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Abstract: The time-independent and incompressible blood-
based hybrid nanofluid flow, including Au and Cu nano-
particles across an expanding sheet, has been studied. To
illustrate the non-Newtonian performance of the blood-based
hybrid nanofluid flow, a non-Newtonian model known as the
Carreau–Yasuda model is used. The hybrid nanofluid flow is
studied under the influence of magnetic effects, thermal
radiation, Brownian motion, thermophoresis, and chemical
reactivity. Homotopy analysis method (HAM) is employed to
evaluate the modeled equations. A study is conducted on the
convergence analysis of HAM, and the HAM and numerical
analyses are compared. From the present analysis, the velo-
city profile increases with an increase in Weissenberg
number and decreases with increasing magnetic factor.
The temperature, concentration, and microorganisms pro-
files increase in tandem with the higher thermal Biot,

concentration Biot, and microorganism Biot numbers. The
thermal and concentration profiles, respectively, have
decreased due to the larger thermal and concentration
relaxation time factors. The microorganism profiles have
decreased due to the increased bioconvection of Lewis and
Peclet populations. The modeled equations can be solved by
both the HAM and the numerical approaches, validating both
approaches to solution.

Keywords: non-Newtonian fluid, nanofluid, hybrid nano-
fluid, MHD, chemical reaction, motile microorganisms, con-
vective conditions, Cattaneo-Christov heat and mass flux
model

Nomenclature

Symbol

−
u x m sw

1( ) ( ) stretching velocity
T K( ) temperature

−
C mol m

3( ) nanoparticle concentration
N microorganisms concentration
μ

0
zero share stress viscosity

∞μ infinite share stress viscosity
Γ , D Carreau–Yasuda liquid factors
A1 Rivlin–Ericksen tensor
τ shear stress

−
u v, m s

1( ) velocity components
− −

ν m s
2 1( ) kinematic viscosity

−
σ S m

1( ) electrical conductivity
−

ρ kg m
3( ) density

− −
B kg s A0

2 1( ) magnetic field strength
− −

k W m K
1 1( ) thermal conductivity

− −
C J K kgp

1 1( ) specific heat
− −

σ W m K
⁎ 2 4( ) Stefan–Boltzmann constant
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k
⁎ absorption coefficient

− −
D m sB

2 1( ),
− −

D m sT

2 1( )

Brownian and thermophoresis diffu-
sion coefficients

n power index
−

k sc

1( ) reaction coefficient
ƛ volume fraction of the solid

nanoparticle
We Weissenberg number
M magnetic factor
Rd radiation factor
Nb Brownian motion factor
Nt thermophoresis factor
Ec Eckert number
Sc Schmidt number
δ chemical reaction factor
Pr Prandtl number
δT thermal relaxation time factor
δC concentration relaxation factor
Lb, Pe bioconvection Lewis and Peclet

numbers
Ω microorganism difference factor
BiT thermal Biot number
BiC concentration Biot number
BiN microorganism Biot number

Subscripts

hnf hybrid nanofluid
nf nanofluid
f fluid
1 first nanoparticle
2 second nanoparticle

1 Introduction

Non-Newtonian fluid, unlike their Newtonian counterparts,
exhibits varying viscosities under different flow circumstances,
thereby influencing heat transfer processes in diverse ways.
In laminar flow zones, where the viscous nature of non-
Newtonian fluids can be shear-rate-dependent, the rate of
heat transference is affected by the fluid’s flow behavior [1].
For instance, in shear-thinning fluids like certain polymer solu-
tions or molten plastics, viscosity decreases with increasing
shear rate, promoting enhanced mixing and convective heat
transfer. Conversely, shear-thickening fluids such as concen-
trated suspensions or certain biological fluids exhibit increased
viscosity under shear, which can hinder flow and heat transfer

in some scenarios [2]. Asghar et al. [3] studied non-Newtonian
flow of the fluid on a permeable sheet with magnetic effects.
Moreover, non-Newtonian fluids can also form complex flow
patterns, such as vortex structures and boundary layers, which
alter the distribution of heat within a system [4]. Punith Gowda
et al. [5] inspected non-Newtonian fluid flow on an elongating
surface with influences of magnetic field and chemical
reactivity. Nazeer et al. [6] studied computationally the non-
Newtonian multiphase fluid flow on an inclined conduit. In
practical applications, such as chemical processing, food
industry, and polymer extrusion, understanding the rheolo-
gical behavior of non-Newtonianfluids is crucial for optimizing
heat transfer processes, designing efficient equipment, and
ensuring product quality and consistency. Additionally, in
thermal management systems like microfluidic devices or
the cooling of electronic components, the unique rheological
properties of non-Newtonian fluids can be leveraged to tailor
heat transfer characteristics for specific requirements, offering
opportunities for improved energy efficiency and perfor-
mance. Ragupathi and Prakash [7] studied the effects of linear
and nonlinear thermal radiations on a fluid flow on gyrating
permeable disks using heat sinks/sources. Thus, the study and
application of non-Newtonian fluids in heat transfer processes
encompass a multifaceted realm where fluid dynamics,
rheology, and thermal sciences intersect, offering both chal-
lenges and opportunities for innovation and optimization.
Biswal et al. [8] studied magneto and radiative non-Newtonian
fluid flow on a nonlinearly elongated sheet.

Nanofluids are engineered colloidal suspensions con-
sisting of nanometer-sized particles dispersed within a
pure fluid. Nanofluids exhibit unique thermal properties
due to the high thermal conductance of mixed nanoparti-
cles in these fluids, as suggested first by Choi and Eastman
[9]. Nanofluids, comprising nanometer-sized particles, dis-
perse. Yasmin et al. [10] have discussed the peristaltic
mechanism in Sisko fluid flow with double-diffusive con-
vection and induced magnetic field. It is projected that
the results of this study will help in the creation of intelli-
gent magneto-peristaltic pumps, especially for use in drug
delivery and thermal applications. Bhatti et al. [11] deliber-
ated on the performance of solar energy using nanofluid
flow. This increased thermal conductance facilitates more
efficient conduction and convective heat transfer processes,
making nanofluids promising candidates for enhancing heat
exchangers, electronics cooling systems, and thermal energy
storage devices. Abdelsalam and Zaher [12] studied the role
of zirconium nanoparticle flow on a viscous slim. Further-
more, nanofluids exhibit tunable rheological properties,
enabling tailored flow behavior to optimize heat transfer
characteristics in specific applications. Acharya et al. [13]
established that growth in a nanolayer within the nanofluid
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flow increased the thermal flow features to 84.61% in com-
parison to the diameter of the nanoparticles. Researchers
have observed that as time progresses, the addition of an
increased quantity of nanoparticles of distinct types into tra-
ditional fluids can enhance their thermal flow behavior,
leading to the emergence of a new class of fluids identified
as hybrid nanofluids. Abdelsalam et al. [14] studied nanofluid
flow through a dual-shape annulus placed vertically with
elector-osmosis. This phenomenon has sparked considerable
interest and investigation within the scientific community.
Hybrid nanofluids combine the advantageous properties of
different types of nanoparticles with those of pure fluid,
thereby potentially achieving superior thermal conductivity
and heat transfer performance compared to conventional
nanofluids. The impacts of the porous medium and tempera-
ture-dependent variable viscosity are considered in analyzing
the magnetohydrodynamic (MHD) hybrid nanofluid flow
with slip phenomenon by Khalil et al. [15]. It is depicted
that the thermal conductivity of the base fluid was greatly
enhanced by the addition of nanoparticles. This enhancement
has a lot of potential applications needing efficient heat
transfer, particularly in engineering systems where heat dis-
sipation is essential. By carefully selecting and blending dif-
ferent nanoparticles, researchers aim to engineer hybrid
nanofluids with tailored thermal properties optimized for
specific applications, ranging from heat exchangers and
cooling systems to thermal energy storage and renewable
energy technologies. Abdelsalam and Bhatti [16] studied
hybrid nanofluid flow through narrowing veins using three
different configurations. The synergistic effects resulting
from the combination of nanoparticles offer opportunities
for enhancing heat transfer efficiency, improving system
performance, and addressing challenges associated with
conventional heat transfer fluids. Alshehry et al. [17] inves-
tigated the MHD multiphase hybrid nanofluid flow over a
stretching sheet with heat transfer. To enable meaningful
comparisons, quantitative parametric research is conducted
to examine the impact of various physical characteristics.
The findings show that, even in the presence of a magnetic
field, the hybrid nanofluid displays an increased rate of heat
transfer than the conventional fluid. Furthermore, the devel-
opment of hybrid nanofluids opens avenues for exploring
innovative approaches to thermalmanagement and advancing
the efficiency and sustainability of various industrial processes
and technologies [18].

MHD is a multidisciplinary field that studies the perfor-
mance of electrically conducted fluids, like ionized gases
and plasmas, using magnetic effects. In MHD flows, the
interaction between the fluid motion, electromagnetic fields,
and thermal effects can significantly impact heat transfer
processes [19]. The use of a magnetic field alters the fluid

flow patterns and induces electric currents, leading to
changes in the temperature distribution and heat transfer
rates within the system. Prakash et al. [20] considered the
impacts of MHD on the nanofluid flow with the effects
of Ohmic heating on an elongated surface immersed in a
porous medium. In certain configurations, MHD can lead to
increased heat transfer rates through enhanced mixing and
turbulence suppression, making it beneficial for applications
like nuclear fusion reactors, liquid metal cooling systems, and
industrial processes involving high-temperature fluids [21,22].
However, MHD can also introduce challenges such as flow
instabilities, pressure drops, and increased electrical resis-
tance, which may need to be addressed in the design and
operation of MHD systems for optimal heat transfer perfor-
mance. The interaction between MHD effects and heat
transfer is crucial for harnessing the potential benefits of
MHD flows while mitigating associated challenges in various
engineering applications. Mahesh et al. [23] debated the influ-
ence of radiation on couple stress MHD fluid flow on a
permeable surface with dissipative effects. Jawad [24] studied
the MHD fluid flow numerically on an elongating sheet that is
positioned vertically with impacts of thermal radiations.
Lund et al. [25] studied thermally dissipative MHD fluid
flow in the form of uniform streams and noticed that the
thermal behavior of flow amplified with progression in the
concentration of nanoparticles.

Microorganisms are tiny living organisms that are
imperceptible, like bacteria and fungi. Despite their small
size, microorganisms play a vital role in various flow sys-
tems and industrial applications. Fluid flow with micro-
organisms, also known as microbial fluid dynamics,
encompasses a fascinating array of phenomena occurring
in diverse environments ranging from soil and marine
ecosystems to human bodies [26]. In these environments,
microorganisms interact with fluid flow in complex ways,
influencing nutrient transport, biofilm formation, and
microbial dispersion. Kada et al. [27] studied the significance
of microorganisms on the Williamson fluid flow. The beha-
vior of microorganisms in fluid flow is governed by a com-
plex relationship of physical forces, biological processes,
and environmental factors [28]. Hydrodynamic forces,
such as shear stress and turbulence, affect the motility,
orientation, and aggregation of microorganisms, impacting
their ability to colonize surfaces or disperse within the fluid.
Moreover, the rheological properties of microbial suspen-
sions, including cell density, size distribution, and extracel-
lular polymeric substances, can alter fluid flow patterns and
lead to emergent collective behaviors, like bacterial swarming
and bioconvection. Doh et al. [29] studied mass and heat
transference for fluid flow through a channel placed verti-
cally with constraints at the boundary of the third type. The
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dynamics of fluid flow with microorganisms is crucial for
various applications, including bioremediation, wastewater
treatment, and the design of biomedical devices [30].
Advances in experimental techniques, computational mod-
eling, and interdisciplinary research have provided insights
into the complex dynamics of microbial fluid interactions,
shedding light on fundamental principles governing micro-
bial ecology and evolution in dynamic fluid environments.
Waqas et al. [31] studied bio-convective nanofluid flow on
the movable surface with impacts of microorganisms and
magnetic effects. Moreover, harnessing the unique capabil-
ities of microorganisms in fluid flow holds promise for
developing innovative technologies for environmental sus-
tainability, medical diagnostics, and bioproduction processes.

The Cattaneo–Christov heat and mass flux model is
associated with Fourier’s [32] and Fick’s laws [33], incor-
porating non-local effects and accounting for finite thermal
and mass propagation speeds. The Cattaneo theory [34]
initially proposed adjustments to Fourier’s classical heat
conduction model, incorporating the effects of thermal
relaxation stresses arising from the finite speed of heat
propagation. Building upon this foundation, Christov [35]
expanded the model by substituting partial time differen-
tiation with the Oldroyd upper convective derivative. This
modification allowed for the consideration of non-local
effects, thereby enhancing the accuracy of predictions in sce-
narios where traditional models fall short. In this model, the
main equations include time derivatives of the respective
gradients, introducing a relaxation time parameter that char-
acterizes the delay in heat or mass propagation relative to the
temperature or concentration gradient. Waqas et al. [36] ana-
lyzed comparatively the nanofluid flow by using the impacts
of the Cattaneo–Christov model on fluid flow. This model is
particularly relevant in situations where the classical Fourier
and Fick laws fail to accurately describe thermal and mass
transport, such as in systems with high thermal gradients or
non-equilibrium conditions. By considering finite propaga-
tion speeds, the Cattaneo–Christov model captures transient
and non-local effects, yielding more accurate predictions of
temperature and concentration distributions in complex fluid
flows [37]. This model has applications in several fields, like
biological tissues and porous media, as well as mass transfer
in chemical reactors and environmental transport phe-
nomena [38]. Waqas et al. [39] applied the Cattaneo–
Christov model to simulate computationally the produc-
tion of entropy for fluid flow on a surface with thermal
radiation. Ramesh et al. [40] discussed MHD effects on
mass and thermal transportation for fluid flow on a
stretched sheet using the Cattaneo–Christov model.

In continuation with the stated literature, this work
evaluates blood-based hybrid nanofluid flow, including

Au and Cu nanoparticles, across an expanding sheet using
the impacts of microorganisms. Bioconvection patterns in
the fluid flow across the stretched sheet can be induced by
gyrotactic microorganisms. The structured movement of
microorganisms as a result of their group relationships
and reaction to environmental gradients is known as bio-
convection. This phenomenon has the ability to alter mixing
and fluid flow patterns further. Because of the way that
their movement patterns change in response to fluid flow,
gyrotactic bacteria can improve fluid mixing. Increased dis-
persion and mixing of materials in the fluid may result from
this, which may have an impact on chemical reactions, eco-
logical interactions, and the delivery of nutrients. The tem-
perature distribution around the stretched sheet can change
when gyrotactic microorganisms are present in heat-
transfer settings, including thermal boundary layers. Their
motion can have an impact on the rate of heat transmission
by affecting the convective heat transfer coefficient. To illus-
trate the non-Newtonian performance of the blood-based
hybrid nanofluid flow, a non-Newtonian model known as
the Carreau–Yasuda model is used. The hybrid nanofluid
flow problem is formulated under the influence of thermal
radiation, magnetic field, Brownian motion, thermophor-
esis, and chemical reaction.

2 Formulation of problem

Assume the blood-based hybrid nanofluid flow containing
Cu and Au nanoparticles on an extending sheet. A two-
dimensional Cartesian coordinates system, with u and v

in x - and y-directions, is chosen to investigate the hybrid
nanofluid flow. The sheet stretches in the x-direction

=u x axw( ) as its velocity, where a is constant. The tem-
perature, concentration, and microorganism of the fluid,
surface, and free stream are denoted byT ,C , and N ;Tw,Cw,
and Nw; ∞T , ∞C , and ∞N (see Figure 1). Furthermore, it is
supposed that the >T Tf w, >C Cf w, and >N Nf w due to con-
vection conditions at the sheet surface. A non-Newtonian
model called Carreau–Yasuda is used to discuss the non-
Newtonian behavior of the blood-based hybrid nanofluid
flow. The non-Newtonian Carreau–Yasuda is defined as

∇ ∇ ∇=
⎡
⎣⎢

+ − +
⎤
⎦⎥

⎛
⎝

− ⎞
⎠ ∞ ∞τ A Γγ1 ̇ ,

D

n

D
1

1

0(( ) ) ( ) (1)

where ∇0 is the viscosity at a zero shear rate and ∇∞ is the
viscosity at an infinite share rate. Also, Γ and D are the Carreau–
Yasuda liquid factors. A1 denotes the Rivlin–Ericksen
tensor while the extra stress tensor is τ . Furthermore,

= +A V Vgrad grad1

T( ) and ⎟⎜= ⎛
⎝
⎛
⎝

⎞
⎠

⎞
⎠γ Ȧ trace

1

2 1

2

1/2

( ) .
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For ∇ =∞ 0, equation (1) is reduced to:

∇=
⎡
⎣⎢

+
⎤
⎦⎥

⎛
⎝

− ⎞
⎠τ Γγ A1 ̇ .

D

n

D
0

1

1(( ) ) (2)

The flow behavior assumptions mentioned above gen-
erate the following equations [41,42]:

∂
∂

+
∂
∂

=
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v

y

0, (3)
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With constraints at boundary,

⎧
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The thermophysical features of the hybrid nanofluid
can be characterized as follows with their computational
values portrayed in Table 1:
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Figure 1: Geometry for the flow scheme.

Table 1: Thermophysical features of blood, Cu, and Au [43]

Base fluid and
nanoparticles

Properties

(( ))C J/kg Kp (( ))ρ kg/m3 (( ))k W/m K (( ))σ S/m

Blood 3,594 1,063 0.492 0.667
Au 129 19,320 314 4.10 × 107

Cu 385 8,933 401 5.96 × 106
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Variables for similarity are described as

= ′ = − =
−
−
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−
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−

=
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(10)

Using equation (11) in equations (3)–(8), we have
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f

T

2

p hnf p f

2

( ) ( )
( )

( ( ) ( ) ( ) ( ) ( ))

( ) ( )
( ) ( )

{ ( ) ( )

( )}

(12)

″ − ″ − ′ ′

+ ′ + ″ − =

ϕ ξ δ f ξ ϕ ξ f ξ f ξ ϕ ξ

f ξ ϕ ξ θ ξ δϕ ξ

Sc

Sc

Nt

Nb

Sc 0,

C

2( ) ( ( ) ( ) ( ) ( ) ( ))

( ) ( ) ( ) ( )
(13)

″ + ′ − ′
− + ″ + ′ ′ =

ψ ξ ψ ξ f ξ ψ ξ f ξ

ψ ξ Ω ϕ ξ ϕ ξ ψ ξ

Lb

Pe 0,

( ) [ ( ) ( ) ( ) ( )]

{( ( ) ) ( ) ( ) ( )}
(14)

The transformed constraints are

⎧

⎨
⎪⎪

⎩
⎪
⎪

= = ′ = = ′ → ∞ =

′ = = = − → ∞ =

′ = = = − → ∞ =
′ = = = − → ∞ =

⎫

⎬
⎪⎪

⎭
⎪
⎪

f ξ f ξ f ξ

k

k

θ ξ θ ξ θ ξ

ϕ ξ ϕ ξ ϕ ξ

ψ ξ ψ ξ ψ ξ

0 0, 0 1, 0,

0 Bi 0 1 , 0,

0 Bi 0 1 , 0,

0 Bi 0 1 , 0.

hnf

f

T

C

N

( ) ( ) ( )

( ) { ( ) } ( )

( ) { ( ) } ( )

( ) { ( ) } ( )

(15)

The emerging factors appearing in the above equations are

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

= = =

=
−

=

=
−

=
−

= =

=

= = =

= = =
−

=

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

∞

∞

∞

∞

∞

∞

∞

a u Γ

ν

M

σ B

aρ

σ T

k k

ρC

ρC

D C C

ν

h

k

ν

a

ρC

ρC

D T T

ν T

u

ρC T T

ν

D

δ

k

a

h

D

ν

a

ν ρC

k

δ λ a δ λ a

ν

D

bW

D

Ω

N

N N

h

D

ν

a

We , , Rd

4

,

Nb , Bi ,

Nt ,

Ec , Sc , ,

Bi ,

Pr , , ,

Lb , Pe , ,

Bi .

w

w

f

f 0

2

f

⁎ 3

f

⁎

p np

p f

B f

f

T

f

f

f

p np

p f

T f

f

2

p f f

f

B

r

C

C

B

f

f p f

f

T T C C

f

m

c

m f

N

N

m

f

( )

( )

( )

( )

( )

( )

( ) ( )

( )

(16)

Themain quantities of engineering interest are described as

=C

τ

ρ u

,fx

w

hnf w

2 (17)

=
− ∞

xq

k T T

Nu ,x

w

f f( )
(18)

=
− ∞

xq

D C C

Sh ,x

m

B f( )
(19)

=
− ∞

xq

D N N

Dn ,x

n

m f( )
(20)

where τw, q
w
, q

m
, and q

n
are defined as

⎜ ⎟=
⎧
⎨
⎩

⎛

⎝
⎜ + ⎛

⎝
− ⎞

⎠
⎛
⎝
∂
∂

⎞
⎠

⎞

⎠
⎟
∂
∂

⎫
⎬
⎭ =

τ μ

n

D

Γ

u

y

u

y

1

1

.
D

D

y

w hnf

0

(21)

⎜ ⎟= −⎛
⎝ + ⎞

⎠
∂
∂ =

q

k

k

T

y

Rd .

y

w

hnf

f
0

(22)

= −
∂
∂ =

q D

C

y

.

y

m B

0

(23)

= −
∂
∂ =

q D

N

y

.

y

n m

0

(24)

Using equations (21)–(24) in equations (17)–(20), we
have

= ⎛
⎝ + ⎛

⎝
− ⎞

⎠ ″ ⎞
⎠ ″C

μ

μ

n

f f1

1

2

We 0 0 .
D

f

hnf

f

D ( ) ( ) (25)

⎜ ⎟= −⎛
⎝ + ⎞

⎠ ′N

k

k

θRd 0 .u

hnf

f

( ) (26)

= − ′S ϕ 0 .u ( ) (27)

= − ′n ψ 0 .u ( ) (28)

Here, =Rex

u x

ν

w

f

is the local Reynolds number. Also,

=C CRexf fx, =Nu

Nu

Re

x

x

, =Su

Sh

Re

x

x

, and =nu

Dn

Re

x

x

.

3 Homotopic approach

In order to introduce the homotopic solution, we have
defined the following initial guesses:

= − − =
+

−

=
+

− =
+

−

f ξ ξ θ ξ

A

ξ

ϕ ξ ξ ψ ξ ξ

1 exp ,

Bi

Bi

exp ,

Bi

1 Bi

exp ,

Bi

1 Bi

exp .

0 0

T

5 T

0

C

C

0

N

N

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

(29)

The operators in linear form are given as
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= ‴ − ′ = ″ −
= ″ − = ″ −

L ξ f ξ f ξ L ξ θ ξ θ ξ

L ξ ϕ ξ ϕ ξ L ξ ψ ξ ψ ξ

, ,

, ,

θ

ϕ ψ

f ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
(30)

with the following properties:

+ − + =
− + =
− + =
− + =

L χ χ ξ χ ξ

L χ ξ χ ξ

L χ ξ χ ξ

L χ ξ χ ξ

exp exp 0,

exp exp 0,

exp exp 0,

exp exp 0,

f

θ

ϕ

ψ

1 2 3

4 5

6 7

8 9

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

(31)

where =χ z 1, ... ,9
z
( ) are constants of a general solution.

The zeroth-order deformations are as follows:

− =P L f ξ P f ξ P N f ξ P1 ; , ℏ ; ,f f f0R R R R( ) [ ( ) ( )] [ ( )] (32)

−
=

P L θ ξ P θ ξ

P N θ ξ P f ξ P ϕ ξ P

1 ; ,

ℏ ; , ; , ; ,

θ

θ θ

0R R

R R R R

( ) [ ( ) ( )]

[ ( ) ( ) ( )]
(33)

− =P L ϕ ξ P ϕ ξ P N ϕ ξ P

f ξ P θ ξ P

1 ; , ℏ ; ,

; , ; ,

ϕ ϕ ϕ0R R R R

R R

( ) [ ( ) ( )] [ ( )

( ) ( )]
(34)

− =P L ψ ξ P ψ ξ P N ψ ξ P

f ξ P ϕ ξ P

1 ; , ℏ ; ,

; , ; ,

ψ ψ ψ0R R R R

R R

( ) [ ( ) ( )] [ ( )

( ) ( )]
(35)

with boundary conditions

= = ′ = = ′ → ∞ =f ξ P f ξ P f ξ P0; 0, 0; 1, ; 0.R R R( ) ( ) ( ) (36)

′ = = = −

→ ∞ =

k

k

θ ξ P θ ξ P

θ ξ P

0; Bi 0; 1 ,

; 0.

hnf

f

TR R

R

( ) { ( ) }

( )

(37)

′ = = = −
→ ∞ =

ϕ ξ P ϕ ξ P

ϕ ξ P

0; Bi 0; 1 ,

; 0.

CR R

R

( ) { ( ) }

( )
(38)

′ = = = −
→ ∞ =

ψ ξ P ψ ξ P

ψ ξ P

0; Bi 0; 1 ,

; 0.

NR R

R

( ) { ( ) }

( )
(39)

The nonlinear operators are defined as

⎟⎜

⎜ ⎟

=

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

∂
∂

+
−

+ ⎛
⎝
∂

∂
⎞
⎠

∂
∂

+
∂

∂
− ⎛

⎝
∂

∂
⎞
⎠

−
∂

∂

⎫

⎬

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

N f ξ P

μ

ρ

f ξ P

ξ

μ

ρ

n

D

D

W

f ξ P

ξ

f ξ P

ξ

f ξ P

ξ

f ξ P

f ξ P

ξ

M

σ

ρ

f ξ P

ξ

;

; 1

1

; ;

;

;

;

;

,

f

D

hnf

hnf

3

3

hnf

hnf

e

d

2

2

3

3

2

2

2

hnf

hnf

R

R

R R

R
R

R

R

[ ( )]

( ) ( )
(

)
( ) ( )

( )
( )

( )

( )

(40)

⎟

⎟

⎜

⎜

⎟⎜

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎛
⎝ + ⎞

⎠
∂

∂

+
∂

∂

− ⎛
⎝
∂

∂

−
∂

∂
∂

∂
⎞
⎠

+
⎧
⎨
⎩

∂
∂

∂
∂

+ ⎛
⎝
∂

∂
⎞
⎠

⎫
⎬
⎭

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪

N

θ ξ P

f ξ P

ϕ ξ P

ρC ρC

k

k

θ ξ P

ξ

f ξ P

θ ξ P

ξ

δ

θ ξ P

ξ

f ξ P

f ξ P

θ ξ P

ξ

f ξ P

ξ

ρC ρC

ϕ ξ P

ξ

θ ξ P

ξ

θ ξ P

ξ

; ,

; ,

;

1

Pr

1

/

Rd

;

;

;

;

;

;

; ;

1

/

Nb

; ;

Nt

;

,

θ

p hnf p f

hnf

f

2

2

T

2

2

2

p hnf p f

2

R

R

R

R

R
R

R
R

R
R R

R R

R

( )

( )

( )

( ) ( )

( )

( )
( )

( )
( ( ))

( )
( ) ( )

( ) ( )

( ) ( )

( )

(41)

⎟

⎜

⎡
⎣⎢

⎤
⎦⎥

=

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

− ⎛
⎝

∂
∂

−
∂

∂
∂

∂
⎞
⎠

+
∂

∂
+

∂
∂

+
∂

∂
−

⎫

⎬

⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪

N

ϕ ξ P

θ ξ P f ξ P

δ f ξ P

ϕ ξ P

ξ

f ξ P

ϕ ξ P

ξ

f ξ P

ξ

ϕ ξ P

ξ

ϕ ξ P

ξ

f ξ P

θ ξ P

ξ

δϕ ξ P

; ,

; , ;

Sc ;

;

;

; ;

;

Sc

;

;

Nt

Nb

;

Sc ;

,

ϕ

C

2

2

2

2

2

2

2

R

R R

R
R

R
R R

R R
R

R
R

( )

( ) ( )

( ( ))
( )

( )
( ) ( )

( ) ( )
( )

( )
( )

(42)

⎡
⎣⎢

⎤
⎦⎥

=

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

∂
∂

+ ⎡
⎣⎢

∂
∂

−
∂

∂
⎤
⎦⎥

− ⎧
⎨⎩
∂

∂
+

+
∂

∂
∂

∂
⎫
⎬⎭

⎫

⎬

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

N

ψ ξ P

ϕ ξ P f ξ P

ψ ξ P

ξ

f ξ P

ψ ξ P

ξ

ψ ξ P

f ξ P

ξ

ϕ ξ P

ξ

Ω ψ ξ P

ϕ ξ P

ξ

ψ ξ P

ξ

; ,

; , ;

;

Lb ;

;

;

;

Pe

;

;

; ;

,

ψ

2

2

2

2

R

R R

R
R

R

R
R

R
R

R R

( )

( ) ( )

( )
( )

( )

( )
( )

( )
( ( ))

( ) ( )

(43)

where ∈P 0 1R [ ] and ℏf , ℏθ, ℏϕ, and ℏψ are the embedding
factors.

The mth-order deformations are as follows:

− =−L f ξ ϖ f ξ R ξℏ ,f m m m f m

f

1
[ ( ) ( )] ( ) (44)

− =−L θ ξ ϖ θ ξ R ξℏ ,θ m m m θ m

θ

1[ ( ) ( )] ( ) (45)
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− =−L ϕ ξ ϖ ϕ ξ R ξℏ ,ϕ m m m ϕ m

ϕ

1
[ ( ) ( )] ( ) (46)

− =−L ψ ξ ϖ ψ ξ R ξℏ .ψ m m m ψ m

ψ

1
[ ( ) ( )] ( ) (47)

with constraints as

= = ′ = = ′ = ∞ =f ξ f ξ f ξ0 0 0,
m m

( ) ( ) ( ) (48)

′ = − = − = = ∞ =
k

k

θ ξ θ ξ θ ξ0 Bi 0 1 0,
m m m

hnf

f

T( ) { ( ) } ( ) (49)

′ = − = − = = ∞ =ϕ ξ ϕ ξ ϕ ξ0 Bi 0 1 0,
m mC( ) { ( ) } ( ) (50)

′ = − = − = = ∞ =ψ ξ ψ ξ ψ ξ0 Bi 0 1 0,
m m mN( ) { ( ) } ( ) (51)

∑ ∑
=

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

′ +
−

+ ′ ′

+ ′ − ′ ′

− ′

⎫

⎬

⎪
⎪
⎪

⎭

⎪
⎪
⎪

−
′ ′

−
′

−
′ ′

=

−

− −
′

=

−

− −

−

R ξ

μ

ρ

f ξ

μ

ρ

n

D

D

W f ξ f ξ

f ξ f ξ f ξ f ξ

M

σ

ρ

f ξ

1

1

,
m

f

m

m m

k

m

m k m

k

m

m k m

m

hnf

hnf

1

hnf

hnf

e

d

1

D

1

0

1

1

0

1

1

hnf

hnf

1

( )

( )
( )

(

) ( ( )) ( )

( ) ( ) ( ) ( )

( )

(52)

∑

∑ ∑

∑ ∑

∑

∑

⎜

⎟

⎜ ⎟

=

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎛
⎝ + ⎞

⎠
′

+ ′

−
⎛
⎝

′

− ′ ′
⎞
⎠

+
⎧
⎨
⎩

′ ′

+ ′ ′
⎫
⎬
⎭

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪

−
′

=

−

− −

=

−

− −
=

−
′

=

−

− −
=

−

=

−

− −

=

−

− −

R ξ

ρC ρC

k

k

θ ξ

f ξ θ ξ

δ f ξ f ξ θ ξ

f ξ f ξ θ ξ

ρC ρC

ϕ ξ θ ξ

θ ξ θ ξ

1

Pr

1

/

Rd

1

/

Nb

Nt

,
m

θ

m

k

m

m k m

k

m

m k

l

k

k l m

k

m

m k

l

k

k l m

k

m

m k m

k

m

m k m

p hnf p f

hnf

f

1

0

1

1

T

0

1

1

0

0

1

1

0

p hnf p f
0

1

1

0

1

1

( )

( ) ( )
( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )

(53)

∑

∑ ∑

∑ ∑

⎜

⎟

=

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

′ + ′ + ′

−

−
⎛
⎝

′

− ′ ′
⎞
⎠

⎫

⎬

⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪

−
′

=

−

− − −
′

−

=

−

− −
=

−
′

=

−

− −
=

−

R ξ

ϕ ξ f ξ ϕ ξ θ ξ

δϕ ξ

δ f ξ f ξ ϕ ξ

f ξ f ξ ϕ ξ

Sc

Nt

Nb

Sc

Sc

,

m

ϕ

m

k

m

k m m m

m

k

m

m k

l

k

k l m

k

m

m k

l

k

k l m

1

0

1

1 1

1

C

0

1

1

0

0

1

1

0

( )

( ) ( ) ( ) ( )

( )

( ) ( ) ( )

( ) ( ) ( )

(54)

∑

∑

∑

∑

=

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

′ +
⎡
⎣⎢

′

− ′
⎤
⎦⎥

−
⎧
⎨
⎩

′ + ′

+ ′ ′
⎫
⎬
⎭

⎫

⎬

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

−
′

=

−

− −

=

−

− −

=

−

− −
′

−
′

=

−

− −

R ξ

ψ ξ f ξ ψ ξ

f ξ ψ ξ

ψ ξ ϕ ξ Ωϕ ξ

ϕ ξ ψ ξ

Lb

Pe

.
m

ψ

m

k

m

k m m

k

m

k m m

k

m

m k m m

k

m

k m m

1

0

1

1

0

1

1

0

1

1 1

0

1

1

( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

(55)

For =P 1R and =P 0R , we can write

= =f ξ f ξ f ξ f ξ;0 , ;1 ,
0

( ) ( ) ( ) ( ) (56)

= =θ ξ θ ξ θ ξ θ ξ;0 , ;1 ,0( ) ( ) ( ) ( ) (57)

= =ϕ ξ ϕ ξ ϕ ξ ϕ ξ;0 , ;1 .
0

( ) ( ) ( ) ( ) (58)

= =ψ ξ ψ ξ ψ ξ ψ ξ;0 , ;1 .
0

( ) ( ) ( ) ( ) (59)

When PR varies from 0 to 1, then f ξ P; R( ), θ ξ P; R( ),
ϕ ξ P; R( ), and ψ ξ P; R( ) vary from initial to final solutions.
Using Taylor series expansion, we have

∑= +

=
∂

∂

=

∞

=

f ξ P f ξ f ξ P

f ξ

m

f ξ P

P

; ,

1

!

;

,

m

m

m

m

m

m

P

0

1

0

R R

R

R
R

( ) ( ) ( )

( )
( )

(60)

∑= +

=
∂

∂

=

∞

=

θ ξ P θ ξ θ ξ P

θ ξ

m

θ ξ P

P

; ,

1

!

;

,

m

m

m

m

m

m

P

0

1

0

R R

R

R
R

( ) ( ) ( )

( )
( )

(61)

∑= +

=
∂

∂

=

∞

=

ϕ ξ P ϕ ξ ϕ ξ P

ϕ ξ

m

ϕ ξ P

P

; ,

1

!

;

,

m

m

m

m

m

m

P

0

1

0

R R

R

R
R

( ) ( ) ( )

( )
( )

(62)

∑= +

=
∂

∂

=

∞

=

ψ ξ P ψ ξ ψ ξ P

ψ ξ

m

ψ ξ P

P

; ,

1

!

;

,

m

m

m

m

m

m

P

0

1

0

R R

R

R
R

( ) ( ) ( )

( )
( )

(63)

At =P 1,R the above series (60)–(63) converge, i.e.

∑= +
=

∞

f ξ f ξ f ξ .

m

m

1

0
( ) ( ) ( ) (64)

∑= +
=

∞

θ ξ θ ξ θ ξ .

m

m

1

0( ) ( ) ( ) (65)
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∑= +
=

∞

ϕ ξ ϕ ξ ϕ ξ .

m

m

1

0
( ) ( ) ( ) (66)

∑= +
=

∞

ψ ξ ψ ξ ψ ξ .

m

m0

1

( ) ( ) ( ) (67)

4 Convergence of HAM

Homotopy analysis method (HAM) ensures the conver-
gence of a series of solutions. The factor ℏ plays an impor-
tant role in regulating the convergence area of the solution
in series. Figure 2(a)–(d) is used to determine the conver-
gence of velocity ′f ξ( ), temperature θ ξ( ), concentration
ϕ ξ( ), and microorganism ψ ξ( ) profiles. From these figures,
we determined that the convergence area at the 15th-
order approximation is − ≤ ≤1.2 ℏ 0.5f for the velocity,
− ≤ ≤1.5 ℏ 0.3θ for the temperature panels, − ≤ ≤1.5 ℏ 0.28ϕ

for the concentration panels, and − ≤ ≤1.5 ℏ 0.28ψ for the
microorganism profiles.

5 HAM and numerical comparison

This section presents the matching of HAM and numerical
methods for velocity ′f ξ( ), temperature θ ξ( ), concentration
ϕ ξ( ), and microorganism ψ ξ( ) profiles. The HAM technique is
conducted at 15th-order approximation and then comparedwith
numerical techniques. The results of both HAM and numerical
methods are presented in Tables 2–5 and Figure 3(a)–(d). From
these tables andfigures, we have proven that both the HAMand
numerical methods solve the modeled equations, which vali-
dates both the solution methodologies.

6 Discussion

Figure 4 shows the impact of (M ) on ′f ξ( ): increasing M

decreases ′f ξ( ). Essentially, the Lorentz forces are formed at
higher M , which opposes the fluid velocity. This opposing
force, due to the Lorentz force, enhances the friction force

Figure 2: (a)–(d) ℏ curves for f ″ 0( ), θ ′ 0( ), ϕ′ 0( ), and ψ′ 0( ).
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Table 2: HAM vs numerical solution for f ξ′( )

ξ (( ))f ξ′

HAM solution Numerical solution |HAM – numerical|

0.0 1.0 1.0 0.0
0.5 0.6136901962688692 0.6136822412282511 7.95504061812391 × 10−6

1.0 0.3748557659094872 0.3748480144375560 7.75147193116110 × 10−6

1.5 0.2283304529018467 0.2283246747987874 5.77810305935067 × 10−6

2.0 0.1388458725670490 0.1388419719122374 3.90065481162271 × 10−6

2.5 0.0843454101726432 0.0843428986042557 2.51156838748656 × 10−6

3.0 0.0512063178535998 0.0512047409097268 1.57694387303841 × 10−6

3.5 0.0310759484660214 0.0310749722826395 9.76183381892755 × 10−7

4.0 0.0188550441765591 0.0188544448373504 5.99339208692817 × 10−7

4.5 0.0114385641402669 0.0114381979540425 3.66186224471515 × 10−7

5.0 0.0069387234111651 0.0069385003262628 2.23084902310592 × 10−7

5.5 0.0042088735305942 0.0042087378616030 1.356689912556815 × 10−7

6.0 0.0025529304155957 0.0025528479953302 8.242026547713989 × 10−8

Table 3: HAM vs numerical solution for θ ξ( )

ξ (( ))θ ξ

HAM solution Numerical solution |HAM – numerical|

0.0 0.4731921487603305 0.4731920548545173 9.39058132365389 × 10−8

0.5 0.2806483026704129 0.2806482259117134 7.67586995076289 × 10−8

1.0 0.1682851385238433 0.1682850875489276 5.09749157329535 × 10−8

1.5 0.1014473447866921 0.1014473128829621 3.19037300328177 × 10−8

2.0 0.0613218438290716 0.0613218242585015 1.95705701505683 × 10−8

2.5 0.0371211279766323 0.0371211160573974 1.19192349393175 × 10−8

3.0 0.0224894457738898 0.0224894385335563 7.24033357921195 × 10−9

3.5 0.0136313222557260 0.0136313178617980 4.39392805473556 × 10−9

4.0 0.0082644740725819 0.0082644714069845 2.66559735742633 × 10−9

4.5 0.0050114389675497 0.0050114373506615 1.61688819191180 × 10−9

5.0 0.0030391457967907 0.0030391448160713 9.8071940889469 × 10−10

5.5 0.0018431717342258 0.0018431711393834 5.9484244786808 × 10−10

6.0 0.0011178801901255 0.0011178798293340 3.6079153380164 × 10−10

Table 4: HAM vs numerical solution for ϕ ξ( )

ξ (( ))ϕ ξ

HAM solution Numerical solution |HAM – numerical|

0.0 0.3150925925925926 0.3150870398134266 5.55277916597324 × 10−6

0.5 0.1846265939364708 0.1846212382393886 5.35569708214425 × 10−6

1.0 0.1096207934773012 0.1096168138244716 3.97965282955548 × 10−6

1.5 0.0656255225196950 0.0656228397233275 2.68279636748966 × 10−6

2.0 0.0394877332036752 0.0394860070403693 1.72616330589882 × 10−6

2.5 0.0238344953145856 0.0238334119364077 1.08337817751951 × 10−6

3.0 0.0144137318001615 0.0144130613046167 6.70495544740267 × 10−7

3.5 0.0087267051692205 0.0087262935659354 4.11603286650856 × 10−7

4.0 0.0052872545184834 0.0052870030558631 2.51462620245636 × 10−7

4.5 0.0032047637871987 0.0032046106005885 1.53186610248196 × 10−7

5.0 0.0019430084140240 0.0019429152563384 9.31576856184056 × 10−8

5.5 0.0011782076025241 0.0011781510092871 5.65932369677481 × 10−8

6.0 0.0007145136180279 0.0007144792592955 3.43587324906354 × 10−8
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on the sheet’s surface, which results in decreasing the hybrid
nanofluid flow velocity. Figure 5 shows the effect of Weissen-
berg number (We) on ′f ξ( ). It is found the increasing
We increases ′f ξ( ). The Weissenberg number is actually
the ratio of elastic to resistive forces. In fact, the fluid elasticity
increases when We exceeds the relaxation time of the hybrid

nanofluid particles, which causes the particles to slow down.
This action leads to an improvement in the velocity outline.
Figure 6 shows the impact of thermal Biot number BiT on
θ ξ( ). It is found that an increase in BiT increases θ ξ( ). Con-
vective heat transmission is more important than conductive
heat transfer when BiT increases. When the convective heat

Table 5: HAM vs numerical solution for ψ ξ( )

ξ (( ))ψ ξ

HAM solution Numerical solution |HAM – numerical|

0.0 0.33410437710437707 0.3341088269287378 4.44982436008288 × 10−6

0.5 0.20291700716968594 0.2029197098537764 2.70268409044274 × 10−6

1.0 0.12317351610064704 0.1231751567052734 1.64060462643538 × 10−6

1.5 0.07474414488862194 0.0747451404537535 9.95565131611806 × 10−7

2.0 0.04534761872759574 0.0453482227465475 6.04018951827489 × 10−7

2.5 0.02750948136719789 0.0275098477884470 3.66421249158721 × 10−7

3.0 0.01668708987451511 0.0166873121441665 2.22269651437676 × 10−7

3.5 0.01012187278235457 0.0101220076045005 1.34822145964695 × 10−7

4.0 0.00613946178345131 0.0061395435604457 8.17769944729673 × 10−8

4.5 0.00372385842297197 0.0037239080244136 4.96014416415113 × 10−8

5.0 0.00225866615772337 0.0022586962429550 3.00852317082316 × 10−8

5.5 0.00136996198944089 0.0013699802372169 1.82477760854463 × 10−8

6.0 0.00083092825820074 0.0008309393260954 1.10678946837554 × 10−8

Figure 3: (a)–(d) HAM and numerical comparisons for f ξ′( ), θ ξ( ), ϕ ξ( ), and ψ ξ( ).
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transfer coefficient increases, this frequently happens. Con-
vective heat transmission overtakes conductive heat transfer
in situations when BiT is higher. As a result, the temperature
gradient near the surface increases, raising the thermal
panels of the fluid flowing across the expanding surface.
Figure 7 shows the impact of the concentration Biot number
BiC onϕ ξ( ). It is found that increasingBiC enhancesϕ ξ( ). The
higher BiC increases the concentration gradient close to the
surface, raising the concentration profile of the fluid flowing
across the expanding surface. Figure 8 shows the impact of
the microorganism Biot number BiN on ψ ξ( ). It is found that

increasing BiN enhances ψ ξ( ). The higher BiN increases the
concentration gradient close to the surface, raising the micro-
organism profile of the fluid flowing across the expanding
surface. Figure 9 depicts the effect of the temperature relaxa-
tion time factor (δT) on θ ξ( ). From this figure, it is found
that the larger δT decreases θ ξ( ). The relationship between
thermal distribution and thermal relaxation parameters is
affected. The analysis also shows that the width of the
thermal layer at the frontiers diminishes. Basically, the par-
ticles of materials require more time to convey heat to their
nearby particles as δT increase. In other words, we may state
that a material exhibits non-conducting characteristics at
larger values of δT, which decreases θ ξ( ). Figure 10 shows
the effect of the concentration relaxation time factor (δC) on
ϕ ξ( ). From this figure, it is found that higher δC reducesϕ ξ( ).
The relationship between concentration distribution and con-
centration relaxation parameter is affected. The analysis also
shows that the width of the concentration layer at frontiers
diminishes. It is because the particles of the material require
large time to transmit mass to their nearby particles as δC

increases. In other words, we may state that a material exhi-
bits non-conducting characteristics at larger values of δC,
which decreases the concentration distribution. With pro-
gression in Nb( ) there is a corresponding increase in the

Figure 4: Impact of M on f ξ′( ).

Figure 5: Impact of We on f ξ′( ).

Figure 6: Impact of BiT on θ ξ( ).

Figure 7: Impact of BiC on ϕ ξ( ).

Figure 8: Impact of BiN on ψ ξ( ).
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thermal distribution, as shown in Figure 11. Actually, the
increase in Nb( ) corresponds to a greater randommovement
of particles within a fluid, which in turn leads to an increase in
the thermal distribution. Physically, this means that as Nb( )

increases, the individual particles within the fluid experience
more frequent collisions and interactions, resulting in greater
dispersion of thermal energy throughout the system. Essen-
tially, the particles become more energetic and diffuse more
rapidly, contributing to an overall increase in θ ξ( ). This phe-
nomenon has significant implications for various processes,
such as heat transfer in colloidal suspensions, where Brownian

motion plays a crucial role in enhancing thermal conductivity
and promoting efficient energy transfer. An increase in Nb( )

typically corresponds to a decrease in ϕ ξ( ), as shown in
Figure 12. This counterintuitive phenomenon arises from
the enhanced random motion of particles within a fluid,
which promotes more efficient mixing and diffusion. As
Brownian motion intensifies, particles experience greater col-
lisions and erratic movement, leading to greater dispersion
throughout the fluid. Consequently, regions of higher concen-
tration become less pronounced as particles spread out more
uniformly, while the areas of lower concentration experience
influxes of particles due to increased diffusion. This results
in a narrowing of concentration gradients and a more homo-
geneous distribution. This phenomenon has significant impli-
cations in various fields, including chemical engineering
processes like mixing and dispersion, where understanding
the role of Brownian motion is crucial for optimizing perfor-
mance and product quality. As the thermophoresis factor Nt( )

increases, there is a corresponding retardation in the thermal
distribution due to the effects of thermophoresis on the par-
ticle movement within the fluid, as shown in Figure 13. Phy-
sically, thermophoresis refers to the motion of particles
induced by temperature gradients, where particles tend to
transfer from a zone of higher to lower temperature. When

Figure 9: Impact of δT on θ ξ( ).

Figure 10: Impact of δC on ϕ ξ( ).

Figure 11: Impact of Nb on θ ξ( ).

Figure 12: Impact of Nb on ϕ ξ( ).

Figure 13: Impact of Nt on θ ξ( ).

Analysis of the blood-based bioconvection hybrid nanofluid flow  13



the thermophoresis factor increases, this migration becomes
extra prominent, causing the accumulation of particles in
zones of lower temperature. Subsequently, thermal distribu-
tion is decreased as the movement of particles tends to
counteract the natural heat flow within the system, creating
localized deviations from thermal equilibrium. This phenom-
enon has significant implications in various applications,
including combustion processes and aerosol dynamics, where
understanding and controlling thermophoresis effects are
essential for optimizing thermal management and combus-
tion efficiency. With an increase in the thermophoresis factor
Nt( ), there is typically an increase in ϕ ξ( ), as shown in
Figure 14 due to the effect of thermophoresis on particle
migration within the fluid. When Nt( ) increases, it indicates
a stronger influence of temperature on the movement of
particles. Consequently, this causes more concentration dis-
tribution. Essentially, as Nt( ) increases, the particles exhibit
an increased tendency to migrate toward the regions of dif-
fering temperatures, thereby altering the concentration dis-
tribution pattern within the fluid. This phenomenon can have
significant implications in various fields, like particle trans-
port in biological or industrial processes. Figure 15 shows the
influence of radiation factor Rd( ) on thermal profiles θ ξ( ).
When the radiative factor Rd( ) increases, it suggests a larger

impact of radiative heat transfer mechanisms within a
system. In physical terms, this suggests that more thermal
energy is being exchanged within the flow of fluid via radia-
tion; consequently, θ ξ( ) increases due to the dispersal of heat
throughout the system. Essentially, higher Rd( ) leads to more
efficient andwidespread transfer of thermal energy, resulting
in a more uniform thermal distribution across the system.
This process is crucial in the processes like heat transfer in
engineering systems, atmospheric dynamics, and even in the
behavior of celestial bodies where radiation plays a signifi-
cant role in energy exchange. The effects of variation in the
chemical reactivity factor δ( ) on ϕ ξ( ) is shown in Figure 16,
where ϕ ξ( ) decreased with an increase in δ( ). Clearly, when
δ( ) increases, it implies that molecules are more prone to
undergo chemical reactions, which often involves the con-
sumption or transformation of reactants into products. This
increased reactivity leads to a faster consumption or transfor-
mation of the reacting species, thereby causing a decline in
ϕ ξ( ). Physically, this can be interpreted as a scenario where
molecules are engaging in reactions more rapidly, depleting
their population in the system as they convert into different
chemical species. Consequently, the concentration distribution
becomes less uniform as reactants are converted into products
at a faster rate, altering the overall chemical composition of the

Figure 14: Impact of Nt on ϕ ξ( ).

Figure 15: Impact of Rd on θ ξ( ).

Figure 16: Impact of δ on ϕ ξ( ).

Figure 17: Impact of Sc on ϕ ξ( ).
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system. The impacts of variation in Schmidt number Sc( ) on
ϕ ξ( ) is shown in Figure 17, where ϕ ξ( ) decreased with an
increase in Sc( ). When Sc( ) increases, it indicates a decrease

in the rate of mass transfer relative to the rate of momentum
transfer in a fluid system. This means that diffusion becomes
less efficient compared to fluid advection, resulting in a slower
spread of molecules through the fluid. Consequently, the
concentration gradient becomes less pronounced over time,
leading to a decline in ϕ ξ( ). Physically, this can be interpreted
as a scenario where the movement of molecules through the
fluid is hindered relative to the bulk flow of the fluid itself,
causing slower mixing and a reduction in the overall unifor-
mity of concentration within the system. The impacts of varia-
tion in bio-convection Lewis number Lb( ) onψ ξ( ) is shown in
Figure 18, where ϕ ξ( ) decreases with an increase in Lb( ).
Increase in Lb( ) suggests that the diffusivity of nutrients as
well as other substances essential formicrobial growth relative
to the diffusivity of momentum in the fluid decreases. This
implies that the transport of nutrients becomes less efficient
compared to the movement of the surrounding fluid. As a

Figure 18: Impact of Lb on ψ ξ( ).

Figure 19: Impact of Pe on ψ ξ( ).

Figure 20: Streamlines behavior of a viscous hybrid nanofluid flow.

Figure 21: Streamlines behavior of a Carreau–Yasuda hybrid nano-
fluid flow.

Table 6: Impacts of M and We on Cf

M We Cf

0.1 1.446446
0.2 1.497544
0.3 1.529986

0.1 1.475363
0.2 1.486436
0.3 1.497535
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result, microorganisms experience decreased access to essen-
tial nutrients required for their growth and proliferation. Phy-
sically, this can be interpreted as a scenario where the nutrient
gradients in the fluid become less pronounced, decreasing the
ability of microorganisms to efficiently acquire nutrients from
their surroundings. Consequently, there is a decline in the dis-
tribution and abundance of microorganisms as their growth is
limited by nutrient availability in the environment. The
impacts of variation in Peclet number Pe( ) on ψ ξ( ) is shown
in Figure 19, where ϕ ξ( ) decreases with an increase in Pe( ).
The increase in Pe( ) suggests a domination of convective trans-
portation over diffusive transportation in the fluid flow on a
surface. This implies that the fluid velocity becomes more sig-
nificant compared to molecular diffusion in transporting
nutrients and other substances. As a result, microorganisms
experience less time to interact with the surface, leading to
reduced attachment and colonization. Essentially, the higher
Peclet number accelerates the fluid flow, diminishing
the residence time of microorganisms near the surface,
thereby decreasing their profiles and potentially impacting
processes like biofilm formation or microbial activity.
Figures 20 and 21 show the streamlines performance of a
viscous hybrid nanofluid flow and Carreau increase Yasuda
hybrid nanofluid flow. From these figures, a clear difference
between the behavior of a viscous hybrid nanofluid flow
and Carreau–Yasuda hybrid nanofluid flow is obtained.
Table 6 shows the influence of M and We on Cf . A higher
M and We enhances Cf , as shown in Table 6. The reason is
that the greater values of M yields the Lorentz forces that
always acts in a reverse direction of fluid motion. This oppo-
sition is due to the greater friction force at sheet’s surface.
Also, the higher values of We enhancesCf . Table 7 shows the
influences of Rd, δT, Nt, and Nb on Nu. The higher values of
Rd and Nt enhance Nu while the higher values of δT and Nb

decreases Nu.

7 Conclusions

This study examines a time-independent and incompres-
sible blood-based hybrid nanofluid flow containing Cu and
Au nanoparticles on elongating surfaces. A non-Newtonian
model called Carreau–Yasuda was used with effects of
thermal radiation, magnetic field, Brownian motion, ther-
mophoresis, and chemical reactivity. The main equations
were evaluated through HAM. The convergence analysis of
HAM was investigated, and the HAM and numerical ana-
lyses were compared. Based on the above assumptions, the
following concluding points are obtained:
• It was found that increasing the magnetic factor decreases
the velocity profile while the higher Weissenberg number
increases the velocity profile.

• The higher thermal, concentration, and microorganism
Biot numbers increased the thermal, concentration, and
microorganism profiles, respectively.

• The greater thermal and concentration relaxation time
factors decreased the thermal and concentration panels,
respectively.

• The greater Brownian motion factor increased the thermal
panels while it decreased the concentration panels.

• The greater thermophoresis factor increased both the
thermal and concentration panels.

• The higher Schmidt number and chemical reactivity
factor decreased the concentration profiles.

• The higher bioconvection Lewis and Peclet numbers
decreased the microorganism profiles.

• The increasing magnetic factor and Weissenberg number
increased the skin friction at the sheet surface.

• Both the HAM and numerical methods solved the mod-
eled equations, which validated both the solutionmethodologies.

8 Future recommendations

In the future, this study will be associated with a three-
dimensional blood-based hybrid nanofluid flow containing
Cu and Au nanoparticles on elongating surfaces. Also,
different metallic and non-metallic nanomaterials can
be considered to investigate the same model by consid-
ering different physical conditions like first- and second-
order velocity slip, thermal slip, mass flux, and zero-mass
flux constraints.
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