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Abstract: Accurate prediction of thermophysical proper-
ties of hybrid nanofluids (HNFs) is a major challenge in ther-
modynamic applications. This research provides a computa-
tional framework to solve the complexity of heat transfer and
flow physics in Al,0;-Cu/water HNFs. A reconstruction of the
statistical microstructure of the fluid is constructed by the
Karhunen-Loéve expansion. The physical processes are mod-
eled with a system of partial differential equations that model
the interactions between the base fluid and dispersed nano-
particles. In the context of flow variables and entropy gen-
eration with sharp gradients, a Bayesian inference extension
of the physics-informed neural network (PINN) is developed
to improve prediction accuracy. Bayesian inference PINN
(BIPINN) is the extension that infers posterior distributions
of hidden thermal flow states, conditioned on prior physical
laws. The framework is validated through many physical
problems such as convective flow, thermal conduction, and
fluctuation control. BIPINN shows improved accuracy over
the finite element method while also showing improved gen-
eralization under sparse data while illustrating robustness
of the framework while modeling complex thermal-fluid
systems.
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Nomenclature

B boundary condition operator in the heat conduc-
tion process of hybrid nanofluids

bias vector

covariance kernel

heat flow

specific heat capacity of hybrid nanofluids

J kg K™

source term

heat flux (W/m?)

linear differential operator in the heat conduction
process of hybrid nanofluids

Sensors

heat flow density of hybrid nanofluids (W m™)
state of hybrid nanofluids

nanoparticle concentration (wt%)

weight matrix

independent variable

S o

= om

X TR vz

Greek symbols

T the correlation time

0Q boundary dataset

Q measurement dataset

€ independent Gaussian noise

0 parameter set

v velocity component

p density of hybrid nanofluids (kg m™)

K thermal conductivity of hybrid nanofluids
Wm™K?

Subscripts

r the scale of the covariance

hnf hybrid nanofluids
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w temperature fluctuation domain of hybrid
nanofluids
l layers of the network

1 Introduction

Nanotechnology has completely transformed modern heat
transfer techniques. Nanofluids (NFs), in particular, are
engineered fluids that contain suspended nanoparticles
[1]. These particles are usually metallic or non-metallic,
and the incorporation of them into a base fluid enhances
its features of thermophysics, such as conductive heat,
viscosity, and specific heat. When nanoparticles are added
to water or ethylene glycol, NFs result, which possess higher
heat transfer characteristics than traditional fluids [2].
In order to improve the thermal and physical properties
of NFs, the choice of the nanoparticles is very important [3].
It was shown that some nanoparticles such as alumina have
great mobility and stability, but they still have low thermal
conductivity. Moreover, certain nanoparticles like zinc,
copper, silver, and aluminum have high conductivity but
have low stability and reactivity. Hence, to remedy these pro-
blems, research works showed that it is possible to make a
mixture of nanoparticles in a base fluid and obtain a new
class of NF called hybrid nanofluids (HNFs) [4].

HNFs, combining different nanoparticles, outperform
single-phase NFs in heat transfer efficiency and other prop-
erties [5]. Due to the interesting behavior of HNFs in rising
characteristics of heat conductivity attracts many researchers
to consider HNFs in their studies to deal with real problems of
the word. Beyond industrial applications, HNFs are also being
applied in biomedical fields [6]. Shah et al [7] studied the
incorporation of three distinct nanoparticles in blood within
the context of cubic autocatalysis holds, which have significant
potential for enhancing biomedical applications, particularly in
targeted drug delivery and therapeutic interventions. The
adaptability of NFs across different sectors proves that they
can be a transformative technology for industrial and medical
applications, with great potential for improvement in perfor-
mance and efficiency compared to the conventional fluids.

HNFs show great promise for thermal management
but face challenges such as nanoparticle stability, fluid
compatibility, and precise tuning of thermophysical prop-
erties. Suresh et al. [8] studied the stability of the NFs was
ensured by pH and Zeta potential measurements.
Advances in nanotechnology are overcoming these bar-
riers, making HNFs essential for future applications.
Hemmat Esfe et al. [9] studied the rheological characteris-
tics of HNFs, which are tailored to different applications.
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Al,05-Cu/water is one of the attractive choices for
improving heat transfer in industries like electronics
cooling, power generation, and chemical processing [10],
as copper is one the most thermally conductive metal that
enhances the thermal conductivity significantly and Al,05
adds stability and strength. Khalil et al. [11] investigated the
flow characteristics and heat transfer behavior of a
copper-alumina HNFs suspended in water over a porous
exponentially stretching surface. Khashiie et al. [12] inves-
tigated the impact of various radiation parameters, electro-
magnetohydrodynamics, and form factors of the nanoparticles
on the Al,0s-Cu/water HNFs over a Riga plate subjected to
stretching and shrinking effects. Tiam Kapen et al. [13] inves-
tigated a stability analysis of Al,Os-Cu/water HNFs flow
between two parallel and stationary plates filled with a
porous medium. Furthermore, Ayub et al [14] investigates
taking water as base fluid and the three nanoparticles are
copper oxide (Cu0), aluminum oxide (Al,03), and titanium
dioxide (TiO,). Heat transport analysis is made through
quadratic convection, magnetic field, and thermal radiation.
Ayub et al [15] investigated the influences of orthogonal/
inclined magnetic field, thermal radiation, Brownian motion,
thermophoresis, activation energy, and external source varia-
tion on magnetized radiative Cross NF.

To tackle these difficulties, Yoon et al [16] started
exploring artificial intelligence techniques, including deep
learning (DL) and regression, to handle large datasets and
improve prediction accuracy. Leveraging experimental data,
data-driven modeling has become an increasingly prominent
approach [17]. DL algorithms, which rely on data-driven tech-
niques, are gaining substantial attention in scientific and engi-
neering disciplines [18]. This rise is supported by advances in
computational power, lower sensor costs, and increased sto-
rage capacities, enabling broader data access and faster algo-
rithm development. Unlike traditional methods that need a
detailed understanding of system mechanics, data-driven
approaches offer viable solutions to complex problems in
HNFs dynamics and heat transfer that are challenging to
address with deterministic models [19]. Kanti et al. [20] utilized
the Boosted Regression Tree machine learning model to pre-
dict the thermophysical properties of HNF based on the tem-
perature (T) and mixing ratio (R) of NFs. Marulasiddeshi et al.
[21] employed experimental data to establish a cascaded feed-
forward neural network model for modeling and predicting
the thermal conductivity and viscosity of NFs. Kanti et al. [22]
further explored the Bayesian-optimized neural network
(ANN) model, in combination with K-fold cross-validation, to
model and predict viscosity (VST), specific heat capacity (SHC),
and thermal conductivity (TC).

Partial differential equations (PDEs) assume a vital
role in the domains of natural science and engineering.
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From the Navier-Stokes equations in fluid mechanics to the
heat equation in heat conduction, PDEs are utilized to
depict various complex physical phenomena and system
behaviors. Nevertheless, solving PDEs has consistently
been a significant challenge in scientific computing.
Traditional numerical methods, such as finite element ana-
lysis [23] and finite difference techniques [24], often
require substantial computational resources and may
struggle with complex geometries or highly nonlinear pro-
blems. Although they are capable of offering effective
approximate solutions in numerous circumstances, they
typically demand a considerable amount of computing
resources, particularly when handling high-dimensional
issues, complex geometries, or nonlinear equations.

A notable example is the work by Akbar et al. [25],
where the PDEs were transformed into dimensionless non-
linear ordinary differential equations via similarity trans-
formation and solved using a neural network trained by
the Levenberg-Marquardt algorithm. This study examined
the two-dimensional steady-state incompressible boundary
layer flow of the HNFs (AL,0s-Cu/water) over a porous
stretching sheet. The model analyzed the influences of fac-
tors such as the thermal Biot number, NF concentration,
and porosity of the porous medium on the fluid tempera-
ture, velocity, and thermal distribution. Alghamdi et al. [26]
examined the flow properties of the Eyring-Powell fluid
with double-layer composite convective heating around an
elevated stretched cylinder. By means of numerical solution
techniques (BVP4C, three-stage Lobatto IIla formula) and
parameter sensitivity analysis, the effects of key parameters
(curvature parameter, fluid parameters, mixed convection
parameter, buoyancy ratio, thermal stratification para-
meter, solute stratification parameter, and inclination angle)
on fluid velocity, heat transfer, and mass transfer character-
istics were investigated. Shah et al. [27] employed the back-
propagation technique of neural networks to study the influ-
ence of Maxwell fluid on the flow of ternary hybrid
nanoparticles through a Riga plate under convective boundary
conditions. The model analyzed the impacts of parameters such
as Maxwell fluid parameters, Biot number, thermal radiation,
etc., on flow and heat transfer. The aforementioned studies
simplify the solution process by transforming PDEs into
ordinary differential equations or other reduced-order for-
mulations. However, such approaches often necessitate pro-
blem-specific assumptions or approximations, which may
compromise the fidelity of the solution by omitting essential
physical information or nonlinear interactions inherent to the
original governing equations.

To address these challenges, Xu et al. [28] introduced
a data-driven approach for solving PDEs, which embeds
fundamental physical laws within the PDE framework.

BIPINN for performance study of hybrid nanofluids = 3

This method has gained traction for its ability to make
reasonably accurate predictions of unknowns, even with
limited data. In this area, two key techniques are Gaussian
process regression (GPR) for PDEs, introduced by Bertrand
et al. [29], and physics-informed neural networks (PINNs),
developed by Lu et al. [30]. GPR is widely used because it
incorporates uncertainty quantification, but as Mishra and
Molinaro [31] noted, traditional GPR struggles with non-
linear PDEs. In contrast, Yu et al. [32] examined the effec-
tiveness of PINNs in addressing both forward and inverse
problems. Research by Lorenzen et al. [33] demonstrated
successful applications of PINNs across various fields to
solve PDE-related physical problems. Shi et al. [34] found
that PINNs are particularly effective in modeling nonlinear
PDE systems based on physical laws, such as those
required to simulate complex thermodynamic processes
like entropy generation and thermal rheology.

Entropy generation, a concept fundamental to thermo-
dynamic systems, results from irreversible processes and is
known as “entropy production.” Khan et al [35] noted that
NFs often experience irreversible events during flow and heat
exchange, including dispersion, fluid friction from viscosity,
heat transfer, and permeation. These processes contribute to
the total entropy of the medium. Entropy generation reflects
the irreversibility inherent in thermal processes, driven by
factors such as heat flow along thermal gradients, laminar
heat transfer characteristics, and viscous fluid interactions.
From an engineering standpoint, understanding and control-
ling the irreversible factors that contribute to entropy genera-
tion is highly valuable. Entropy reflects system disorder and is
directly linked to thermodynamic performance. Therefore,
reducing entropy generation is crucial for improving the effi-
ciency of thermodynamic systems. For example, Oyelakin and
Sibanda [36] investigated entropy generation in Casson nano-
fluid flow over moving wedges, offering insights into radiation
and fluid transport variability. Shutaywi and Shah [37] studied
the impact of various parameters on the virtual flow charac-
teristics of HNFs, using entropy optimization as an evaluative
tool. Rashed et al. [38] investigated the flow of ternary HNFs
containing gyrotactic microorganisms in microchannels, ana-
lyzing the effects of magnetic fields, thermophoresis, and Brow-
nian motion. Additionally, Lone et al. [39] analyzed entropy
generation in HNFs under nonlinear convection effects.

In thermal media, entropy optimization involves esti-
mating unknown heat flux or thermophysical properties of
nanomaterials through temperature measurements. This esti-
mation process can be approached via parameter estimation
or function estimation methods. A direct way to determine the
solution using a deterministic approach is the least squares
method by finding the mismatch between observed data and
the forward model [40]. Various deterministic techniques,
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such as generalized or weighted least squares, conjugate-gra-
dient method [41], and iterative regularization methods have
been developed for parameter and function estimations in
heat conduction problems. These deterministic methods are
easy to implement and predict single values of model para-
meters through optimization to minimize the difference
between measurement data and model prediction. However,
these methods do not provide higher-order statistics of the
parameter estimates. Khatoon et al [42] addressed this chal-
lenge by simplifying it to parameter estimation, assuming
known functional forms of boundary conditions. However,
when prior information on boundary functions is unavailable,
the problem expands to function estimation within an infi-
nite-dimensional function space.

To model the uncertain heat flux distribution in NFs,
Pulch [43] utilized the Karhunen-Loéve (K-L) expansion
method. This method decomposes the physical field into
a linear combination of orthogonal basis functions, each
weighted by random variables, represented as coefficients
or modes in an infinite series. Chandra et al. [44] employed
the K-L expansion to derive continuous heat flux distribu-
tions from limited measurement data, incorporating essen-
tial regularization to stabilize the process. Through K-L
expansion, the complex problem of estimating time-
varying heat flux at discrete points reduces to determining
a few principal coefficients. Jiang et al. [45] applied K-L
dimensional reduction to extract core features from high-
dimensional heat flux data, effectively simplifying the data
while retaining key physical information. Rui et al. [46]
further advanced this by feeding the reduced data into a
PINN, leveraging PINN’s ability to integrate physical laws
for learning and predicting the heat flux field. Kiyani et al.
[47] demonstrated that, with training, PINN captures intri-
cate dynamic behaviors in the heat flux field, accurately
representing fluid dynamics and heat transfer processes to
yield precise heat flux predictions. However, Soibam et al.
[48] noted that PINN lacks inherent uncertainty quantifica-
tion, which can limit its use, particularly in noisy data
environments. In previous work, Yeongmin et al. [49]
incorporated physical laws into a loss function and paired
it with a generative adversarial network to quantify and pro-
pagate system uncertainty, using latent variable models as
probabilistic representations. Son et al. [50] emphasized that
accurate PINN optimization requires high-order automatic dif-
ferentiation and multi-objective nonlinear optimization, mini-
mizing the loss function to near zero while integrating differ-
ential equations, initial conditions, and boundary conditions.
Jang et al [51] observed that this complexity may hinder con-
vergence and reduce training efficiency.

Hence, Chandra Yoo [52] proposed a hybrid PINN +
Interior-point algorithm (IPA) framework to investigate
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bioconvective NF flow over an inclined stretching surface.
The IPA synergistically integrates line search and trust-
region methodologies to rapidly identify optimal solutions
during the optimization process, by conducting searches
within the interior of the feasible domain rather than
along constraint boundaries. Jawad et al. [53] proposed a
hybrid PINN + homotopy analysis method (HAM) frame-
work to investigate time-dependent Jeffrey HNFs flow in
rotating porous media with coupled thermosolutal convec-
tion. By constructing a homotopic mapping operator, this
methodology decomposes the original strongly nonlinear
problem into a sequence of linear subproblems through
continuous deformation of the solution space, enabling
systematic approximation of the governing system’s dyna-
mical behavior. Notably, the analytic solutions derived
from HAM serve as high-fidelity initial conditions for
PINNs training, significantly accelerating convergence by
circumventing local minima traps associated with naive
random initialization. Bhaumik et al. [54] presented that
the PINN + Bayesian optimization was employed to analyze
the propagation of weakly nonlinear waves in viscoelastic
arterial conduits filled with viscous NFs. Regarding the
perturbed Burgers equation and the perturbed KdVB equa-
tion, the model post Bayesian optimization reached a lower
loss value within a reduced number of iterations.

Building on this, Yang et al. [55] introduced Bayesian
PINN (B-PINN) to solve linear and nonlinear PDEs with noisy
data. The trained model leverages Bayes’ theorem to update
hypothesis probabilities based on sensor or environmental
data, a method used in NF research to infer physical mechan-
isms through application-driven evolution [56]. Bararnia and
Esmaeilpour [57] extended PINN applications to address visc-
osity and thermal boundary layer issues in unseen data.

In summary, hybrid NFs flow and heat transfer exhibit
complex, nonlinear dynamics, due to the inherent random-
ness and microstructural complexity of HNFs, leading to high
data acquisition costs and varying data quality. Consequently,
this study establishes an integrated computational framework
to analyze the momentum and heat transfer characteristics of
Al,0s-Cu/water HNFs. Employing the K-L expansion reduces
model dimensionality, high-dimensional data are compressed
using the K-L expansion to isolate essential features and sig-
nificantly reduce computational burden. This reduced repre-
sentation serves as input to Bayesian inference PINN (BIPINN),
which leverages the physical structure encoded in PDEs to
refine predictions and assess uncertainty via Bayesian infer-
ence. The incorporation of PDE-derived constraints further
restricts the solution space to physically plausible outcomes,
thereby enhancing both the accuracy and reliability of the
model. By leveraging a BIPINN that integrates data with phy-
sical laws, this approach effectively addresses unsolvable or
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Figure 1: Nanoparticle selection and fluid heat flux modeling. (a) Heat transfer correlation of nanoparticles. (b) Database generation via SHE.

(c) Surrogate development.

challenging problems under uncertain parameter conditions,
minimizing dependence on data quality and volume. This
study enhances understanding of heat transfer and flow
mechanisms in HNFs, offering valuable insights for devel-
oping efficient thermal management systems.

2 Problem formulation

The heat flux for the Al,0;-Cu/water HNFs used for flow
heat transfer in a spiral heat exchanger (SHE) was studied
in discrete time, H(t), and is taken as heat flux values at
discrete time steps. However, modeling heat fluxes
requires a large number of discrete points to recover the
continuous function from finite data, so we introduce the
K-L extended agent model as shown in Figure 1.

Convert the surrogate model into a reduced-dimen-
sional inference of truncated weight sequences of K-L
modes, H(t) is parametrized using K-L expansion as

H(t) = (H©O) + Y NN id(O)c, (1)
k=1
where A, and ¢, are the ordered eigenvalues and corre-
sponding eigenfunctions of the covariance kernel and
¢k ~ A°(0, 1). The covariance kernel is chosen from the
exponential conjugate family given as

_la- f2|2]

C(t, ) = rexp 2)

272

The correlation time 7 is considered known and the
scale r of the covariance is considered to be a hyperpara-
meter provided with gamma, r ~ I'(y, ).

Y
f(r,B,¥) = )
+00
Iy) = Ir“‘le‘rdr,
0

r*lexp(-pr), 3

@

where ¥ is the shape parameter, which denotes the
number of incidents; B is the scale parameter, which
denotes frequency of single events. A, and ¢, are solved
using the Fredholm equation [58].

Jew, g = xgy o). o)
D

The covariance kernel, which is symmetric and positive
definite, allows us to apply Mercer's theorem. This theorem
enables the decomposition of the kernel into a series of ortho-
gonal eigenfunctions and corresponding eigenvalues, which
are essential for the Karhunen-Loéve expansion [59].

Clt, &) = ) ()P (). 6)
k=1

Approximating the heat flux by a truncated n term
K-L expansion
n
Hy(t) = (H®O) + 2 Nk (O)cr. Y)
k=1

The covariance kernel of H, is
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Input layer

Karhunen-Loév

H(t) = (H()) +

Figure 2: Neural network-driven heat transfer model for HNFs.

Clt, ) = Y ()P (B), ®)
k=1

which converges to equation (6) as n — «, and using K-L
expansion achieves the problem transformation.

3 Methodology

3.1 PINN method

The HNFs heat flux H is truncated by the K-L extension
into heat flow ¢, which can be approximated using a neural
network with L-layer, as shown in Figure 2.
The network is represented as follows:
o, OO
() = NOGW, b) = f, < f, =~ fo0, O
where ~ denotes Hadamard product. For the fully con-
nected feedforward neural network, the function f;(x;, 6;)
consists of an affine transformation and nonlinear activa-
tion function and can be expressed as

[ W, by) = ay(W - x; + by). (10
Thus, the connection between adjacent layers is
cl'= q(Wlc™! + by), (1

where W; and b; represent the weight matrix and bias
vector of the layer, q; is the activation function that pro-
vides nonlinear features to the neural network [60].

Hidden layer
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Output layer

Al,0;-Cu-H,0 hybrid nanofluids

J ¢

Accurately capturing the interplay between entropy
changes and rheological properties allows for a deeper under-
standing of the thermodynamic and flow characteristics of
fluids and providing accurate predictions for the thermal prop-
erties of NFs. In the process of heat conduction in HNFs, the
boundary value problem (BVP) usually involves transforming
the heat flow into complex PDEs, and can be expressed as

Ly(c; )
By A) =

fixX€EQ,

12
b, x € 0Q, 12

where L, is a linear differential operator, B, is a boundary
condition operator acting on the boundary, 82, ¢ = c(x) is
the solution of the PDE, A is the vector of parameters in the
PDE, and f = f(x) is the source term.

In forward problems, A is prescribed, and hence our
goal is to infer the solution ¢ = c(x) at every x € Q and
quantify its uncertainty.

In inverse problems, A is also to be inferred from the
data. We consider the scenario where available dataset Q
are scattered noisy measurements of N, Nj, and Ny from
sensors: @ =Q,UQ,UQ;, where Q= {(x),c®}%,
Q= {06, B3, Q = {(X}i)),f (i)}ﬁfl, the measurements
from {Q, Qp, Qf} are represented as

c® = cx +eli=12..N,
o) + €l i=12... N,
o) +eP,i=12. Ny,

5O =
FO -

where e?, €, egf) are the independent Gaussian noise with
zero mean. Note that the size of the noise could be different

(13
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Forward problem

Bayesian neural networks

physics-informaed neural networks

Physical Law
Ly(c;A)=f,x €EQ
Bx(c;A) = b, x € 0Q

BIPINN

POID) = ey

Posterior

Figure 3: Physical information system based on Bayesian inference.

among measurements of different terms, and even
between measurements of the same terms in the PDE. It
can be seen that the complexity of the interaction
between the base fluid and the nanoparticles makes the
experimental and numerical simulation methods on
HNFs limited by high economic and computational costs.

3.2 BIPINN method

In view of the above study, we propose BIPINN to predict
the heat transfer characteristics of HNFs, Figure 3.
BIPINN starts from representing heat fluid ¢ with
a surrogate model ¢(x;6). Since the forward
problems and inverse problems are formulated in the
same framework, we use 8 to represent the vector of all
the unknown parameters in the surrogate models for the
solutions and parameters. Equation (12) is trans-

formed into
F(x0) = L(E(x;0); 1), b(x;0) = Bo(T(x; 0);4). (14)

Then, the likelihood can be calculated as

Prior [

P(QI6)P(6)

Solve two Problem in
a unified framework

f(x0) = Ly(c(x;0);2)
b(x;0) = B.(é(x;0); 1)

{ iad;\
(o0)
S R
>/

‘ Likehood

P(Q|0) = P(QCIG)P(QfIG)P(QbIH),
(E(xc@; 0) - c®)?
P Q 9 = i y
( c | ) |:| ,—T[O'(l)z 200(1)2
Yooy Fo%0 - FO2] as)
PQs | 6) = |'| = exp|- G2
=1 1IZTrof Oy
B (b 0) - b2
Py 0) =] — exp|-—— G .
=1 /2710, O

Finally, the posterior is obtained from Bayes’ theorem.

P(QI6)P(6)

P(Q) 16)

P(OIQ) = = P(Q|0)P(H).

Usually, the calculation of P(0) is analytically intract-
able, hence the solution is approximated by random sam-
pling. To give a posterior ¢ at any x, we can sample from
P(0 | Q), denoted as {#O},, and then obtain statistics from
samples {C(x; 0D)}IM, .

The mean value of {¢(x; 8©)}, represents the predic-
tion of c(x), the standard deviation quantifies the

uncertainty.
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This method not only improves the prediction accu-
racy of the heat transfer characteristics of HNFs, but also
performs better in the case of scarce and noisy data.

In the current research, we remark that all the informa-
tion of boundary conditions and source terms come from
experimental measurements. In contrast to experimental
data acquisition, which is costly and of variable quality,
BIPINN is able to construct suitable datasets in the presence
of unknown parameters or boundary conditions, which sig-
nificantly reduces the dependence on data quality and quan-
tity, and allows us to effectively infer unseen or hidden ther-
mophysical properties in HNFs flows.

The key idea of BIPINN is to encode physical laws into
loss function by adding a penalty term to constrain the
space of admissible solutions.

Concretely, equation (12) is transformed into the pro-
blem of minimizing the loss function. Then, to measure the
difference between the BIPINN and actual observations,
physical laws, the loss function is defined as

L(0) = we Lp(0;Ty) + wpLp(0; Tp) + weL(6; ), (A7)

where
1
Li0;Tp) = — ) If &, DI,
f f ITf| XEZTf
1
Ly6;Ty) = — 2 IB(x) - bIP, (18)
Tl v,
1 R
LB;T) = — Y ll&x) - c®|P.
1Tl &,

wr, wp as well as w, are the hyper-parameters of
weights. f represents the PDE residual in equation (12). 6
represents the weights and bias of the BIPINN. ¢ denotes
the output of the BIPINN. Ty, Tj, and T; denote the training
points from PDE residual, boundary, and data constraints,
respectively.

The boundary functions and data constraints contain
special solutions to the PDEs. This mathematical frame-
work of a “general solution + particular solution” inher-
ently satisfies the specific prerequisite conditions of the
particular solution, thereby accelerating BIPINN conver-
gence toward the optimal gradient direction.

4 Mechanistic framework of
BIPINN

This section provides a detailed account of the working
mechanism of BIPINN. We expound upon it in terms of
data preparation, the training process of BIPINN, the
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establishment of the loss function, the functionality of
the loss function, the optimization strategy for the loss
function, the convergence criterion, and the verification
scheme.

4.1 Data preparation

1. The initial condition points and boundary conditions used
for training are obtained through random sampling.

2. Dynamically adjusting sampling parameters to optimize
convergence is an important strategy in Bayesian infer-
ence. If the training data can cover the entire solution
space of the problem and be uniformly distributed, the
model is more prone to learning the global optimal solu-
tion, thereby enhancing the convergence.

It is mainly related to the configuration of the Markov
Chain Monte Carlo (MCMC) sampler. Specifically, the code
uses Pyro’s MCMC and NUTS (No-U-Turn Sampler) to per-
form random sampling within the defined domain to fit the
model. The following methods are used to dynamically
adjust sampling parameters to improve convergence and
sampling efficiency:

(1) Adaptive mass matrix can help the sampler better
adapt to the geometric shape of the target distribution,
thereby improving sampling efficiency.

(2) Dynamic adjustment of step size: During the sampling
process, the step size is dynamically adjusted based on
the acceptance rate of the sampler. Generally, an accep-
tance rate between 0.6 and 0.9 is considered ideal.

4.2 Training process of BIPINN
4.2.1 Choice of optimization algorithms

In engineering applications, NFs are frequently employed
to enhance heat transfer efficiency. Nevertheless, the heat
transfer and flow issues of HNFs involve multiple physical
fields (such as velocity, temperature, and concentration),
featuring complex gradient variations. The Adam opti-
mizer integrates the merits of momentum and adaptive
learning rate (Adagrad), and is capable of dynamically
adjusting the learning rate based on the gradient of para-
meters. This proves highly effective in handling complex
nonlinear PDEs. LBFGS is an optimization algorithm based
on the quasi-Newton method, which adjusts parameters by
approximating the Hessian matrix, enabling more efficient
optimization of non-linear problems and further reduction
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in the loss function. Consequently, in this work, the Adam
—optimizer is utilized for the pre-training of the neural
network and the Limited-memory Broyden-Fletcher—
Goldfarb-Shanno (L-BFGS) optimization algorithm is
further adopted for further optimization, with the aim of
improving the accuracy of the model.

4.2.2 Adjustment of the learning rate

The initial learning rate is set to 1 x 1073, Adam dynamically
adjusts the learning rate by calculating the first moment
(mean value) and the second moment (uncentered var-
iance) of the gradients, thereby automatically adapting to
different parameter scales during the training process.

4.3 Loss function construction

Through BIPINN, researchers can directly embed these com-

plex physical phenomena into the loss function of the neural

network, thereby solving for the flow, temperature, and con-
centration fields that satisfy all physical constraints. The loss
function consists of the following components:

1. PDE residual loss: This part of the loss ensures that the
network’s output satisfies the PDEs governing the flow of
the HNFs. The PDE residuals are calculated using auto-
matic differentiation techniques and reflect the deviation
between the network’s predictions and the physical laws.

2. Boundary condition loss: This part of the loss ensures
that the network’s output satisfies the given boundary con-
ditions at the boundaries. Boundary conditions are one of
the physical constraints of the problem, and for the HNFs
flow problem, they may include the values of velocity, tem-
perature, and concentration at the boundaries.

3. Initial condition loss: This part of the loss ensures that
the network’s output satisfies the given initial condi-
tions at the initial time. Initial conditions are crucial
for describing the initial state of the HNFs flow.

When the value of the loss function drops below a very

small threshold (set to 107° in this work), the model is
considered to have converged.

4.4 Functionality of the loss function

1. Increasing the quantity of hidden layers can enhance the
nonlinear expression capacity of the model. However, an
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overly complex model might exhibit overfitting, and an
excessively large batch size can also reduce the general-
ization performance. Consequently, this model, taking the
loss function as the criterion, determined the optimal
number of layers and nodes.

2. The goal of this study is to analyze the flow, heat
transfer, and mass transfer characteristics of NFs under
the condition of multi-physical field coupling. BIPINN is
capable of effectively integrating physical laws and data-
driven models. We directly incorporate these complex
physical phenomena into the loss function of the neural
network, thereby solving the flow, temperature, and con-
centration fields that satisfy all physical constraints.

4.5 Optimization strategies for loss function

Constructing the loss function in PINN represents a chal-
lenge for optimization techniques since it involves multi-
objective optimization during the training process. This
might result in gradient imbalance during backpropaga-
tion and consequently lead to inaccurate predictions. To
solve this problem, the study utilizes an optimization algo-
rithm combining Adam and L-BFGS to dynamically adjust
the weights and biases of the network, such that the output
of the network satisfies physical laws and boundary con-
ditions as closely as possible.

4.6 Convergence criteria

1. During the training process, the loss function gradually
decreases as training progresses. Training is stopped
when the decrease in the loss function is less than a
certain threshold, specifically

.£ t .E i
| curren prekusl <10°5,

L previous

2. All the research cases in this study were trained with
adequate numbers of training rounds and iterations.
The optimizer has built-in parameters max_iter =
50,000 and max_eval = 50,000. max_iter represents the
maximum number of iterations, and max_eval repre-
sents the maximum number of function evaluations
(i.e., the number of times the loss function is calculated).
These two parameters together form the convergence
criterion for the optimizer stage. When either limit is
reached, the optimization process will stop.

3. The L-BFGS optimizer employs the strong Wolfe condi-
tions for line search. The strong Wolfe conditions are a
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strategy for controlling step size selection, ensuring that
the step size in each iteration is neither too large nor too
small, thereby guaranteeing the stability and conver-
gence of the optimization process.

4.7 Methods for comparing the reference
solution with the BIPINN predicted
solution

In this section, the performance of the proposed computa-
tional framework presented herein on multiple PDEs is
evaluated to validate its efficacy and compared with the
baseline algorithm (the vanilla PINN method) and COSMOL
finite element analysis. The conventional approaches ser-
ving as reference solutions in this study encompass the
analytical solution of PINN and the numerical solution of
COSMOL. To quantify the disparity between the predicted
solution and the reference solution, the results are pre-
sented in the form of heat maps.

All the numerical implementations in this work are
encoded using Pytorch and computed on an NVIDIA
Tesla T4 GPU.

5 Simulation results and analysis

5.1 Two-dimensional unsteady convection-
diffusion

In the nuclear industry, two-dimensional unsteady convec-
tion-diffusion equations describe the convection and diffu-
sion processes of substances (such as radioactive materials,
heat, or other important substances) in space. For the two-
dimensional unsteady convection-diffusion problem in HNFs,
the proposed computational framework, which integrates
K-L expansion with B-PINN, enables accurate prediction and
simulation of fluid behavior and heat conduction. Unlike tra-
ditional finite difference methods [61], this approach bypasses
the need for explicit discretization. Instead, the physics-
informed neural network learns the physical principles
embedded in the PDEs, training the network to approximate
the fluid flow solution. The two-dimensional unsteady con-
vection-diffusion equation is defined as

ou ou

— +¢c— =0, (19
ot ox

where u(x,t) denotes the nanoparticle concentration,

varying with time ¢ and spatial coordinate x. ¢ represents
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the convective velocity in the x direction. Periodic
boundary conditions are imposed on the equation, speci-
fied at x = 0 and 1.

u(xlx t) = H(Xz, t) (20)

Namely, the concentration assumes the identical value
at the two opposing boundaries. The reasons for selecting
periodic boundary conditions are as follows:

1. In two-dimensional unsteady convective diffusion problems,
periodic boundary conditions enable researchers to simulate
the behavior of an infinitely large system with periodic char-
acteristics within a smaller computational domain. This
treatment not only reduces the computational cost but also
enhances the universality of the model, allowing it to be
applied to systems of different scales and geometries.

2. In the convective diffusion process, the movement of the
fluid and the transfer of heat are dynamically changing.
Through the imposition of periodic boundary condi-
tions, the dynamic behavior in the fluid flow and heat
transfer processes can be better captured, especially in
cases where the physical quantities at the boundaries
change periodically with time.

3. By presuming that the physical quantities at the bound-
aries have periodic variations, the discontinuity at the
boundaries can be avoided, thereby reducing the error
in numerical simulations.

The exact solution for u is given by

u(x, t) = 2sech 3(-05+ 68), (x,t) €Q, @21
L
6=modx—x0+c-t+E,L, (22)
where L is the length of the spatial domain,

u € (0.01 wt%, 0.5 wt%),

c€(0.8m/s,1.2m/s) and L = X541 — X, Xo has an
initial position of 0.5.

In this setup, the BIPINN model is a three-layer fully
connected neural network, each layer contains 100 nodes
with a Tanh activation function. The input consists of
spatial coordinates x and time ¢, and the output is the
predicted concentration u. The initial condition points
are set to N, =1,000, boundary condition points to
N, = 1,000, and physical constraint points to Ny = 1,000.

The network’s loss function is defined as

Loss = MSE,;, + MSE¢ + MSE,, 23)

MSE, denotes the data loss, quantified as the mean
squared error (MSE) between predicted and actual values.

1
MSEu = FZ(ui - upred,i)z. (24)

ui=1
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Table 1: Comparison of PINN and BIPINN training results

Scheme Epochs Training time (s) Error
PINN 4,000 382 107°
BIPINN 875 75 107°

MSEy denotes the PDE loss, measured as the MSE of the
PDE residual.

1<
MSEf = — ) f2, (25)
N
where f] =u; - cuy = 0.
MSE, represents the boundary condition loss.
1
MSEy = —  (Up1x = Upzi)%s (26)
No =

where Up = u(x, t;) and upp k = UG, ).

In this section, both PINN and BIPINN are employed to
solve the convection-diffusion equation. The results show
that the mean squared error (MSE) at the final epoch of
model training is on the order of 10~ (Table 1), indicating
that the difference between the BIPINN solution and the
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reference solution is at a satisfactory and small level
(Figure 4). Both methods perform well in solving this equa-
tion. We attribute this phenomenon to the simple, stable,
and steady characteristics of the convection-diffusion
system.

The total training duration of PINN amounts to 382s,
featuring 4,000 iterations, and the final value of the loss
function is at the magnitude of 107°.

The total inference time of BIPINN is 75s, with 875
iterations, and the final value of the loss function is like-
wise at the magnitude of 107°. (Comprehensive descriptions
of the training workflow and experimental outcomes can
be found in the Appendix.)

Further computations reveal that the training time
demanded by BIPINN is reduced by 80.37% compared to
PINN, and the computational resources required for each
iteration have declined by 78.12% on a year-on-year basis.

Figure 4 shows the comparison of the reference solu-
tion, the neural network predicted solution, and the distri-
bution of absolute error. Through the heatmap, it can be
intuitively seen that the absolute error is small and evenly
distributed, indicating that BIPINN performs well in
solving PDEs. The predicted solution has a good match
with the theoretical analytical solution, which shows that
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Figure 4: Heat maps of the (a) reference solution, (b) neural network predicted solution, and (c) distribution of absolute error.
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it can better capture the convection-diffusion equation.

Specifically,

1. The BIPINN can accurately capture the steep gradients
of flow variables in convective diffusion of HNFs. This
capability is attributed to its ability to handle complex
nonlinear PDEs and incorporate physical law con-
straints to enhance prediction accuracy. Specifically,
BIPINN embeds physical laws into the loss function,
enabling it to automatically learn the complex dynamic
behaviors of fluid flow and heat transfer, thereby accu-
rately simulating the changes in temperature and
concentration.

2. The cause of the absolute error is the significant noise
generated by the variation in entropy generation during
the convective process of the HNFs, which leads to an
increase in the error between the prediction and the
exact solution as the noise scale increases.

3. This phenomenon can be attributed to the distribution
characteristics of Cu and Al,0; nanoparticles in water.
Due to their higher density and thermal diffusivity than
water, they absorb more heat during the convective
process, causing a decrease in the temperature of the
surrounding water and forming a distinct temperature
gradient, which is manifested as a steep change in flow
variables.

4. Density difference: The density of Al,0; and Cu nano-
particles is greater than that of water, making them
more likely to aggregate and form local high-concentra-
tion regions in the fluid. This density difference causes
the nanoparticles to tend to move along the flow lines
during convection, thereby enhancing heat transfer.

5. Thermal diffusivity: The thermal diffusivity of nanopar-
ticles is higher than that of water, meaning they can
transfer heat to the surrounding fluid more quickly. This
high thermal diffusivity enables nanoparticles to absorh
and release heat more effectively during convection,
thereby affecting the overall heat transfer efficiency.

6. Convection as an energy transfer method is usually irre-
versible. Heat is transferred from high-temperature
regions to low-temperature regions through convection,
and the total entropy of the system increases. In HNFs,
this entropy generation phenomenon is particularly
evident.

7. Heat transfer by nanoparticles: Nanoparticles absorb
heat during convection and transfer it to the sur-
rounding fluid. This process leads to local temperature
changes and increases the entropy of the system.
Specifically, nanoparticles absorb heat in high-tempera-
ture regions and release it in low-temperature regions
as they move with the convection, raising the tempera-
ture of the surrounding fluid. This redistribution of heat
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increases the disorder of the system, manifested as an
increase in entropy.

8. Irreversibility of convection: Heat transfer during con-
vection is irreversible, meaning heat always flows from
high-temperature regions to low-temperature regions.
This irreversibility leads to an increase in the system’s
entropy, reflecting the energy loss in the heat transfer
process. In HNFs, the presence of nanoparticles further
intensifies this irreversibility, as they continuously
absorb and release heat during convection, increasing
the complexity of heat transfer and entropy generation.

5.2 Three-dimensional (3D) steady-state
heat conduction with internal heat
source

3D steady-state heat conduction with an internal heat
source can be used to simulate the heat dissipation process
of HNFs into the interior of electronic devices. In the 3D
steady-state heat conduction problem for HNFs, internal
heat sources impact the temperature distribution across
the spatial domain. The steady-state heat conduction equa-
tion governs this temperature field, with the internal heat
source term representing heat generation or absorption
within the system. For two-dimensional steady-state con-
duction with an internal heat source, the equation is

a’T

ay?

02T

oT
Knnt| -7 + + q = PypsCp,hnf @7

E.

T(x,y, t) denotes the temperature as a function of time
t and spatial coordinates x and y, (x, t) € Q.

q denotes the internal heat source term per unit
volume, representing heat generation or absorption.

This study examines heat conduction in an Al,0s-Cu
HNFs within a square domain containing an internal heat
source. Assume a stable heat source with a constant boundary
temperature of 1 along all edges of the square. The thermal
conductivity Knne varies within {kpns € R : 0.5 < Kppr <1},
leading to a corresponding parameter 6 variation. The range
of 0is{0 = q/Knns € R : 1< 6 < 2}. The spatial coordinates and
control parameter {x, y, 6} serve as the input for BIPINN.

Model training utilizes Monte Carlo sampling, with
3,000 boundary samples and 3,600 internal samples.
BIPINN is structured with three hidden layers, each con-
taining 100 neurons and using a sigmoid activation func-

tion. The loss function is
Loss = MSEr + MSE; + MSE,, 28)

1
where MSE; = EZ{E(T[' = Torea )™
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Figure 5: The comparison chart of prediction performance between PINN and BIPINN. (a) Heat flux predictions from the PINN model, (b) temperature
field predictions from the PINN model, (c) heat flux predictions from the BIPINN model, and (d) temperature field predictions from the BIPINN model.

MSE; and MSE,, are defined similarly to equations (25)
and (26). The result is shown in Figure 5.

As depicted in Figure 5(a) and (c), the blue solid lines
signify the average values of the heat flux predicted by the
model, demonstrating the changing trend of the predicted
heat flux at diverse spatial locations. In the heat conduc-
tion issue, Bayesian inference not only offers point esti-
mations of the heat flux but also the 95% confidence
interval of the posterior distribution of the heat flux
obtained through MCMC sampling, clearly presenting
the uncertainty range of the estimation outcomes. The
width of the blue shaded area represents the level of
uncertainty in the model's predictions. A wider shaded
area indicates that the model has greater difficulty in
accurately estimating the heat flux, which is due to the
increased uncertainty from having less data available.
The orange dashed line indicates the exact function,
which is employed to validate the accuracy of the PINN

model’s prediction. The red dots denote the data points
utilized for training the model, and the model endeavors to fit
these data points to enhance the accuracy of the prediction.
It can be observed from Figure 5(a) and (c) that the average
predicted values of the improved BIPINN model (blue solid
line) are proximate to the exact function (orange dashed line)
in the majority of cases, and the fitting effect between the data
points and the model is satisfactory.

As shown in Figure 5(b) and (d), both surrogate models
constructed precisely captured the temperature variation
trend. In contrast to PINN, the BIPINN surrogate model
achieved a high-level accuracy. Further analysis indicated
that under the same training points, PINN performed poorly
in the boundary regions, whereas BIPINN maintained an
excellent prediction performance in the boundary regions,
thereby demonstrating that the improved BIPINN can adapt
to the uncertainty of experimental data. That is, in the case of
completely unknown boundary conditions, the invisible fluid
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Figure 6: Cloud diagrams of velocity field distribution of liquid cooling
channel cross-sections after different topology optimizations.

temperature field can be inferred based on sensor or envir-
onmental measurements via BIPINN.

Figure 5 also reveals the interaction mechanism between
the internal heat source and the HNFs, specifically as follows:
(1) The presence of an internal heat source further com-

plicates the heat conduction process. The internal heat
source term represents the heat generation or con-
sumption within the system, directly influencing the
temperature distribution. We find that the addition of
Al,05-Cu nanoparticles gives the HNFs characteristics
similar to those of a crystal at the microstructure level,
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Figure 7: Cloud diagrams of pressure field distribution in cross-sections
of liquid cooling channels after different topology optimizations.
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Figure 8: Cloud diagrams of temperature field distribution of liquid
cooling channel cross-sections after different topology optimizations.

resulting in a more pronounced effect of the tempera-
ture gradient within the fluid.

(2) The internal heat source term is spatially non-uniform,
which makes the spatial variation of the temperature
field more complex. In the HNFs, the high thermal con-
ductivity of the nanoparticles (Al,05 is approximately
30 W/m K, Cu is approximately 400 W/m K, and water is
0.6 W/m K) enables heat to be transferred more rapidly
between the nanoparticles and the base fluid. This high
thermal conductivity not only enhances the heat
transfer efficiency but also allows the fluctuations in
the temperature field to be smoothed out more quickly.

Moreover, the numerical simulation results of a single
heat source condition were analyzed utilizing the finite
element method (COMSOL), and the analytical solution of
COMSOL was compared with the predicted solution of
BIPINN. Specifically, the velocity field distribution, pressure
field distribution, and temperature field distribution of the
topologically optimized liquid cooling channel cross-section
obtained from COMSOL were employed (Figures 6-8).

Figure 7 shows the pressure field distribution of the liquid-
cooled channel cross-sections after different topology optimiza-
tions when the Reynolds number Re = 150. It can be seen from
the figure that the fluid pressure distribution within the topology-
optimized channels is uneven. The highest velocity occurs at the
inlet and outlet corners, corresponding to the maximum pres-
sure. The pressure in the horizontal parallel channels in the
middle area decreases from left to right. This is because when
the fluid flows through the corners, local vortices are generated.
After topology optimization, the flow velocity within the channels
is lower, and the cooling medium is relatively evenly distributed
among the channels in all directions.
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Figure 9: (a-c) The multi-physics prediction results of BIPINN.

Figure 8 presents the temperature field distribution of
the liquid cooling channel cross-sections after diverse
topology optimizations under the single heat source condi-
tion with a heating power of 200 W. It can be observed
from the figure that the fluid temperature in the peripheral
channels is relatively low, while that in the middle hori-
zontally arranged channels is relatively high. This is
because, as depicted in Figure 6, the flow velocity in the
converging channels is faster, resulting in more heat being
carried away per unit time compared to the parallel chan-
nels in the diverging region. Hence, the maximum tem-
perature emerges in the middle area. Regarding the
topology-optimized channels, the fluid temperature gradu-
ally rises from the inlet to the outlet side. The fluid
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Figure 10: 3D unsteady heat conduction in HNFs simulated by BIPINN.
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temperature in the middle horizontally arranged channels
is relatively uniform. This is because after the fluid flows in
from the inlet, a greater flow rate is allocated to the vertical
channels on the left, thereby being distributed to the
middle horizontally arranged channels.

We also adjusted the computational framework to predict
the multi-physics involved in the heat channels of the HNFs
after topological optimization. The result is shown in Figure 9.
(Comprehensive descriptions of the training workflow and
experimental outcomes can be found in the Appendix.)

Figure 9(a) and (b) shows the prediction results of BIPINN
under the multi-physics field effect, highlighting the consistency
between the two methods and further confirming the effective-
ness of BIPINN in evaluating different microstructures.

t=4min
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Figure 11: The results of infrared imaging and BIPINN network prediction.

Figure 9(c) shows that BIPINN has difficulty accurately
describing these complex physical processes simultaneously,
leading to poor prediction performance in complex topolo-
gical channels. The specific reasons can be classified as
follows:

(1) The model is overly complex, leading to overfitting,
especially when the training data are limited. The
model may overfit the noise in the training data and
fail to generalize to new data.

The boundary conditions and initial conditions of com-
plex thermal channels are very complex. These condi-
tions have not been accurately embedded into the
model, resulting in fitting failure.

Topology optimization increases the complexity of
thermal channels. Complex thermal channels involve
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Figure 12: BIPINN model for dynamic heat control functions in HNFs.

the coupling of multiple physical phenomena such as
fluid flow and heat transfer. In the flow and heat
transfer of HNFs, flow and heat transfer are coupled.
The flow state affects heat transfer, and the heat dis-
tribution in turn affects the flow. For example, when
the fluid temperature rises, its density may decrease,
causing buoyancy force and changing the flow pattern,
while the flow also changes the distribution of the tem-
perature field.

5.3 3D unsteady heat conduction

In 3D unsteady heat conduction, HNF can be used as heat
dissipation working media in liquid cooling circulation
systems, which can provide excellent heat dissipation per-
formance for pipes, valves, engine components, etc. The
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Figure 13: Variation in the thermal conductivity of NFs with temperature.
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heat conduction control equation governs temperature
changes over time and space, incorporating terms for con-
duction, convection, and internal heat sources. The
unsteady heat conduction equation for HNFs is given by

02T 9T
= Khnnf]

oT oT
QR [ + [R—
ox*  ay?

PCpﬂ + pCp ] +q, (29)
ot
where u and v are the velocity components in the x and y
directions, respectively.
q is the volumetric heat source term, indicating heat
generation per unit volume. It is approximated by a com-
plete cubic polynomial, g € [0, 1].

3T

The conduction term Knnf| 5,2

T ial
+ Y represents spatia

diffusion and conduction within the temperature field. It is

o1, ar| o
ox? ay? an

proportional to the temperature gradient

thermal conductivity x, demonstrating heat transfer in
the nanofluid.

oT
oy
temporal heat sources, either externally applied or
resulting from other thermal exchange processes.

This equation models a dynamic heat conduction pro-
cess, where the temperature field changes over time and
space due to conduction, external heat sources, and fluid
thermal properties. These problems are supported by spe-
cific boundary conditions, classified as follows:

The source term lu% +v ] accounts for spatial and

T, t)—Tx t),XET
oT(x,t) _
k on

, (30)
X € Fz

qx,b),
where[[ N L=, LT UL =TI;I}; € 0Q.

The first boundary condition is the Dirichlet boundary
condition. It specifies that the temperature on boundary I3,
T, is set as a function of the given T(x, t), and specifies the
value of the temperature at the boundary.

The second boundary condition is the Neumann
boundary condition. It specifies that the heat flux density
on boundary I (defined as the derivative along the normal
vector, scaled by thermal conductivity) matches a given
function §(x, t), where n represents the outward normal
vector on the boundary.

In 3D unsteady heat conduction problems, combining
Dirichlet and Neumann conditions allows BIPINN to predict
the dynamic heat flux distribution in HNFs using minimal
boundary data. Since fluid heat transfer adheres to the con-
servation of energy, changes in boundary temperature must
correspond with shifts in internal energy distribution. To
model this relationship, we randomly select 400 sample
points on the temperature boundary and 300 on the heat
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flux boundary. Sampling times for these conditions span
the interval ¢; = ¢, + iAt, with a time step At = 10s, beginning
at tp = 0. Additionally, 5,486 nodes are randomly sampled
across the domain as training points. These training points
enable dynamic adjustment of the weights for each compo-
nent in the loss function, optimizing the training process and
outcomes. The result is shown in Figure 10. The loss function
components are structured as follows:

Wloss = Welossy + Wylossgeq + Wy(lossger + 10Ssge). 31

W, Wy, andWjy are the weight coefficients. (Comprehensive
descriptions of the training workflow and experimental out-
comes can be found in the Appendix.)

1) loss:
Lome = - 5100, 2T + pofulL 4 2L
P N £ PP TP Mox T Vay -
, 32)
nfl ox2 * gy?

MSE of residuals for the governing equation. N is
the number of training points used to compute the PDE
residuals.

2) losspcg:
th
Lo =5 Y (ux,y,z,t) - 0
vbe =1
th
+ > (0, Zi, ) = Un)?
vbc j=1 33
Npe ( )
Lyc= Y (v(x,y,2,t) - 0)2
vbc i=1
Nbc
+ > (V% ¥, 2 t) = Ua)?
vbc j=1

MSE of residuals for the boundary velocity.
(i € wall, j € free - stream)
3) lossgcrand lossgc: Sum  of squared residuals for
boundary temperature and initial temperature points,
respectively

IOSSBCT:
1 Nic

L= FZ(Tpred(Xi,yp Zi, t;) = Tniial (X Y, Zi, )2 (34)
ic j=1

losspc:

1 Nayx

L =7 z

Nﬂux i=1

0 Tpred

-k
on

(Xl'ayi: Zj, tl) .
(35)

2
= GinicaXo V> Zis ti)]
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As shown in Figure 10,

(1) BIPINN can accurately simulate the dynamic behavior of
HNFs at different time steps. By embedding physical laws
into the loss function, BIPINN can automatically learn the
complex dynamic behavior in the heat conduction pro-
cess, thereby providing high-precision prediction results.
Specifically, BIPINN can capture the evolution of the tem-
perature field over time and space, demonstrating its
dynamic behavior at different time steps.

(2) In unsteady heat conduction problems, the variation in
boundary conditions has a particularly significant
impact on the temperature field. The model’s advan-
tage lies in its ability to handle complex boundary con-
ditions and irregular geometries. By combining
Dirichlet and Neumann boundary conditions, it can
achieve high accuracy and low-cost predictions with
a relatively small amount of boundary data.

To further explore and verify the thermal properties of
3D unsteady-state heat conduction, we set up a liquid
cooling circulation experimental system and compared it
with the temperature field distribution predicted by
BIPINN. (Comprehensive descriptions of the training work-
flow and experimental outcomes can be found in the
Appendix.) The result is shown in Figure 11.

According to the aforementioned experimental
scheme and simulation method, when the uniformly dis-
tributed heat source heating power is 200 W, it can be seen
from the figure that the simulation results of the experi-
ment show a good match in the temperature field distribu-
tion trend, and the following conclusions can be drawn:
1) The highest temperature in the channel occurs at the

corner on the inlet side, which is the side with low flow
velocity. It verified the conversion of kinetic energy into
internal energy by differing fluid stresses. Loss of tempera-
ture from the surface to the fluid flow is possible

2) The maximum temperature on the upper surface of the
liquid cooling plate decreases with the increase in flow
rate, and the decreasing trend gradually slows down.
This is because as the flow rate increases, the influence
of convective heat transfer on the overall heat dissipa-
tion performance gradually becomes larger compared
to solid heat conduction.

3) The comparison results show that the temperature field
results predicted by BIPINN are generally in good agree-
ment with the experimental measurements. BIPINN can
better capture the heat transfer flow. However, near the
vortex, the error is still relatively large. The physical quan-
tities in these areas change more complexly, indicating
that BIPINN still needs improvement in handling complex
problems, which is also the focus of future research. In
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conclusion, there is a good consistency between the phy-
sical field predicted by BIPINN and the actual observed
results, indicating that it can be used as an alternative
model for solving similar problems.

5.4 Exact controllability of the fluctuation
equation with complex boundary
conditions

This study focuses on controlling temperature fluctuations
in HNFs over time. By adjusting boundary conditions or
internal source terms, we aim to reach a fully stationary or
stable state within a finite period, achieving “exact con-
trollability to zero.” In industrial processes, many devices
require precise temperature control, such as chemical
reactors, metallurgical furnaces, and glass manufacturing
equipment. The temperature control of these devices often
involves complex boundary conditions and dynamic heat
sources, necessitating precise control strategies to ensure
process stability and product quality. To manage the com-
plex optimization and numerical challenges, especially for
nonlinear or ill-posed systems, we introduce a variable
control function. The one-dimensional heat equation with
a complex boundary is as follows:

%~ Y = TuQy - alx, 1), (x,1) € QF

y(@0,t) =0, te(0,T)
y(x, 0) = sin(mx), x € (0, Sp) (36)
y(L(@), 1) =0,
L(0) = S,

The initial fluctuation is set to zero. Sp>0, 0 <
a<b<Sy,and w = (a,b), £ € Ci([0, T]) ith L(t) >0, we
set Q7 = {(x, t); x € (0, L(t)), t € (0, T)}, ¥, is the charac-
teristic function.

ue S°°(QT£) denotes the control input, supported by
subdomain w, which influences the reaction rate of the
process described in (31). This reflects the decay estimates
of the state S norm for the uncontrolled system with a
complex boundary, allowing the state to approach the vici-
nity of its residual state.

a € S”(R xR* and(L,y) relate to a complex
boundary, a section of the domain boundary that is
unknown a priori. An additional condition is applied

L) = 3, (LO, 1), t €0, T), 37

to ensure well-posedness for (£, y).
In addressing the complex boundary problem, we
often encounter PDEs involving convection and heat
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conduction, complicating exact controllability to zero.

These problems usually entail an infinite-dimensional state

space instead of a finite-dimensional state vector. To over-

come this, we apply BIPINN, which integrates DL with phy-
sical laws to estimate the control and system state, solving for

a control function that ensures exact controllability to zero in

equation (36). The objective of the fluctuation control pro-

blem is to achieve complete rest or a stable state of the system
within a finite time by adjusting the boundary conditions or
internal source terms of the system, that is, to achieve “zero

controllability.” The result is shown in Figure 12.

In HNFs, this process involves complex physical
mechanisms.

1) Fluctuations in the temperature field: Fluctuations in
the temperature field are caused by changes in the
heat source term and boundary conditions. Under
non-steady-state conditions, the changes in the tempera-
ture field are more complex and require control func-
tions to regulate these fluctuations.

2) Complex boundary conditions (such as free boundaries)
make the fluctuation control problem more complicated.
Changes in boundary conditions directly affect the distri-
bution of the temperature field, so precise control func-
tions are needed to achieve zero controllability.

As shown in Figure 12,

1) The 3D surface plot clearly shows the fluctuation of the
solution values within a specific spatiotemporal range,
where red represents high-value regions and blue
represents low-value regions, thereby intuitively pre-
senting the distribution characteristics of the BIPINN
solution. This method not only solves high-dimensional
and nonlinear PDE problems but also enables precise
control of the target by adjusting the boundary condi-
tions or internal source terms of the system.

Table 2: Measured thermal conductivity values

T/°C KWm™'K"

@ = 0.0125 @ =0.025 =01 ©=02
10 0.4830 0.4846 0.4890 0.4925
20 0.5019 0.5040 0.5062 0.5120
30 0.5192 0.5210 0.5241 0.5293
40 0.6360 0.6382 0.6400 0.6445
45 0.6426 0.6423 0.6492 0.6552
50 0.6502 0.6513 0.6504 0.6590
55 0.6547 0.6571 0.6577 0.6630
60 0.6600 0.6620 0.6558 0.6700
65 0.6643 0.6870 0.7007 0.7151
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2) Regularization Mechanism: Without regularization,
the model would adopt high-order fitting to train
data. However, with the addition of regularization,
the model tends to choose a more reasonable order,
solving high-dimensional and nonlinear PDE pro-
blems. Regularization restricts the complexity of the
model, preventing it from overly relying on specific
details in the training data during the training process
and instead learning more generalized rules. By pena-
lizing predictions that exceed the range through regular-
ization terms, the model is guided to learn solutions that
conform to prior knowledge.

6 Sensitivity analysis

In this study, various volume concentrations of Al,05-Cu/
water HNFs were prepared according to the study by
Suresh et al [62]. A sensitivity analysis experiment was set
up, and the experimental results are presented in Table 2.

A comparison was made between the thermal conduc-
tivity values that were obtained via experimental study
and the reference values of water that had not been pol-
luted with any pollutants. The thermal conductivity values
were found to be greater than those of pure water in each
of the five volumetric concentrations that were tested. The
results of the experiment demonstrated that an increase in
the temperature was accompanied by an increase in the
thermal conductivity values of the hybrid nanofluid. This
was seen despite the fact that the temperature was rising.
An increase in temperature induces an increase in the
molecular movements in the hybrid nanofluid, which in
turn causes a significant increase in the rate at which heat
is exchanged among the molecules.

This cycle continues until the temperature is decreased.
A rise in the collision speed between the particles is brought
about by the Brownian motion, which in turn brings about an
increase in the thermal conductivity of the HNFs.

The temperature gradient sensitivity analysis was con-
ducted on 0.1% Al,05-Cu/water HNFs, and the results are
shown in Figure 13.

As shown in Figure 13, the thermal conductivity of the
HNFs with Al,05-Cu nanoparticles added to water as the
base liquid continuously increases with the rise in tem-
perature, demonstrating its sensitivity to temperature gra-
dient changes.

The thermal conductivity of the Al,05-Cu HNFSs increases
with temperature, demonstrating excellent heat dissipation
characteristics. A maximum of 52.62% enhancement was
observed in the thermal conductivity by Al,Os;-Cu HNFs.
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Experimentally, smaller Cu particles occupy spaces between
larger Al,O5 particles, forming a “large particle-small particle-
base fluid molecule” structure that enhances heat transfer
efficiency in the nanofluid.

7 Conclusion

In this work, we presented a unified computing framework
for the examination of the momentum and heat-transfer
mechanisms of Al,0;—Cu/water HNFs. The framework con-
sists of an analytical methodology that utilizes the K-L
expansion first to extract a reduced-order representation
from the time-dependent data including heat transfer and
flow data. The reduced-order data are then used to inform
a PINN under Bayesian inference (BIPINN) that solves the
governing PDEs in a complex physical domain. The meth-
odology described captures complex temperature distribu-
tions and flow characteristics of HNFs while requiring a
minimal amount of data with respect to available measure-
ments and inaccuracies. The framework and associated
methodology were assessed in a variety of situations that
collectively demonstrated the robustness and flexibility of
the computational framework from a performance per-
spective, including (i) free-boundary null controllability
of the one-dimensional heat equation, (ii) two-dimensional
unsteady convection—diffusion, (iii) 3D steady-state heat
conduction with internal heat generation, and (iv) 3D
unsteady thermal conduction over time. In all dimensional
characteristics and boundary conditions presented, the
model displayed strong predictive capability and simula-
tion performance.

In short, the framework technology integrates the K-L
expansion, BIPINN, and surrogate modeling into a
coherent and efficient method. As demonstrated in our
comparative studies, BIPINN reduced training time by
approximately 80.37% and reduced computing resources
by approximately 78.12% as compared to traditional
PINNSs realization. In conclusion, even with less data and
lesser computational time, we maintained similar results
compared to both COMSOL finite element simulations of
the same problem and coincided with experimental mea-
surements. This illustrates that the framework can practi-
cally perform well and offer helpful conclusions in under-
standing how to apply data science and Al-based modeling
to thermal-fluid systems for engineering design.
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Appendix

A1 Two-dimensional unsteady
convection-diffusion

The PINN iteration log is shown in the Figure Al.
The iterative curve of the BIPINN prediction process is
shown in Figure A2.

A2 3D steady-state heat conduction
with internal heat source

COSMOL verification: Heat transfer simulation was con-
ducted using the commercial finite element software
COSMOL. First, the control equations and boundary condi-
tions were established. Second, mesh sensitivity analysis
was carried out. Finally, the flow and heat dissipation per-
formance of the channels were compared with tempera-
ture as the evaluation index. In addition, the velocity and
temperature distribution cloud diagrams were combined
to deeply analyze the influence of different topological
channels on the convective heat performance.

A2.1 Finite element model description

The finite element model under the condition of uniform heat
source is shown in Figure. The aluminum alloy liquid-cooled
plate is placed on the upper surface of the copper heating
plate. The copper heating plate has an embedded stainless
steel heating tube, which generates heat uniformly. The heat
is transferred to the liquid-cooled plate through the thermal
grease layer on the contact surface. The cooling medium
maintains a constant temperature at the inlet and flows
under the pressure difference between the inlet and outlet
of the liquid-cooled plate to carry away the heat.

A2.2 Control equations

To reduce the computational cost, the model satisfies the
following assumptions: (1) The fluid is incompressible and
laminar; (2) The fluid-solid boundary is a no-slip boundary;
(3) The gravitational effect is ignored. The control equations
are as follows:

Continuity equation:

pV-u =0, (A1)

BIPINN for performance study of hybrid nanofluids

Momentum conservation equation:

ou
— +u-Vu

Pl =-Vp + uV%u + f, (A2)
Energy conservation equation:
Fluid domain:
pcp(a V)T = V-(kVT), (A3)
Solid domain
0 = V- (kVT), (A9

where u represents the flow velocity, k; represents the
thermal conductivity of the solid, and k; represents the
thermal conductivity of the fluid.

A2.3 Boundary conditions

The boundary conditions of the simulation model are set as

follows:

(1) The inlet flow rate is calculated based on the Reynolds
number.

(2) The outlet pressure is 0.

(3) The total heating power is 200 W.

(4) The inlet liquid temperature is 20°C.

(5) The boundary between the heating plate and the liquid
cooling plate is a thermal contact boundary.

(6) All other boundaries are adiabatic boundary conditions.

The heat contact control equation is shown as equa-
tion (5)

—ng (-kaVIy) = -
- ny(-k, VL) = -

heq(Tu - Td) + rQh
heg(Ta = T) + (1= 1)Q,

(A5)

where k, and ky are the thermal conductivity coefficients
of the upper and lower contact surfaces, respectively. T;
and Ty are the temperatures of the upper and lower contact
surfaces, respectively.

heq is the equivalent heat transfer coefficient, which
can be expressed as follows:

keq

Al
4’ (A6)

heq =
where k.q is the equivalent thermal conductivity, ds is the
thickness of the thermal contact layer. In this work, d; =
200 pm, and Qy, represents the frictional heat. r, and ry are
the proportionality coefficients of the upper and lower parts of
the thermal contact, respectively. The calculation formula is
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Table A1: Physical properties of 0.1% Cu-Al,0s/water HNFs and aluminum alloys

0.1% Cu-Al,0s/water HNFs

Aluminum alloy

p [kg m3] 1001.3 2,736 — 9.41 x 10737 + 6.04 x 107472 - 8.99 x 107713
- 5.41x 1071074
k [Wm™ K] 0.62 30.7 - 0.8757 - 2.14 x 107372 + 2,05 x 10773
G [ kg KT 4176.83 -265 +9.29T - 1.21 x 10772 - 6.74 x 107573 + 1.65 x 107774
o [kg m™ s71] 0.000972 -
1 ~ P.Couku 1 temperature Tpeax tend to remain unchanged. Therefore,
=y & fa = PaCp.aka Tw= 17 & there is no need to further refine the grid (for, details, refer

(A7)

PaCp.aka
Eu = s
PuCpuku

where p, py, Cpus Cp,a> Ku, Ka, respectively, represent the
density p, specific heat C,, and thermal conductivity k of
the upper and lower heat contact surfaces. Material distri-
bution variable is £e[0, 1]

The cooling working medium is 0.1% Cu-Al,Os/water
HNFs. The material of the liquid cooling plate is aluminum
alloy, the stainless steel heating tube is made of 304 steel, and
the material of the heating plate is copper. The thermal phy-
sical properties of the four materials are based on (COMSOL
MULTIPHYSICS 5.3A C 1.2017), as shown in Tables Al and A2.

A2.4 Grid sensitivity analysis

This study adopts boundary layer elements to enhance the
simulation accuracy at the fluid—solid interface. To avoid simu-
lation errors caused by grid quality, a grid sensitivity analysis
is necessary. When the number of elements continuously
increases and eventually meets the following conditions:

|(p$ - pi:[nﬂ)/pim < 2.0%, |( };’(111( - T}Taﬁl)/T};ﬁH < 2.0%,
where m represents the grid sensitivity analysis index. The

grid sensitivity analysis of the straight channel liquid cooling
plate is shown in Table A3. When the number of elements

Table A3).

A.2.5 Analysis of numerical simulation
results under single heat source
conditions

Based on the velocity field distribution, pressure field dis-
tribution, and temperature field distribution of the liquid-
cooled channel cross-sections obtained after topology
optimization by COSMOL, we can analyze the impact of
different channel designs on heat transfer efficiency. These
distributions provide insights into how the flow dynamics and
thermal characteristics vary across the channel, which is
crucial for optimizing the design of heat exchangers and
enhancing their performance.

A3 3D unsteady heat conduction

A.3.1 Velocity boundary

The velocity field needs to satisfy the hydrodynamic
boundary conditions as follows:

No-slip condition: The velocity of the fluid on the solid
wall is zero, as shown below:

reaches 5,124,230, the inlet pressure p, and the peak u(x, y, z, t)|wan = 0. (A8)
Table A2: Physical properties of stainless steel 304 and copper

Stainless Steel 304 Copper
p [kg m3] 8,030 8,960
k [Wm™ KT 11.702649 + 0.012955T 400
Gl kg™ K] 114.227517 + 1.877902T 385

-0.0032347% + 3.0 x 10773 - 8.0 x 1070 74

p kg m™s™]
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Table A3: Grid sensitivity analysis of liquid cooling plate example (Re = 150, Q = 200 W)

Number of units Pin (P2) P = PP Tsuf max (°C) |(Tslsp max = Totsfmax )/ st mox | Time (min)
35,294 2.3776 — 82.427 — <1

114,795 2.2562 5.11% 78.828 4.36% 1

281,278 2.2728 0.74% 76.662 2.75% 4

596,021 2.2385 1.51% 7511 2.02% 6
2,013,586 2.2015 1.65% 73.615 1.99% 10
5,124,230 2.1745 1.23% 72.434 1.60% 30

Free-stream condition: Away from the wall, the fluid
velocity reaches the free-flow velocity, as shown below:

u(x, y, z, Olfree-stream = U (A9)
Loss function:
Lvelocity = z u(Xi,yi, Zi, ;) - 0%
iewall (A10)

)

Jj€Efree-stream

u(Xj)_y]', Z]) t]) - UEOZ'

A3.2 Experimental verification

To further explore and verify the thermal properties of 3D
unsteady-state heat conduction, we set up a liquid cooling
circulation experimental system and compared it with the
temperature field distribution predicted by BIPINN.

A.3.2.1 Experimental system architecture and
equipment selection

The purpose of building the liquid cooling circulation
experimental system is to record the fluid flow state inside
the liquid cooling channel and the heat dissipation char-
acteristics of the liquid cooling plate when the fluid-solid
conjugate heat transfer reaches a stable state. To achieve
this goal, the experimental system mainly consists of a
liquid cooling drive source, sensors, a data acquisition
device, an infrared thermal imager, and a heating system.
Figure Al shows the schematic diagram of the liquid
cooling circulation experiment.

A.3.2.1.1 Liquid-cooled drive source

This study selects an industrial water chiller as the drive
source, which directly outputs cooling working fluid at a
constant temperature (0.1% Cu-Al,Os/water HNFs).

A.3.2.1.2 Sensors and data acquisition devices
Sensors and data acquisition devices are used to detect and
record the fluid flow characteristics and the heat dissipa-
tion performance of the liquid-cooled plate. The fluid flow
characteristics include the flow rate in the pipeline; the
heat dissipation characteristics include the temperature
distribution of the liquid-cooled plate, and the fluid tem-
perature at the inlet and outlet of the liquid-cooled plate.
This study focuses on steady laminar flow (Reynolds
number Re < 2,300), with Re set at 150 and the length of the
liquid-cooled plate being 0.1 m. According to the definition
of the Reynolds number, it can be calculated that

(A1D)

The velocity can be solved using equation (11) as
follows:

_Re-p 150 x 0.972 x 10°°

U
p-L 1001.3 x 0.1

~ 0.0014?. (A12)

The inlet cross-sectional area is 0.001m2.

The inlet flow rate is the product of the velocity and
the inlet cross-sectional area 1.4 x107%md/s.

Based on this, the flow rate in the pipeline does not
exceed 1.5L/min. Therefore, in this study, the Omegaflv-
4605A mass flowmeter (with a range of 0.04-2 L/min and
an accuracy of 0.2%) is selected to measure the flow rate in
the pipeline. The water temperatures at the inlet and outlet
ends of the liquid cooling plate are monitored by PT100
temperature sensors. The data collector is FLUKE Tiss55+.
The 0-20 mA signals output by the sensors are transmitted
to the paperless recorder and then converted into analog
signals for data storage.

A.3.2.1.3 Infrared thermal imager
Commonly used temperature measurement devices
include thermocouples and infrared thermal imagers.
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Figure A1: The number of iterations of PINN until reaching the 107 level.

This study adopts the infrared thermal imager FLUKE characteristics of the liquid cold plate. It can capture the
Tis55+ to measure the temperature of the object from a temperature field distribution cloud map on the surface of
certain distance to evaluate the heat dissipation the object. This study focuses on comparing the influence
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Figure A2: The loss curve of BIPIN.
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Figure A3: Cloud diagrams of velocity field distribution of liquid cooling
channel cross-sections after different topology optimizations.

of mixed NFs on the heat dissipation characteristics of the
liquid cold plate. The temperature field distribution on the
surface of the liquid cold plate is more intuitive, and the
absolute value of the temperature within a certain error
range is acceptable.

A.3.2.1.4 Heating system

The heater is placed at the bottom of the liquid-cooled
plate, providing a constant heat generation rate. Its
working principle is the electrothermal effect: when cur-
rent passes through a conductor, heat is generated and
transferred out by the conductor. In this study, the heating
rods are connected in parallel between the power supply
terminals. The product of the current and voltage is the
heating power, and the heat generation rate is controlled
by a voltage regulator.

A3.3.1 Experimental scheme

The heat generation rate is kept constant at Q =200 W by a
voltage regulator. The flow rate in the pipeline is adjusted
through a valve. The temperature field distribution on the
surface of the liquid cooling plate is recorded respectively
when the flow rate is from 1.2 L/min to 0.2 L/min. To ensure
that the fluid heat transfer reaches a steady state during
the experiment, the data recording should be conducted
when the maximum temperature fluctuation captured by

BIPINN for performance study of hybrid nanofluids = 27

the infrared thermal imager on the upper surface of the
liquid cooling plate does not exceed +0.15°C.

A3.3.2 Experimental procedures

1) Turn on the industrial water chiller, adjust the liquid
temperature to 20°C, and expel the air bubbles in the
pipeline.

2) Slowly adjust the valve to stabilize the inlet flow rate at
1L/min.

3) Turn on the heating device, slowly adjust the pressure
regulator, record the current and voltage values, and
keep the heat flux constant at 200 W.

4) Determine whether the system has reached a stable state
through the flowmeter and infrared thermal imager.

5) After reaching a steady state, use the thermal infrared
imaging camera to capture the temperature cloud map
on the upper surface of the liquid-cooled plate.

6) Slowly adjust the valve to reduce the flow rate in the
pipeline, repeat steps (4)—(6), and re-record the data.

7) Turn off the heating system, maintain the liquid cooling
circulation for a period of time until the cold plate and
heating plate return to room temperature, turn off the
water chiller, and clean the residual liquid in the test
system.

A4 BIPINN under multi-physics
field effects

A feedforward neural network is constructed, with the
input being spatial and temporal coordinates (O, t),
9 € (x,y,z), and the output being the fluid flow field
F(9, t) temperature field T(9, t) and concentration field
C(3, t). The hidden layer is 8 layers with 20 nodes per layer,
and the activation function is usually chosen to be the
hyperbolic tangent function (Tanh).

Components of the loss function in this study: The loss
function consists of three parts, namely, the initial condi-
tion loss, PDE residual loss, and boundary condition loss.
This multi-part loss function design enables the model to
not only fit the data but also satisfy physical laws and
boundary conditions.

The PDE residuals are calculated using automatic dif-
ferentiation techniques and reflect the deviation between
the network's predictions and the physical laws.
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Figure A4: Cloud diagrams of pressure field distribution in cross-sections
of liquid cooling channels after different topology optimizations.

Figure A5: Cloud diagrams of temperature field distribution of liquid
cooling channel cross-sections after different topology optimizations.

where p represents the fluid density, u is the velocity

The expression for the loss function is

L = wiLppg + woLpc + Walyc, (A13)

where Lppg, Lyc, and Lyc respectively represent the MSEs of Energy conservation equation:

the PDE residual, boundary conditions, and initial condi-
tions. wy, wy, and ws, are weights used to balance the losses
of each part.

Momentum conservation equation:

ou
4+ v
p[ ot u-vu

" Infrared Imager

N /& i Temperature Sensor

PCp

Ammeter
[4]

-k

'Mass Flow
\Meter Heating SystemsLA\
\ I P I
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Wil
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Figure A6: Schematic diagram of the liquid cooling circulation experiment.

voltage regulator

oT
m +u -VT] = kV?T + Q,

vector, p is the pressure, u is the dynamic viscosity coeffi-
cient, and f is the volume force (such as gravity, electro-
magnetic force, etc.).

(A15)

where ¢, is the specific heat capacity, T is the temperature,
k is the thermal conductivity, and Q represents the internal
=-Vp + uVu + f, (A14) heat source (such as heat release from chemical reac-
tions, etc.).
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Figure A7: (a-c) The multi-physics prediction results of BIPINN.

The concentration distribution of nanoparticles can be
described by a similar diffusion—convection equation:

ac
= +u-VC = V-(DVC), (A16)

ot
where C represents the concentration of nanoparticles and
D is the diffusion coefficient.

Loss function setting:

Residuals from the physics equations: This part of
the loss ensures that the output of the neural network satis-
fies the control equations. For the nanofluid flow problem,
the residuals of the physical equations can be expressed as:

N,

S = 2 2 (NuO) ~ RGO, (ATD)
ri=1

where Nuyn(x;) is the approximate solution of the physical

equation by the neural network, R(x;) is the known form of

the physical equation, and N; is the number of sampling

points.

Residual of boundary conditions: This part of the loss
ensures that the output of the neural network satisfies the
boundary conditions. The residuals of the boundary con-
ditions can be expressed as

1
fac = 3~ 2 (w(x) = QU (A18)
b i=1
where uyy(X;) is the output of the neural network, Q(x;) is
the known value of the boundary condition, and Nj, is the

number of boundary sampling points.
For no-slip boundary conditions,

Lbc = ”u(X = ans z, t) - 0%“ + ||u(X = L:y: Z, t)

) (A19)
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where L is the pipe length and U is the inlet velocity.
For temperature boundary conditions,

Ly = IT(x=0,y,2t) - Tl}

) (A20)
+ ”T(X = L’y’ Z, t) - TL”Z'

To assess how well the neural network's outputs align
with the physical equations, we evaluate certain criteria.
This evaluation helps us understand if the network predic-
tions accurately reflect the expected behavior as dictated
by the physical laws governing fluid dynamics, energy
conservation, and nanoparticle transport.

For the flow equation,

5}
Lys = Hp[a—ltl +u-Vu|+Vp - uVu - f3|. (A2D)
For the energy equation,
oT 5
Lenergy = pCp E +1u VT - kaT - QZ . (AZZ)
For the nanoparticle transport equation,
99 22
Lparticle = ot +u Vo - DpVeg, ||, (A23)

Based on the above conditions, the predicted physical
field of the hot channel of BIPINN after topology optimiza-
tion is obtained, as shown in Figure A7.

The prediction of physical fields, which includes
multiple factors such as flow velocity, temperature, and
pressure, and the interactions among them, we also com-
prehensively considered various factors when setting the
loss function, thus obtaining the prediction results of multi-
physical fields.
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