversion of reactants into products at
the surface of the cylinder. As a result, the concentration of
the reactant near the surface decreases more rapidly
because it is consumed more quickly by the reaction.
This reduction in reactant concentration creates a steeper
concentration gradient, leading to more efficient transport
of reactants from the bulk fluid toward the cylinder sur-
face. Consequently, the concentration distribution @(n)
within the fluid flow decreases as the reaction strength
increases, especially near the surface of the cylinder where
the reaction is strongest, as depicted in Figure 8(i). Figure
8(j) depicts the AE for variations in k, against ¢() using the
LMS-NNA design for the modeled problem. For the current
problem, these errors vary within the range of 1074-1078, as
depicted in Figure 8(j).

4.5 Heat transfer field

The impact of various emerging factors on the heat
transfer field h(n) is depicted in Figure 9(a)—(h). The influ-
ence of the quotient of the diffusion coefficients § on h(n) is
depicted in Figure 9(a). The reduction in the heat transfer
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Figure 8: (a) Impact of y on ¢(n), (b) AE for variations in y, (c) impact of Sc on ¢(n), (d) AE for variations in Sc, (e) impact of § on ¢(n), (f) AE for

variations in &, (g) impact of k; on ¢(), (h) AE for variations in ki, (i) impact of k, on ¢(n), and (j) AE for variations in k,.
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field with an increase in § for fluid flow on the stretching
cylinder can be physically interpreted as the quotient
of the diffusion coefficients, which typically involves the
ratio of thermal diffusivity to mass diffusivity and plays a
crucial role in energy transfer. As this ratio increases, thermal
diffusion dominates, meaning that heat spreads more quickly
throughout the fluid than mass diffusion. This rapid
spreading reduces the temperature gradient near the surface
of the cylinder, leading to a lower rate of heat transfer to or
from the cylinder. Essentially, the fluid’s ability to transfer
heat diminishes as the thermal diffusion outpaces the other
forms of diffusion, causing a reduction in the overall heat
transfer field, as portrayed in Figure 9(a). Figure 9(b) depicts
the AE for variations in § against h(n) using the LMS-NNA
design for the modeled problem. For the current problem,
these errors vary within the range of 104-1077, as depicted in
Figure 9(b). The influence of the quotient of the diffusion
coefficients Sc on h(n) is depicted in Figure 9(c). As the
Schmidt number Sc increases for the fluid flow on the
stretching cylinder, there is a reduction in the heat transfer
field. By definition, a higher Sc indicates that mass diffusion is
slower than momentum diffusion. In this context, the lower
rate of mass diffusion results in a thinner concentration layer
at the boundary around the cylinder, reducing the mixing of
heat with the surrounding fluid. Since heat transfer relies on
the flow and diffusion of fluid particles, the decreased mixing
due to high Sc leads to a weaker temperature gradient and
thus a reduction in the heat transfer field. Essentially, with
limited mass transport, heat cannot diffuse as efficiently, low-
ering the heat transfer rate on the surface of the cylinder, as
depicted in Figure 9(c). Figure 9(d) depicts the AE for varia-
tions in Sc against h(n) using the LMS-NNA design for the
modeled problem. For the current problem, these errors vary
within the range of 1074-1078, as depicted in Figure 9(d). The
influence of the homogeneous reaction strength factor & on
h(n) is shown in Figure 9(e). An increase in k for the fluid
flow on the stretching cylinder leads to an augmentation in
the heat transfer field. Actually, k; represents the intensity of
a chemical reaction occurring uniformly within the fluid. As
the reaction strength increased, more heat was generated

Table 1: LMS-NNA design results for various scenarios
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within the fluid owing to the exothermic nature of the reac-
tion. This internal heat production enhances the local thermal
energy, increasing the temperature gradient between the
fluid and the cylinder surface. A stronger temperature gra-
dient facilitates greater heat transfer from the fluid to the
cylinder, and vice versa. Thus, the enhanced reaction
increases the heat transfer field by introducing additional
thermal energy through the reaction process, boosting the
overall rate of heat exchange. Hence, with an increase in ki,
there is corresponding augmentation in h(n), as shown in
Figure 9(e). Figure 9(f) depicts the AE for variations in k
against h(n) using the LMS-NNA design for the modeled pro-
blem. For the current problem, these errors vary within the
range of 10107, as depicted in Figure 9(f). The influence of
the heterogeneous reaction strength factor k, on h(n) is
shown in Figure 9(g). From this graphical view, it has noticed
that, as k, increases for the fluid flow on the stretching
cylinder, there is an augmentation in the heat transfer field.
Actually, a heterogeneous reaction occurs at the interface
between the surface of the cylinder and the fluid, unlike a
homogeneous reaction that occurs uniformly in the bulk of
the fluid. When the strength of this surface-based reaction
increases, more heat is generated directly at the boundary
layer between the fluid and cylinder. This localized heat
production enhances the temperature difference between
the cylinder surface and the surrounding fluid, thereby
increasing the thermal gradient. Thus, the increase in hetero-
geneous reaction strength boosts heat transfer by intensifying
the thermal interactions at the surface—fluid interface, as
shown in Figure 9(g). Figure 9(h) depicts the AE for variations
in k, against h(n) using the LMS-NNA design for the modeled
problem. For the current problem, these errors vary within
the range of 1041077, as depicted in Figure 9(h).

4.6 Asymptotic behavior of flow profiles
The asymptotic behavior of the velocity, temperature, and

concentration profiles under extreme values of the gov-
erning parameters provides crucial insights into the

Scenarios MSE Performance Gradient Mu Epoch Time (s)
Training Validation Testing

1 3.1152 x 107° 44325 x 107° 3.4325 x 1079 312 x 107 9.97 x 1078 1.00 x 1078 295 01

2 1.3652 x 107° 1.3455 x 107° 1.6744 x 107° 1.36 x 1070 5.72 x 1077 1.00 x 1079 1,000 08

3 1.8991 x 107° 1.9994 x 107° 2.4321 x 107° 1.90 x 1070 9.98 x 1078 1.00 x 1078 687 03

4 4.5432 x 107° 5.4352 x 107° 4.4352 x 107° 4.22 x 107° 9.86 x 1078 1.00 x 1078 17 01
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Table 2: Cooperative results for 6'(0) considering variations in Pr

Pr  Ali et al. [43] Kumari and Nath [44] Current results

results results
0.7 0.4552 0.4560 0.45451
2.0 0.9108 0.9117 0.91091
7.0 1.8944 1.8977 1.89521

physical characteristics of the flow. At high Reynolds num-
bers, inertial forces dominate the viscous forces, resulting
in thinner boundary layers with steep velocity, tempera-
ture, and concentration gradients near the surface. Under
a strong magnetic field (high Hartmann number), Lorentz
forces suppress turbulence, leading to a nearly stagnant
core flow, weaker convective heat transfer, and more uni-
form temperature and concentration distributions. In
strongly stratified flows, buoyancy forces influence the
velocity depending on the temperature gradient, causing
either suppression or enhancement of flow, while tempera-
ture and concentration profiles exhibit significant layering
or mixing based on the stratification conditions.

4.7 Table discussion

Table 1 provides information about MSE comprising
testing, training, and validation. This table also shows the
performance, mu parameter, and gradient of the molded
problem with the implementation of the LMS-NNA design.
It can be observed from this table that the optimal perfor-
mance of the model is achieved at epochs 275, 1,000, 687,
and 117 in all four scenarios of the modeled problem. The
data shown at these specific epochs represent moments
during training when these metrics were assessed. The varia-
tions observed across epochs provide important insights into
how the network learns, converges, and adjusts its para-
meters for better performance. This information helps refine
the model and enables the selection of optimal parameters
suited to the given ANN architecture. To ensure the validation
of the current investigations, a detailed comparative analysis
was conducted by systematically matching the obtained
results with the well-established findings of Ali et al [43]
and Kumari and Nath [44]. This comparison was performed
by specifically analyzing the variations in the Prandtl number
while deliberately neglecting all other emerging influencing
factors to maintain consistency in the assessment. The results
of this comparative analysis are presented in Table 2, which
clearly highlights a strong correlation between the present
findings and the previously reported results. The close agree-
ment observed across all datasets confirms the accuracy and

Thermally radiative third-grade nanofluid flow =— 19

reliability of the current investigation, reinforcing its validity
and credibility within the scientific domain.

5 Conclusions

This work investigates the influences of double stratifica-
tion on a thermally radiative third-grade nanofluid flow.
The fluid flows on a stretching cylinder. It is considered
that the homogeneous reaction occurs at an ambient flow,
while the heterogeneous reaction occurs at the wall of the
cylinder. The modeled equations are converted to dimen-
sion-free form using similarity transformations and then
solved by using the ANN approach. The impacts of various
factors on different flow profiles have been discussed com-
prehensively. After an in-depth study of the work, it was
observed that:

* The maximum performance of the modeled problem was

obtained at epochs 295, 1,000, 687, and 117 using the LMS-

NNA design.

The error histogram (EH) for the modeled problem

revealed a correlation between the evaluated EH values

by using the LMS-NNA design that highlights the model’s
convergence and accuracy.

The velocity characteristics of the fluid decreased with an

increase in the magnetic and curvature factors and increased

with an increase in the third-grade dimensionless factor.

¢ The temperature distribution diminished with an increase
in the curvature factor of the cylinder, magnetic factor,
Prandtl number, and thermal stratification factor, while it
increased with an increase in the radiation factor.

* The concentration profiles increased with an increase in

the curvature factor of the cylinder; the Schmidt number

and quotient of the diffusion coefficients decreased with
an increase in the homogeneous/heterogeneous reaction
strength factors.

The heat transfer field decreased with an increase in the

Schmidt number and quotient of the diffusion coeffi-

cients, whereas it increased with an increase in the

homogeneous/heterogeneous reaction strength factors.

* For all four scenarios, the gradient values are associated
at 9.97 x 1078, 5.72 x 1077, 9.98 x 1078, and 9.86 x 1078
with the corresponding epochs 295, 1,000, 687, and 117.

* The AE values were evaluated for all the four scenarios
that fall within the range of 1073-1078 and associated with
the corresponding ANN configuration that demonstrates
a fine degree of accuracy.
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