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Abstract: The sodium alginate (SA)-based nanofluid flow
comprising alumina nanoparticles on a bi-directional extending
sheet has many applications, which include thermal manage-
ment, automotive radiators, industrial heat exchangers, conduc-
tive coatings, flexible electronics, electromagnetic shielding,
solar panels, etc. A numerical study based on the SA-based
nanofluid flow containing alumina nanoparticles over a bi-
directional extending sheet in the presence of variable Darcy
porous media has not yet been examined. Therefore, this study
focuses on numerically investigating the flow behavior of a
nanofluid of SA containing nanoparticles of alumina (Al2O3)
over a bi-directional extending sheet. The variable Darcy porous
media, magnetic field, thermal radiation, and thermal-depen-
dent and space-dependent heat sources are applied to examine
heat transfer flow. The velocity and thermal slip conditions
have been used in the present model. The model is first shown
as partial differential equations and is then converted to
ordinary differential equations (ODEs). A numerical technique
called bvp4c MATLAB function is applied to solve the modeled
ODEs. Themodel is validated with previously published results.
From the obtained results, it is found that high magnetic factor
increases the thermal distribution, skin frictions, and heat
transfer rate and reduces the velocity profiles along both direc-
tions. The Casson factor reduces the skin friction, heat transfer
rate, and velocity profiles along both directionswhile increasing
the thermal distribution. High velocities and temperature dis-
tributions of a SA-based nanofluid flow containing alumina
nanoparticles are found for the scenario of no-slip condition

when matched to the slip condition. It is concluded from the
observed results that the percentage increase is higher for the
no-slip conditions compared to the slip conditions.

Keywords: nanofluids, non-Newtonian fluid, MHD, vari-
able porous medium, thermal radiation, heat source, slip
conditions

Nomenclature

A B C, ,

⁎ ⁎ ⁎ slips coefficients
b, c stretching constants
B

0
strength of magnetic field

C
p

specific heat
D

a
Darcy parameter

m particle diameter
M magnetic factor
k thermal conductivity
k⁎ mean absorption coefficient
Pr Prandtl number
P

y
fluid yield stress

q
1

, q
2

thermal and space-dependent heat source
coefficients

Q
Td

, Q
Sd

thermal and space-dependent heat source
coefficients

Rd radiation factor
R

0
ambient porosity

u, v, w flow components
u

w
, v

w
stretching flow in x- and y-directions

υ
f

kinematic viscosity
x, y, z coordinates
μ dynamic viscosity
ρ density
σ electrical conductivity
σ ⁎ Stefan–Boltzmann constant
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ζ volume fraction of the solid nanoparticle
β

1

ratio factor
α velocity slip factor along primary direction
γ velocity slip factor along the secondary

direction
δ thermal slip factor
β Casson factor

Base fluid

SA sodium alginate

Nanoparticle

Al2O3 alumina

Subscripts

F base fluid
nf nanofluid
S nanoparticle

1 Introduction

Nanofluid flow, a burgeoning field in fluid dynamics and
heat transfer, involves the mixing of nanoparticles in a
pure fluid, offering remarkable enhancements in thermal
conductivity as observed by Choi and Eastman [1]. This
innovation has spurred extensive research due to its poten-
tial applications in numerous industries, including coolant
of electric devices, and biomedical devices [2]. The unique
characteristics of nanofluids, such as Brownian motion and
increased surface area, lead to enhanced convective heat
transfer coefficients and reduced width of the thermal
layer at the boundary, thus significantly augmenting heat
transfer rates compared to conventional fluids [3]. The impacts
of nanofluid flow on thermal flow are intense, with notable
improvements in heat dissipation and thermal management
efficiency, ultimately leading to enhanced system performance
and reliability [4]. It has been proved by Acharya et al. [5] that
the existence of a nano-layer has augmented the thermal flow
panels by 84.6% in comparison to the nanoparticles’ dia-
meter; however, challenges remain in understanding the
complex relationship between nanoparticle dispersion, fluid

flow dynamics, and heat transfer mechanisms, as well as in
optimizing nanofluid properties for specific applications
while addressing concerns related to stability, sedimenta-
tion, and potential nanotoxicity. Despite these challenges,
ongoing research endeavors continue to progress the nano-
fluid performance and its implications for heat transfer
processes, paving the way for the development of novel
thermal management solutions with enhanced efficiency
and sustainability. Gherieb et al. [6] examined the dynamics
of radiative and slip effects on Magnetohydrodynamics
(MHD) nanofluid flow on a permeable surface and noticed
that velocity distribution increased while thermal panels
decreased with the increase in permeability factor and posi-
tive values of slip factor. Lone et al. [7] discussed the crea-
tion of entropy for nanofluid flow on a Riga sheet with
nonlinearly convective effects. Asghar et al. [8] discussed
mixed convective 2D radiative nanofluid flow on an expo-
nentially shrinking surface with slip constraints and
observed that thermal distribution has augmented in the
second solution for the upsurge in the mixed convective
factor while no variations have occurred in the first solution
for the same phenomenon. Bhatti et al. [9] studied nanofluid
flow on an elastic flat plate and applied this concept to solar
energy systems. Asghar et al. [10] discussed the impacts of
thermal radiations on 3D gyrating magnetized nanofluid
flow and noticed that with the increase in magnetic factor
and concentration of nanoparticles, there has been an
increase in thermal profiles. Asghar et al. [11] inspected
double solutions for convectively gyrating hybrid nanofluid
flow on a linear contracting as well as elongating surface.
Waqas et al. [12] noticed an augmentation in the heat trans-
ference phenomenon for nanofluid flow on an elongating
sheet. Al-Kouz et al. [13] studied the thermal performance
for radiative MHD tri-hybrid nanofluid flow on a vertical
cylinder and noticed that the thermal characteristics increased
augmented with the increase in the magnetic factor and nano-
particles’ concentration.

Non-Newtonian fluids, display viscosity that deviates
with the applied stress or shear rate. This diverse category
encompasses a wide range of materials, including shear-
thinning fluids [14] (e.g., polymer solutions), shear-thick-
ening fluids [15] (e.g., cornstarch in water), and viscoelastic
fluids [16] (e.g., certain types of gels). In heat transfer processes,
the rheological behavior of these fluids profoundly influences
convective heat transfer rates and thermal boundary layer
characteristics [17]. For instance, shear-thinning fluids display
lessening viscosity for increasing shear rate, resulting in
reducedflow resistance and enhanced heat transfer coefficients
compared to Newtonian fluids [18]. Conversely, shear-thick-
ening fluids experience viscosity increases under higher shear
rates, leading to intensified flow resistance and altered
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convective heat transfer patterns. Viscoelastic fluids, character-
ized by both viscous and elastic properties, often exhibit com-
plex flow phenomena such as vortex shedding and flow
instabilities, significantly impacting heat transfer efficiency
and heat distributionwithin the system. The rheological proper-
ties and flow performance of these fluids (non-Newtonian) are
vital for optimizing thermal flow processes in various applica-
tions, including food processing, oil recovery, and biomedical
engineering, where these fluids are frequently encountered
[19]. Despite the challenges posed by their intricate behavior,
advancements in computational modeling techniques and
experimental methodologies continue to deepen our under-
standing of non-Newtonian fluid flow and its intricate interplay
with heat transfer phenomena, fostering the development of
more efficient and tailored heat transfer solutions for
diverse industrial and technological applications. Nazeer
et al. [20] analyzed numerically non-Newtonian multiphase
fluid flow on an inclined conduit and noticed that flow has
weakened with expansion in Hartman number. Biswal et al.
[21] inspected magnetized radiative non-Newtonian fluid
flow on the nonlinearly elongated surface using Dufour
and Soret impacts.

MHD is a multidisciplinary field that discovers the
behavior of electrically conducting fluids with the effects
of magnetic fields, with significant implications for heat
transfer processes [22]. In MHD, the interface of magnetic
field and fluid motion leads to complex phenomena that
profoundly influence heat transfer characteristics [23]. One
of the primary effects is MHD convection, where a mag-
netic field alters the fluid flow patterns and heat transfer
rates. This occurs due to the Lorentz force, which induces
electric currents in the conducting fluid when subjected to
both a temperature gradient and a magnetic field. These
induced currents interact with the magnetic field and the
fluid motion, modifying the heat transfer process. In some
cases, MHD enhances heat transfer by promoting more
efficient fluid mixing and convective heat transport [24].
However, MHD can also suppress turbulence, which may
reduce heat transfer rates, particularly in scenarios invol-
ving turbulent flows. Additionally, MHD can be employed
to reduce drag in conducting fluid systems, such as liquid
metal cooling systems, thereby minimizing frictional losses
and enhancing heat transfer efficiency [25]. Furthermore,
MHD principles find application in the areas, where careful
control of magnetic fields can improve heat transfer perfor-
mance. In MHD power generation systems, which convert
heat energy from high-temperature fluids such as plasma
or molten metals into electrical energy, understanding and
manipulating MHD effects are crucial for maximizing energy
conversion efficiency [26]. The study of MHD and its impacts
on thermal flow plays a vigorous role in various industrial,

environmental, and engineering applications, shaping the
design and optimization of systems involving conducting
fluids and magnetic fields [27]. Tarakaramu et al. [28] studied
MHD fluid flow with convective constraints and nonlinearly
radiative effects along with thermal absorption. Mirzaei et al.
[29] examined convective thermal transmission for MHD
fluid flow in a circular channel using numerous constraints.
Ayub et al. [30] scrutinized nanoscale thermal transference
for trihybrid nanofluid flow on a gyrating heated surface.
Botmart et al. [31] studied infinite share rate for nanofluid
on a channel in cylindrical shape with effects of inclined
magnetic field and activation energy. Lund et al. [32] dis-
cussed Casson magnetized hybrid nanofluid flow on a perme-
able surface with Joule heating as well as thermally radiative
effects and established two distinct solutions for velocity ratio
factor in contrast to copper-nanoparticles concentration and
Casson factor.

A porous surface is a material that encompasses con-
sistent void spaces, typically on or near its outermost layer.
A variable porous medium describes a material that exhi-
bits spatially varying characteristics related to its porosity,
permeability, and other relevant properties. Variable porous
media, characterized by spatially varying porosity [33], and
other relevant properties, exert profound influences on heat
transfer processes across a wide range of natural and engi-
neered systems [34]. These variations introduce complexities
in fluid flow patterns, thermal conductivity, and heat genera-
tion rates, leading to heterogeneous heat transfer phenomena.
Spatial variability in porosity and permeability induces varia-
tions in convective heat transfer coefficients, promoting
enhanced heat exchange in regions with higher fluid flow
rates while impeding heat transfer in regions with lower
flow rates [35]. Heterogeneous heat generation within the
medium further complicates temperature distributions, influ-
encing overall heat transfer rates. Thermal conductivity var-
iations, stemming from changes in porosity and solid phase
properties, introduce spatially dependent thermal resistance,
affecting heat conduction within the medium [36]. Addition-
ally, nonlinear thermal behavior may arise from phenomena
such as thermal expansion or phase change, further influen-
cing heat transfer processes. Understanding and analyzing
these complex interactions require advanced mathematical
modeling and numerical simulation techniques to accurately
predict temperature distributions and optimize heat transfer
efficiency in variable porous media systems. Reddy et al. [37]
debated on thermal flow phenomenon for fluid flow on a
permeable medium along an elongating cylinder. Hussain
and Sheremet [38] examined convective and radiative fluid
flow through a penetrable sheet with impacts of inclined
magnetic effects. Khan et al. [39] discussed fluid flow on a
porous sheet and noticed that with intensification in
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permeability effects, there is intensification in thermal flow
panels. Gorai et al. [40] studied the time-dependent nanofluid
flow on amediumwith varying characteristics in the porosity
of the surface.

Thermal radiation is an electromagnetic radiation emitted
by the surfaces of objects due to their temperature. Thermal
radiation exerts significant impacts on heat transfer processes
in fluid flow scenarios on surfaces [41]. When a fluid moves on
a surface, such as air over a heated object or water over a hot
plate, thermal radiation backs the exchange of heat amid the
fluid and sheet [42]. This radiation is emitted by the surface
according to its temperature and emissivity and can be
absorbed or scattered by the fluid. As the fluid engrosses
radiations, its temperature increases, altering its density,
viscosity, and thermal conductivity, thereby affecting fluid
flow patterns and heat transfer characteristics [43]. Thermal
radiation can influence boundary layer development, parti-
cularly in scenarios with high-temperature differentials,
where radiative heating of the fluid near the surface can
accelerate boundary layer growth and transition to turbu-
lent flow [44]. Conversely, in cases where the fluid is opti-
cally thick and absorbs a significant portion of incident
radiation, the temperature gradient near the surface may
decrease, leading to reduced thermal boundary layer thick-
ness and convective heat transfer rates. Furthermore,
thermal radiation can interact with convective heat transfer
mechanisms, such as forced convection from bulk fluid
motion or natural convection due to buoyancy effects,
altering temperature distributions and heat transfer coeffi-
cients along the surface. The relationship between thermal
radiation and fluid flow is crucial for optimizing heat
transfer processes in numerous applications in the field of
engineering, including thermal management systems, and
aerospace propulsion systems, where efficient heat transfer
is essential for performance, safety, and reliability [45,46].
Guedri et al. [47] analyzed mathematically the thermally
radiated fluid flow on a contracting surface with unsteady
effects. Farooq et al. [48] studied the thermally radiated
effects on nanofluid flowing on an elongating sheet and
have solved the governing equation using a non-similar
approach. Darvesh et al. [49] examined the rate of infinite
share for the model of viscosity regarding cross-flow of fluid
with impacts of nanoparticles and gyrotatic microorganisms
on a 3D cylinder and have observed that with small changes
in Brownian factor and nanoparticles’ concentration, there
has been a reduction of 78.44% in microorganisms’ concen-
tration. Asghar et al. [50] studied mixed convective 2D MHD
nanofluid flow on an exponentially contracting surface with
impacts of thermal and flow slip constraints.

Based on the above survey, it is certain that the numer-
ical study of a sodium alginate (SA)-based nanofluid flow

containing alumina nanoparticles over a bi-directional
extending sheet in the presence of variable Darcy porous
media has not been discussed. Therefore, in the present
analysis, we have presented the numerical analysis of a
nanofluid flow on a bi-directional extending sheet has
been presented. The Casson model is incorporated to inves-
tigate the SA-based nanofluid flow containing alumina
nanoparticles. The variable Darcy porous media, magnetic
field, thermal radiation, and thermal-dependent and
space-dependent heat sources are applied to examine
heat transfer flow. The velocity and thermal slip condi-
tions are used in this study.

2 Problem formulation

Assume the SA-based nanofluid flow comprising nanopar-
ticles of Al2O3 on a bi-directional extending sheet. The
Cartesian coordinate system (x, y, z) is taken such that
the flow components (u, v, w) are chosen in x-, y-, and
z-directions. The stretching velocities in x- and y-directions
are =u bx

w
and =v cy

w
with b and c are fixed values. A

magnetic field with strength B
0
is used along the z-axis

which is perpendicular to the x- and y-axes as shown in
Figure 1. Velocity and thermal slip conditions are applied to
control the flow characteristics and enhance the thermal
transfer by reducing the thermal performance at the
boundary in various engineering applications. Further-
more, thermal radiation, thermal-dependent, and space-
dependent heat sources are applied to investigate heat
transfer flow. In the present analysis, the viscous dissipation,
Joule heating, heat source, stretching/shrinking, and thermal
and mass flux conditions are not taken into consideration. Fol-
lowing previous literature [33,51–53], the variable Darcy model
is defined as:

Figure 1: Geometrical representation of the flow problem.
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The thermophysical relations are described in Table 1.
The experimental values of the base fluid as well as

nanoparticles are defined in Table 2.
The similarity variables are demarcated as [55,59]
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Table 1: Thermophysical relations for the nanofluid [57,58]

Property Thermophysical relation
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Table 2: Experimental values of base fluid and nanoparticles [57]

Property SA Alumina nanoparticle

ρ 989 3,970
C

p
4,175 765

k 0.6376 40
σ 2.60 × 10−4 1.0 × 10−10
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The dimensionless emerging factors are defined as
follows with their physical description in the nomenclature
table:
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Interested quantities

The skin frictions along x- and y-directions, and local
Nusselt number are described as follows:
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are the shear stresses along the x- and y-
directions, and q

w
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Using similarity variables, equation (15) is reduced as
follows:
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1

1/2

4

(17)

3 Numerical solution

The approach called the bvp4c MATLAB function is chosen
to solve the modeled equations numerically. This tech-
nique can solve the linear and nonlinear system of equa-
tions with minimal struggle, the system of equations that
cannot be solved by analytical technique. This method can
solve themodeled equationsmuch faster than othermethods.
This method allows us to introduce our error tolerance. For
the present, the error tolerance is chosen as 10−6. To introduce
this method, we have to transform the higher-order system of
equations to first-order system of equations. Therefore, we
have defined the following relations.

⌢
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(18)

Using equation (18), equations (10)–(13) are transformed as
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With subjected conditions at boundaries
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In equation (22), the subscripts a and b show the initial
and boundary conditions, respectively. Similarly, equation
(17) is reduced as
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(23)

4 Validation

Table 3 depicts the comparative results of ( )′θ 0 for higher
values of Pr when =ζ 0.0, =β 0.0

1

, =Rd 0.0, =Q 0.0
Td

,
=Q 0.0

Sd

, =α 0.0, =M 0.0, =γ 0.0, =δ 0.0, and → ∞β .
This means that the present model is reduced to a classical
Newtonian one where the magnetic field, variable Darcy
model, slip conditions, and other external forces are ignored.
From the obtained results, we have seen that the current
results have a close relation with the available work of
Khan and Pop [60], Reddy Gorla and Sidawi [61], Al-Kouz
and Owhaib [62], and Dawar et al. [57].

5 Discussion of results

This paragraph deals with the obtained results in the pre-
sent analysis of nanofluid flow on a bi-directional extending
sheet and their physical discussion. The results are dis-
played in Tables 4 and 5 and Figures 2–15. The results are

Table 3: Comparison of the results of ( )θ ′ 0 for higher values of Pr when =ζ 0.0, =β 0.0
1

, =Rd 0.0, =Q 0.0
Td

, =Q 0.0
Sd

, =α 0.0, =M 0.0, =γ 0.0,
=δ 0.0, and →β ∞

Pr 0.07 0.2 0.7 2.0 7.0

Khan and Pop [60] 0.0663 0.1691 0.4539 0.9113 1.8954
Reddy Gorla and Sidawi [61] 0.0654 0.1691 0.5349 0.9114 1.8905
Al-Kouz and Owhaib [62] 0.06562 0.16909 0.45392 0.91136 1.89542
Dawar et al. [57] 0.0156648056 0.1690886199 0.4539174275 0.9113613928 1.8954202000
Present results 0.0156648110 0.1690884321 0.4539172074 0.9113612264 1.8954201100

Table 4: Effects of M , β, and β
1

on C
fx
and C

fy
, when =α 0.0, =α 0.5, =γ 0.0, and =γ 0.5

M β β
1

Cfx Cfy

==α 0.5 ==α 0.0 Percentage increase
(( == )) (( == ))

(( == ))
α α

α

0.5 ‒ 0.0

0.5

==γ 0.5 ==γ 0.0 Percentage increase
(( == )) (( == ))

(( == ))
γ γ

γ

0.5 ‒ 0.0

0.5

1.0 1.51211 2.46186 63 0.738401 1.150704 56
2.0 1.682701 2.872317 71 0.829569 1.367204 65
3.0 1.817558 3.23474 78 0.90035 1.556056 73
4.0 1.928548 3.562523 85 0.95796 1.725547 80

1.0 1.309297 2.031519 55 0.626648 0.91909 47
2.0 1.070322 1.744438 63 0.513991 0.787676 53
3.0 0.984416 1.638964 66 0.473402 0.73944 56
4.0 0.940037 1.583909 68 0.452413 0.714274 58

1.0 1.356637 2.128421 57 1.356637 2.128421 57
2.0 1.441038 2.308074 60 3.023132 5.234595 73
3.0 1.515118 2.473702 63 4.881147 9.091776 86
4.0 1.581318 2.628611 66 6.876749 13.58088 97
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shown for both slip and no-slip constraints. The x-direction
velocity factor is denoted by α, y-direction velocity para-
meter is denoted by γ, and the temperature slip parameter
is denoted by δ. The slip conditions are applicable for the
case when >α 0, >γ 0, and >δ 0, while the no-slip condi-
tions are applicable when =α 0, =γ 0, and =δ 0. Table 4
portrays the effects of M , β, and β

1

on C
fx

and C
fy
, when

=α 0.0, =α 0.5, =γ 0.0, and =γ 0.5. From this Table, we
observed that the higher magnetic factor (M ), Casson factor
(β), and ratio factor (β

1

) increaseC
fx
and C

fy
, whereas higher

β reduces C
fx

and C
fy

for both slip ( =α 0.5) and no-slip

( =α 0.0) constraints. When M increases, the opposing force
at the sheet’s surface, also called friction force, increases.
This means that higher values of M increases the friction
force and results in higher C

fx
and C

fy
for the scenarios

( =α 0.5) and ( =α 0.0). Table 5 shows the effects of Q
Td

,
Q

Sd

, β, and M on Nu, when =δ 0.0 and =δ 0.5. From this
Table, we observed that the thermal-dependent heat source
factor (Q

Td

), space-dependent heat source factor (Q
Sd

), and
magnetic factor (M ) increase while the higher Casson factor
(β) reduces Nu for both slip ( =δ 0.5) and no-slip ( =δ 0.0)
conditions. It is concluded from the observed results pre-
sented in Tables 4 and 5 that the percentage increase is
higher for the no-slip conditions compared to the slip condi-
tions. The details are presented in Figures 2–15. Figures 2–4
demonstrate the deviations in velocity ( ( )′f ξ , ( )′g ξ ) and

Table 5: Effects of Q
Td

, Q
Sd

, β, and M on Nu, when =δ 0.0 and =δ 0.5

Q
Td

Q
Sd

β M Nu

==δ 0.5 ==δ 0.0 Percentage increase
(( == )) (( == ))

(( == ))
δ δ

δ

0.5 0.0

0.5

0.1 0.799088 1.368688 71
0.2 0.910912 1.638132 80
0.3 1.001175 1.880095 88
0.4 1.076019 2.100819 95

0.10 0.178862 0.289978 62
0.15 0.337814 0.547443 62
0.20 0.496765 0.804754 62
0.25 0.655722 1.062248 62

1.0 0.655722 1.062248 62
2.0 0.562694 0.889158 58
3.0 0.512931 0.800884 56
4.0 0.48159 0.74667 55

0.1 0.611055 0.976764 60
0.2 0.6261 1.005173 61
0.3 0.640981 1.033697 61
0.4 0.655722 1.062248 62

Figure 2: Effect of M on ( )f ξ′ . Figure 4: Effect of M on ( )θ ξ .

Figure 3: Effect of M on ( )g ξ′ .
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Figure 5: Effect of β on ( )f ξ′ .

Figure 7: Effect of β on ( )θ ξ .

Figure 6: Effect of β on ( )g ξ′ .

Figure 8: Effect of β
1

on ( )f ξ′ .

Figure 9: Effect of β
1

on ( )g ξ′ .

Figure 10: Effect of α on ( )f ξ′ .
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temperature ( ( )θ ξ ) profiles via magnetic factor (M ) for both
slip and no-slip conditions. From Figures 2 and 3, we found that
the higher values of M reduces both ( )′f ξ and ( )′g ξ for sce-
narios ( =α 0.5) and ( =α 0.0). Physically, higher magnetic
factor produces Lorentz force that opposes the fluid’s
motion which results in reducing the velocity profiles for
both slip and no-slip conditions. However, a higher reduc-
tion in the velocity profiles is found for ( =α 0.5) and
( =α 0.0). In the case of slip conditions, there exists a velocity
gradient near the boundary which means that the particles
of fluid are closer to the boundary and thus have slower
velocity. In the case of magnetic field, the Lorentz force acts
stronger on the particles of fluid near the boundary which
shows that the velocity gradient is the greatest. Thus, high
reductions in the velocity profiles are obtained. In the case

of no-slip conditions, the velocity of fluid particles at the
boundary is zero which shows that there is no velocity gra-
dient. Although the Lorentz force still acts on the fluid parti-
cles but the effect is smaller than in the case of slip conditions.
Thus, in conclusion, the reductions in velocity profiles are
higher in the case of slip conditions. From Figure 4, we have
found that the higher values of M increases ( )θ ξ for both
scenarios ( =α 0.5) and ( =α 0.0). The higher values of M

increases ( )θ ξ more in the absence of slip condition (no-
slip) when compared to slip condition. Physically, the higher
values of M increases the Lorentz force which significantly
enhances the thermal distribution which results in higher
thermal profile. In the case of no-slip condition, the particles
of fluid that are in contact with the solid boundary have
zero velocity relative to the surface, which leads to stronger

Figure 11: Effect of γ on ( )g ξ′ .

Figure 12: Effect of δ on ( )θ ξ .

Figure 13: Effect of Rd on ( )θ ξ .

Figure 14: Effect of Q
Sd

on ( )θ ξ .
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friction at the surface and as a result, there is an enhance-
ment in the heat transfer. In the case of slip conditions, the
heat transfer is enhanced with the higher magnetic factor,
but this impact is still lesser than in the scenario ( =α 0.5).
Figures 5–7 portray the deviations in velocity ( ( )′f ξ , ( )′g ξ )
and temperature ( ( )θ ξ ) profiles via Casson factor (β) for
both slip and no-slip conditions. From Figures 5 and 6, we
have found that higher values of β reduces both ( )′f ξ and

( )′g ξ for both the scenarios ( =α 0.5) and ( =α 0.0). The pre-
sence of the Casson factor shows the non-Newtonian beha-
vior of the fluids with yield stress. In this case, the viscosity
of the fluid is not constant but varies with the shear stress.
As the Casson parameter increases, the resistance to the
fluid flow becomes dominant, particularly at a lower shear
rate, which results in reduction in the velocity profiles
( ( )′f ξ , ( )′g ξ ). In contrast, as the Casson factor increases,
the temperature distribution increases. As discussed in the
above figures, higher Casson factor increases resistance to
the fluid, as a result, the higher internal resistance is deter-
mined. Thus, due to a higher internal resistance in a flow
system, the thermal distribution is enhanced. Looking at the
slip and no-slip conditions, the higher velocity and tempera-
ture distributions are found for the case of no-slip condi-
tions when compared to the slip conditions. Figures 8 and 9
display the deviations in velocity profiles ( ( )′f ξ , ( )′g ξ ) via
ratio parameter (β

1

) for both slip and no-slip conditions.
From Figures 8 and 9, we have found that the higher values
of β

1

reduces ( )′f ξ and increases ( )′g ξ for both scenarios
( =α 0.5) and ( =α 0.0). The ratio factor shows the relation
between the stretching constants of the primary (c) and
secondary (b) velocities. From this relation, we see that
the ratio factor is directly related to the constant of sec-
ondary velocity and inversely related to the constant of

primary velocity. By this relation, it is obvious that higher
values ofβ

1

reduces ( )′f ξ while increases ( )′g ξ . Looking at
the scenarios ( =α 0.5) and ( =α 0.0), the higher velocity is
found for the scenario ( =α 0.0) when matched to the slip
scenario. Figure 10 shows the variation in ( )′f ξ via slip
parameter (δ). From this Figure, we can see that the higher
values of α reduces ( )′f ξ . In scenario ( >α 0), there exists a
velocity gradient near the boundary which means that the
particles of fluid are closer to the boundary and thus have
slower velocity. In the case of the no-slip condition ( =α 0),
the velocity of fluid particles at the boundary is zero which
shows that there is no velocity gradient as shown in Figure
10. Figure 11 shows the variation in ( )′g ξ via slip parameter
(γ). From this Figure, we can see that the higher values of γ

reduces ( )′g ξ . In the case of slip condition ( >γ 0), there
exists a velocity gradient near the boundary which means
that the particles of fluid are closer to the boundary and
thus have slower velocity. In the case of the no-slip condition
( =γ 0), the velocity of fluid particles at the boundary is zero
which shows that there is no velocity gradient as shown in
Figure 11. Figure 12 displays the variation in ( )θ ξ via slip
parameter (δ). From this Figure, we can see that the higher
values of δ reduces ( )θ ξ . A temperature slip factor means
that the fluid temperature at the solid surface is higher than
the temperature of the solid surface itself. This indicates that
there is a slip in temperature between the solid surface and
fluid and as a result the heat transfer is enhanced. The
higher heat transfer does not remain confined at the surface
only but it also affects the thermal distribution within the
porous medium. As a result, temperature slip enhances heat
transmission close to the surface but loses effectiveness as
one descends farther into the porous material. As a result,
compared to a scenario without temperature slip, the tem-
perature gradient across the medium is dropped overall
as a result of the temperature slip parameter. Looking at
the scenarios ( =α 0.5) and ( =α 0.0), the higher velocities
and temperature profiles are found for scenario ( =α 0.0)
when compared to the scenario ( =α 0.5). Figure 13 shows
the variations in temperature profile ( ( )θ ξ ) via radiation
factor (Rd) for both scenarios ( =α 0.5) and ( =α 0.0). In
this Figure, we detected that high values of Rd increases

( )θ ξ for both scenarios ( =α 0.5) and ( =α 0.0). When Rd

increases, there is maximum heat transmission occurring
in a flow system. This means that additional heat is added
to the flow system which consequently increases the thermal
distribution. Looking at the slip and no-slip conditions, the
higher temperature profile is found for the case of the no-slip
condition when compared to the slip condition. Figures 14
and 15 show the variations in temperature profile ( ( )θ ξ )
via space-dependent (Q

Sd

) and thermal-dependent (Q
Td

) heat
sources for both scenarios ( =α 0.5) and ( =α 0.0). From theseFigure 15: Effect of Q

Td

on ( )θ ξ .
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Figures, we observed that higher values of Q
Sd

and Q
Td

increase ( )θ ξ for both scenarios ( =α 0.5) and ( =α 0.0). A
heat source that relies on temperature for heat generation or
absorption is known as a thermally dependent heat source. In
general, the rate of heat generation or absorption increases
with the temperature and vice versa. Because of the acceler-
ated rate of heat creation in areas with thermally dependent
heat sources, temperature tends to rise there. This may cause
certain areas near the heat sources to get hotter than usual as
shown in Figure 14. Similarly, increase inQ

Sd

, increases ( )θ ξ as
shown in Figure 15. Looking at the scenarios ( =α 0.5) and
( =α 0.0), a higher temperature profile is found for scenarios
( =α 0.5) when compared to scenario ( =α 0.0).

6 Conclusion

In this analysis, the numerical investigation of a three-
dimensional flow of SA-based nanofluid containing alu-
mina nanoparticles (Al2O3) over a bi-directional extending
sheet has been presented. The Cartesian coordinate system
is chosen to solve the SA-based non-Newtonian Casson nano-
fluid flow. The variable Darcy porous media, magnetic field,
thermal radiation, and thermal-dependent and space-depen-
dent heat sources are applied to investigate heat transfer
flow. The velocity slips and thermal slip conditions are also
incorporated into the present model. Based on the present
analysis, the following key points are obtained:
• Higher magnetic parameter increases thermal distribu-
tion, skin friction, and heat transfer rate and reduces the
velocity profiles along both directions.

• The Casson parameter reduces the skin frictions, heat
transfer rate, and velocity profiles along both directions
while increasing thermal distribution.

• The velocity ratio factor increases the skin friction and
secondary velocity distribution while reducing the pri-
mary velocity distribution.

• The primary velocity slip, secondary velocity slip, and
thermal slip factors reduce the temperature and both
the velocity distributions.

• The space-dependent and thermal-dependent heat source
factors increase the heat transfer rates and thermal
distribution.

• Higher velocities and temperature distributions of the
three-dimensional flow of a SA-based nanofluid con-
taining alumina nanoparticles are found for the case of
the no-slip condition when compared to the slip condition.

• It is concluded from the observed results presented in
Tables 4 and 5 that the percentage increase is higher for
the no-slip conditions compared to the slip conditions.

7 Future recommendations

In the future, the present work can be extended by con-
sidering viscous dissipation, Joule heating, heat sources,
and stretching/shrinking, as well as thermal and mass
flux conditions. Furthermore, different types of metallic
and non-metallic nanoparticles, along with various base
fluids over different physical surfaces, can be considered
to investigate the flow behavior.
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