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Abstract: A computational study of Casson sodium alginate–
hybrid nanofluid of stagnation point flow through a
shrinking/stretching cylinder with radius effect was carried
out. Since the hybrid nanofluid is considered more contem-
porary type of nanofluid, it is currently being employed to
enhance the efficiency of heat transmission rates. The aim of
this study is to scrutinize the effect of particular parameters,
such as the shrinking parameter, the Reynold number, the
Casson fluid parameter, the solid copper volume fraction,
and the Prandtl number, on the temperature and velocity
profiles. Furthermore, the research looked into the variation
of skin friction coefficient as well as the Nusselt number
according to the Casson fluid parameters, and the copper
solid volume fraction against shrinking parameter was
investigated as part of this study. By including the appro-
priate similarity variables in the alteration, the nonlinear
partial differential equation has been transformed into a set
of ordinary differential equations (ODEs). In the end, the
MATLAB bvp4c solver program is used to rectify ODEs.

The findings revealed the existence of two solutions for
shrinking surface with varying copper volume fractions
and Casson fluid parameter values. Furthermore, the tem-
perature profile rate was reduced in both solutions as the
strength of the Reynold number, Casson fluid parameter,
and copper volume fraction increased. Finally, non-unique
solutions were obtained in the range of ≥λ λci.

Keywords: SA–hybrid nanofluid, dual solutions, stretching/
shrinking cylinder, stagnation point

1 Introduction

The investigation of fluid flow and heat transmission
formed by way of a stretching/shrinking sheet has many
applications in industry, including thermal insulation, the
production of synthetic materials and glass, the transpor-
tation of underground species, the drying of porous mate-
rials, the regeneration of oil, and solar thermal devices.
Heat exchange and flow exploration are the key industrial
applications, and they are critical success factors since the
quality of the finished produced product is based on the
rate of convection heat exchange as well as the velocity
gradient coefficient [1–8].

Hybrid nanofluids, which contain dual sorts of nano-
particles spread in a common fluid, are an example of
more sophisticated nanofluids. Because of its potential to
advance the temperature transmission rate related to reg-
ular nanofluids, the study of temperature transmission in a
hybrid nanofluid has garnered substantial prior explora-
tion. This has led to the widespread notion that hybrid
nanofluids are the ideal temperature transmission fluids
for use in a wide variety of electronics, inverter cooling,
and manufacturing applications. Hayat and Nadeem [9]
described the moment of thermal flow in a hybrid radia-
tive nanofluid with a heat source over a rotational plate.
They came to the conclusion that the heat transfer rate of
hybrid nanofluid is greater than that of normal nanofluid
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with occurrence of heat generation, radiation, and che-
mical reaction. Waini et al. [10] conducted research that
resulted in the development of a numerical simulation for
hybrid nanofluid flow through a perpendicular surface
containing a permeable medium. Gholinia et al. [11] exam-
ined a mathematical solution to the problem of a hybrid
nanofluid moving past a porous stretched cylinder. Some
more studies have lately concentrated on a distinct sort of
hybrid nanofluid heat transfer and flow mechanism in
previous studies [12–16].

Now, a non-Newtonian fluid known as sodium alginate
(SA) has gained considerable attention due to its many
biological and industrial applications, such as paper man-
ufacture, textiles, products for the food service industry,
and tissue making. Hatami and Ganji [17] conducted a
study that resulted in the development of numerical and
analytical approaches for SA-based nanofluid thermal trans-
port and flowmodeling. Akinshilo et al. [18] investigated the
different flow and heat transfer effects that were caused by
SA-based nanofluids. Besides, Hussanan et al. [19] investi-
gated the influence of a non-magnetic andmagnetized nano-
particles combination on an SA-based hybrid nanofluid as it
passed via a stretched/diminishing sheet. They revealed that
SA-based hybrid nanofluids have a faster heat dispersion
ratio than water-based hybrid nanofluids. Hammachukiat-
tikul et al. [20] explored the SA-based hybrid nanofluid
by a heat source, radiation, and inclined Lorentz force
impacts over a diminishing/stretch layer. Dawar et al. [21]
investigated the SA-based hybrid nanofluid with the com-
bination of copper and alumina particles magnetized het-
erogeneously close to a convectively warmed layer of a
stretch curved geometry. Further studies on SA–hybrid
nanofluid were carried out by deploying various fluid
flow models [22–24].

A considerable number of scholars have taken into
consideration the problem of stagnation point flow in the
direction of a cylinder. Wang [25] took into consideration
the stagnation flow that was flowing approaching a cir-
cular cylinder. Wang [26] developed this problem further
by taking into consideration a partial factor condition on
the surface of the cylinder. Reddy Gorla [27] investigated a
problem that Wang [25] had also encountered, but he
focused on how the Prandtl numbers affected the heat
transmission rate. Merkin et al. [28] examined the flow of
stagnation point as well as heat transport in a cylinder that
was exponentially stretching and diminishing. Zaimi et al.
[29] investigated the impact of drag on flow of unsteady
through a diminishing cylinder and discovered that dual
solutions happen for a given range of unsteadiness and
suction parameters. Cunning et al. [30] looked into the
impact of transpiration and rotational on the stagnation

flows approaching a circular cylindrical. Moreover, Soomro
et al. [31] studied that nanofluids flow through a perme-
ability-diminishing vertical cylinder including slip condi-
tion. Lok and Pop [32] explored this problem in this regard
by taking into account the stagnation point flows and suc-
tion impacts. Waini et al. [33] examined the stagnation point
on a stretch/diminishing cylinder for a hybrid nanofluid.
More relevant analyses to model the flow across a cylinder
under various parameters can be seen in the literature stu-
dies [34–38].

The stagnation point flow through a stretching/shrinking
cylinder for water-based hybrid nanofluid was studied by
Waini et al. [33] without taking the Casson fluid parameter
into consideration. However, the suggested problem seeks to
fill in the gaps mentioned by Waini et al. [33] by examining
the impact of the Casson fluid parameter for SA–hybrid nano-
fluid. Consequently, for this study, a novel physical structure
of SA–hybrid nanofluid to a stagnation point flow across the
stretching/shrinking cylinder with Casson fluid parameter
was developed.

This simulation examines the interactions of hybrid
nanofluids while taking the solid volume fractions of the
nanoparticles into consideration. The hybrid nanofluid is
studied in this research by suspending two distinct nano-
particles: Al2O3 (alumina) and Cu (copper), in SA. This study
takes into account the Reynolds number, shrinking sur-
face, Casson fluid, the solid volume fraction of copper,
and Prandtl number parameters presented in velocity
and temperature profiles behavior. In addition to the
investigation of the local skin friction and the Nusselt
number versus the Casson fluid parameters, the copper
solid volume fraction was also studied. A comparison
with the results already available in the pertinent research
literature was made to express the reliability of the gener-
ated numerical results. The authors assured that the find-
ings are original and have not been taken into account by
any other studies before.

2 Mathematical formulation

In Figure 1, we consider a hybrid nanofluid of Casson-based
flowing for a flow of stagnation point over a stretching/
shrinking cylinder of radius a. The polar coordinates of a
cylinder are written as ( )z r, , where z is the axial direction
and r is the radial direction. The stagnation line is located at

=z 0 and =r a, and the flow is assumed to be axisymmetric
about the z-axis. When =b 0, the cylinder is at rest; when

>b 0 or <b 0, the cylinder is stretched or shrunk, and the
surface velocity is given by ( ) =w z bz2w . Meanwhile, we
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define ( ) =w z cz2e for cases where >c 0 to represent the
free stream velocity. In addition, > ∞T Tw holds true, indi-
cating that temperature of the surface (Tw) is always greater
than the ambient temperature ( ∞T ). Since the hybrid nanofluid
is a stable composite, it is presumed that the nanoparticle has
a spherical shape and is of uniform size. Agglomeration is
neglected. Therefore, the equations (Wang [26], Lok and Pop
[32]) that regulate the flow of the hybrid nanofluid are as
follows:
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where u and w stand for the r and z components of the
velocity, respectively, and T is the temperature of the
nanofluid. Additionally, Table 1 defines the thermophysical

parameters of the hybrid nanofluid. Table 2 lists the phy-
sical characteristics of Al O2 3, Cu, and SA. Here, we have the
volume fractions of Al O2 3 (represented by ϕ

Al O2 3

) and Cu

(represented by ϕ
Cu
). The fluids, nanofluids, and hybrid

nanofluids are presented by the subscripts f, nf, and hnf,

respectively.
The appropriate transformations are as follows:
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Using these definitions (5), we find that equation (1)
holds true. In addition, equation (5) is a similarity

Figure 1: Geometry of the problem: (a) stretching cylinder and (b) shrinking cylinder.

Table 1: Thermophysical properties of hybrid nanofluid

Properties Hybrid nanofluid

Dynamic viscosity
( ) ( )

=μ
μ

‒ϕ ‒ϕhnf 1 1

f

Cu

2.5

Al2O3

2.5

Density ( )[( ) ]= + +ρ ρ ‒ ϕ ‒ ϕ ϕ ρ ρ ϕ ρ ρ/ 1 1 / /
hnf f Cu Al O Al O Al O f Cu Cu f2 3 2 3 2 3
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Table 2: Thermophysical properties of SA , Cu, and Al O2 3

Properties SA Cu Al O2 3

( )ρ kg/m
3 989 8,933 3,970

( )c J/kg Kp
4,175 385 765

( )k W/m K 0.6376 400 40

Pr 7 — —
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transformation that simplifies complex flow equations by
reducing the dependent and independent variables. The fol-
lowing ordinary differential equations (ODEs) are obtained:

{ } { }⎜ ⎟
⎛
⎝

+ ⎞
⎠

+ ″ + ″ − ′ + =‴μ μ

ρ ρ β
ηf f ff f

/

/

1

1

1 0,
nf f

nf f

2 (6)

( )

( ) ( )
{ }″ + ′ + ′ =

k k

ρc ρc
ηθ θ fθ

/

Pr /

Re 0.
nf f

p nf p f

(7)

Boundary conditions are as follows:
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are the Reynolds and Prandtl
numbers, respectively. Furthermore, the stretching/shrinking
parameter is =λ

b

c
, and the static cylinder is represented by

the value =λ 0, >λ 0 for stretching, and <λ 0 for shrinking
cylinder.

Furthermore, the physical quantities skin friction coef-
ficient Cf and the local Nusselt number Nu are represented
as follows:
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Substituting equation (5) into equation (9), we have
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3 Results and discussion

The bvp4c technique, which runs on the MATLAB program,
is used to numerically assess the framework of higher-

order nonlinear ODEs as specified in equations (6) and
(7) through the boundary conditions in equation (8). The
three-stage Lobatto IIIA algorithm is implemented by the
bvp4c solver with finite difference method; as a result,
the temperature and velocity distributions asymptotically
fulfilled the boundary requirement. The results are then
precise to the fourth order in terms of numbers. Several

initial estimations for ⎛
⎝

⎞
⎠C

z

a

Re

f and Nu were used to create

the first solution and second solution in Figures 11–14. In

addition, the current numerical values of ⎛
⎝

⎞
⎠C

z

a

Re

f and Nu

under several applied parameters when =Pr 7 and =Re 2

are presented in Table 3. The most current results are
verified by referring to data from earlier studies to verify
the accuracy of the technique. Furthermore, the compar-
ison amounts of ( )″f 1 are assessed in Table 4 based on the
conclusions of Wang [25], Wang [26], and Waini et al. [33].
The correlation has been observed to be in perfect agree-
ment with the literature that was referenced, which con-
firmed that the current numerical findings are accurate.

The effects of velocity ( )′f η and temperature ( )θ η pro-
files are illustrated in Figures 2–10 correspondingly.
Figures 2 and 3 represent the existence of several

Table 3: Current numerical values of ⎛
⎝

⎞
⎠Ca

Rez

f and Nu under various applied parameters when =Pr 7 and =Re 2

1st solution 2nd solution 1st solution 2nd solution
ϕ

Al O2 3
ϕ

Cu
β λ‒ ⎛

⎝
⎞
⎠Ca

Rez

f

Nu

0.04 0 2.967921 ‒0.18825 0.187871 ×1.0 10
‒15

0.04 3.450883 ‒0.19549 0.355184 ×4.73 10
‒12

0.1 5 4.227721 ‒0.21482 0.661377 ×6.83 10
‒9

0.04 10 3.256991 ‒0.17121 0.404754 ×4.277 10
‒11

∞ 1.2 3.057848 ‒0.14691 0.463336 ×3.92 10
‒10

1.25 2.925761 ‒0.05926 0.329031 ×8.84 10
‒9

1.3 2.759202 0.070803 0.213295 ×1.34 10
‒7

Table 4: Comparison of ( )f ″ 1 values under various values of Re when
= = =β λ ϕ∞, 0, 0,

Cu
and =ϕ 0

Al O2 3

Current results Wang [25] Wang [26] Waini et al. [33]
Re (( ))f ″ 1

0.2 0.786042 0.78605 0.78604 0.786042
1 1.48420664 1.484185 1.48418 1.484183
2 2.00000005 — — —

4 2.72621056 — — —

6 3.28224202 — — —

8 3.75055319 — — —

10 4.162919748 4.16292 4.16292 4.162920
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parameter values, such as = = = −ϕ ϕ λ0.04, 0.1, 1.2,
Al O Cu2 3

=β 5, and =Pr 7 alongside three fixed quantities of
=Re 2, 2.5, and 3. In this study, =Re 2, 2.5, and 3 ranges

are considered. The values used for Re in Figures 2 and 3
are between the ranges of values that are ≤ ≤0.5 Re 100,
which met the boundary condition → ∞η asymptotically
and produced dual solutions, under the recommendation
given by Lok and Pop [32]. In Figure 2, velocity profile ( )′f η

behavior increased, while in Figure 3, temperature profile
( )θ η behavior declined in both solutions as the quantity of

Re parameters enhanced. Physically, the flow tends to grow
more turbulent as the Re rises, and the velocity ( )′f η pro-
file shifts to show increased velocity along the edges and a
flatter profile in the middle. This behavior, which is typical
of turbulent flows, is brought on by the fluid’s increased
mixing and chaotic motion. Therefore, after thermal diffu-
sion is weakened, the temperature ( )θ η profile drops. This
finding yields comparable outcomes to those reported by
Lok and Pop [32] for viscous fluid.

Figures 4 and 5 demonstrate the velocity ( )′f η and
temperature ( )θ η profiles against the influence of the
shrinking parameter = − − −λ 1.2, 1.3, and 1.4 with various
parameters, including = = =ϕ ϕ0.04, 0.1, Re 2,

Al O Cu2 3

=β 5,

and =Pr 7. This range was chosen because Lok and Pop
[32] suggested that the values for the shrinkage parameter
in Figures 4 and 5 ought to lie between −1.0 and −1.5. This
range of [−∈ −λ 1.2 to 1.4] satisfied the boundary condi-
tion. Figure 4 revealed that first solution of ( )′f η is declined
and the second solution is enhanced when the amount of

shrinking parameter λupsurges, although in Figure 5 for
( )θ η , the opposite trend can be seen in both solutions,
respectively. Physically, the hybrid nanofluid’s nanoparti-
cles can also change the way fluid flows close to the surface.
As an instance, they might lower fluid velocity close to the
surface, which would raise shear stress and raise the velo-
city ( )′f η profile. When the parameter of shrinking surface
increases in a hybrid nanofluid system, the temperature

Figure 2: Behavior of ( )f′ η profile against different values of Re.

Figure 3: Behavior of ( )θ η profile against different values of Re.

Figure 4: Variation of ( )f′ η for different values of λ.
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( )θ η profile tends to decrease due to changes in the boundary-
layer thickness, altered nanoparticle dispersion, and increased
conductive heat transfer across the boundary layer. These
findings were corroborated by Waini et al. [33].

Figures 6 and 7 highlight the velocity ( )′f η and tem-
perature ( )θ η profiles against the impact of Casson fluid
parameter = ∞β 5, 10, and against η for a variety of para-
meters, as well as including = = =ϕ ϕ0.04, 0.1, Re 2,

Al O Cu2 3

= −λ 1.2, and =Pr 7. The Casson fluid parameter [ ]∈ − ∞β 1

was used byMousavi et al. [39] in their study, and this collection
[ ]∈ − ∞β 5 is implemented in Figures 6 and 7 to satisfy the

boundary conditions. When the Casson fluid parameters were
enhanced as shown in Figure 6, the velocity profile ( )′f η in both
solutions increased. On the other hand, as the value of the
Casson fluid parameter increased in Figure 7, the thermal thick-
ness decreased in both solutions. The SA–hybrid nanofluid flow

Figure 5: Variation of ( )θ η profiles for different values of λ.

Figure 6: Variation of ( )f′ η profiles for different values of β.

Figure 7: Variation of ( )θ η profiles for different values of β.

Figure 8: Variation of ( )f′ η profiles for various values of ϕ
Cu
.

6  Mustafa Abbas Fadhel et al.



experiences a physically higher viscous force, leading to a reduc-
tion in ( )θ η profile. Physically, when the Casson fluid parameter
increases, the fluid becomes more resistant to deformation and
flow. This could result in a reduction in the fluid’s effective heat
transfer coefficient, leading to a decrease in the convective heat
transfer rate and, consequently, a lower temperature profile.

Plots of velocity ( )′f η and temperature ( )θ η profiles
against solid volume fraction =ϕ 0, 0.04, and 0.1

Cu
with

different parameter = = = = −ϕ β λ0.04, 5, Re 2, 1.2,
Al O2 3

and =Pr 7 are displayed in Figures 8 and 9, respec-
tively. Hammachukiattikul et al. [20] employed a range of
ϕ

Cu
( ≤ ≤ϕ0.05 0.2

Cu
) in their study. This range is in the set

of ranges ( ≤ ≤ϕ0.0 0.1
Cu

), which is used in Figures 8 and 9
to meet the boundary conditions. Figure 8 illustrates that
the momentum wall surface stiffness increases in both
solutions as the value of ϕ

Cu
grows, but in Figure 9, both

solutions are decreased. Therefore, thermal boundary

Figure 9: Variation of ( )θ η profiles for various values of ϕ
Cu
.

Figure 10: Variation of ( )θ η profiles for various values of Pr.

Figure 11: Plot of ( )a CRez/ f against λ for different values of ϕ
Cu
.
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surface thickness declined in both solutions. Physically, it
indicates that the enclosing quantity of a solid volume
fraction can slow down the SA-based hybrid nanofluid move-
ment. Research carried out byWaini et al. [33] lent support to
the conclusions presented here. In addition, the second solu-
tion does not converge properly and satisfy boundary con-
ditions, indicating that this model is weaker for nanofluid
than for hybrid nanofluid and that there are no multiple
solutions for nanofluid cases.

Figure 10 shows the temperature profile ( )θ η for
the Prandtl number =Pr 5, 7, and 9 with various values,
such as = = = =ϕ ϕ β0.04, 0.1, 5, Re 2

Al O Cu2 3

, and = −λ 1.2,

respectively. Hammachukiattikul et al. [20] used a variety
of different Pr values, ranging from 0.72 to 100 in their
research. This range is included in this set of ranges
( ≤ ≤5 Pr 9), as shown in Figure 10, to fulfill the boundary
conditions. Thermal thickness upsurged in both solutions,
but then the opposite trend behavior appears ( ( ) <θ η 0.04).

Figure 12: Plot of Nu against λ for different values of ϕ
Cu
.

Figure 13: Plot of ( )a CRez/ f against λ for different values of β.
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Physically, the fluid’s thermal diffusivity is comparatively
less than its momentum diffusivity when the Prandtl number
Pr is raised. In other words, the fluid is better at transferring
heat than it is at transferring momentum.

As shown in Figures 11–14, the non-uniqueness of
the solutions to equations (6)–(8) is observed for some dif-

ferent quantities of the parameter. The variation of ⎛
⎝

⎞
⎠Ca

Rez

f

and Nu is demonstrated in Figures 11 and 12 by the occur-
rence of several parameter quantities incorporating

= = =ϕ β0.04, 5, Re 2
Al O2 3

, and =Pr 7 with three fixed
quantities of the solid volume fraction copper =ϕ

Cu

0, 0.04, and0.1 against λ. Dual solutions for < < −λ λ 1.2c

are feasible. Furthermore, unique solution is observed
when ≥ −λ 1.2, and whenever <λ λci, there is no possible
solution. λci is the critical point of λ, since it is the connec-
tion point between the first solution and the second solu-
tion. It is important to note that as =ϕ 0

Cu
, the value

formed for = −λ 1.4856c1 , after that, 4% of ϕ
Cu

being included
in the hybrid nanofluid, and value of = −λ 1.4711c2 . In addi-
tion, the amount of = −λ 1.4594c3 appeared to augment as 10%
of the volume fraction of ϕ

Cu
being included in the hybrid

nanofluid. Figure 11 demonstrates that skin friction ⎛
⎝

⎞
⎠Ca

Rez

f

increased as the amount of solid nanoparticle ϕ
Cu

increased.
A similar behavior is noted in Figure 12 for Nusselt
number Nu as the quantity of ϕ

Cu
increased. Physically,

when assessing the three kinds of fluid, it is revealed that
hybrid nanofluid has higher physical quantities com-
pared to all of them. The finding is in agreement with
the premise that the addition of hybrid nanoparticles,

which are capable of producing synergistic influences,
can increase the heat transfer rate. Similar findings
were found by Waini et al. [33].

Figures 13 and 14 demonstrate the variation of ⎛
⎝

⎞
⎠Ca

Rez

f

and Nu with several parameter quantities such as
= =ϕ ϕ0.04, 0.04

Al O Cu2 3

, =Pr 7, and =Re 2 with three set
quantities of the Casson fluid parameter = ∞β 5, 10, and

against shrinking parameter λ. It is stated that dual solu-
tions for < < −λ λ 1.2ci are possible. Additionally, when

<λ λ ic , there is no possible solution that happens, and a
sole solution is perceived when ≥ −λ 1.2. λ ic , =i 1,2,3 is the
critical point of λ, since it is the interaction point between
the first solution and the second solution. It is seen that as

=β 5, the value generated for = −λ 1.4711c1 ; later, Casson
quantity enhanced when =β 10 the amount attained for
λc2 = −1.4629. In addition, the quantity of = −λ 1.4541c3

happened as the quantity of the Casson parameter = ∞β

occurred in the SA–hybrid nanofluid. Figure 13 illustrates

that skin friction ⎛
⎝

⎞
⎠Ca

Rez

f declined as the quantity of Casson

parameter βintensified. The same behavior is found in
Figure 14 for Nusselt number Nu as the quantity of Casson
parameter β improved. A physically greater viscous force
occurs on the SA-hybrid nanofluid flow, resulting in a

reduction in ⎛
⎝

⎞
⎠Ca

Rez

f and Nu. Higher Casson fluid para-

meters can improve the fluid’s thermal conductivity prop-
erties by making it behave more like a solid at rest. As a
result, the fluid’s ability to transmit heat increases, making
it easier to move heat from hotter to cooler areas.

Figure 14: Plot of Nu against λ for different values of β.
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4 Conclusion

The Casson SA–hybrid nanofluid flow toward a stagnation
point on a stretching/shrinking cylinder has been
observed in the current study. The outcomes have
been found by using the bvp4c algorithm that is included
in the Matlab program. Validation of the findings was
carried out for those specific instances in which it was
found that the latest findings were compared favorably
with the preceding findings. This study accounts for the
Reynolds number, shrinking surface, Casson fluid, the
solid volume fraction of copper, and the Prandtl number
as parameters that are present in behavior of tempera-
ture and velocity profiles. Furthermore, the Casson fluid
parameters and copper solid volume fraction against
shrinking parameter for the skin friction coefficient and
the Nusselt number were also examined in this study.
The following are some of the inferences that can be made:
1) Based on the findings of the study, the existence of

hybrid nanoparticles led to an upsurge in the rate of
heat transfer.

2) The specific physical features allow for the possibility of
dual solutions, with the categorization of the solutions
taking place in the shrinking zone ( <λ 0).

3) The rate of heat transport declined in both solutions as
the quantity of Reynold’s number, Casson fluid, and
solid volume fraction parameters increased.

4) Thermal boundary-layer thickness of Pr number upsurged
in both solutions, while declined behavior was then noted
when ( ) <θ η 0.04.

5) The Nusselt Nu number decreased as the amount of
Casson SA–hybrid nanofluid increased.

This study is limited to polar coordinates of a cylinder
with SA–hybrid nanofluid toward a stagnation point flow
over stretching/shrinking with the effect of Casson fluid.
Additionally, this study can be extended to two-dimen-
sional Cartesian coordinate hybrid ferrofluid flow with
several effects such as thermal radiation, viscous dissipa-
tion, and convective boundary condition.
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