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Abstract: A mathematical model has been suggested for
the numerical study of blood flow in a vessel due to the
pumping action of the heart. Blood is assumed to contain
some impurities in the form of chemically reactive species
(undergoing a first-order irreversible reaction) and, being
a hybrid nanofluid, also contains the nano-sized solid par-
ticles, thus forming a homogeneous mixture which is sub-
jected to a pressure gradient (of trigonometric nature) in
the horizontal direction. Human vessel is subjected to a trans-
verse magnetic field and is presumed to be filled with plaque
which is considered as a porous medium, and is mathemati-
cally modeled by applying the Darcy–Forchheimer theory.
The nonlinear nature of the governing equations steered
toward the decision of using the numerical approach to
obtain the solution of the governing system, which led to
the discovery of a linear concentration variation across the
vessel at higher values of the Reynolds number. Finally, a 38%
rise in the heat transfer has been noted due to the presence of
solid particles in the human blood.

Keywords: hybrid nanofluid, blood flow, Darcy–Forchheimer
medium, pressure gradient, fully implicit scheme

Nomenclature

B0 magnetic field strength ( )− −kg s A1 1

∗D molecular diffusivity ( )−m s2 1

g acceleration due to gravity ( )−m s 2

k rate of chemical reaction )( −s 1

khnf thermal conductivity ( )− −W m k1 1

kP permeability ( )m2

Pr dimensionless Prandtl number
Re dimensionless Reynolds number
u v, velocities ( )−m s 1

vhnf kinematic viscosity ( )−m s2 1

σhnf electrical conductivity ( )−S m 1

ρ
hnf

density ( )−kg m 3

ψ
1

volume fraction of Cu ( )−mol m 3

ξ stream function ( )−m s2 1

αhnf thermal diffusivity ( )−m s2 1

ψ
2

volume fraction of Fe3O4 )( −mol m 3

1 Introduction

The pulsatile flow involves periodic variations and, due to
this fact, it has several important uses in the fields of
science and biomechanics. A periodic pressure fluctuation
is essential for the integrity of the tissues which cause the
smooth blood flow. It is comprehensive to interpret the
pulsatile flow, so that, the prominent benefits in the bio-
mechanics as well as blood flow may be characterized.
Thomas et al. [1] assessed perforator veins by means of
arterial pulsations in the lower limbs of heat-stressed
and healthy humans. The superficial veins were connected
with perforator veins that drained into the deep veins.
They noted pulsatility in ten different persons which was
normal for blood flow. Ryu et al. [2] used a flexible strain
sensor in order to measure the circumferential strain gen-
erated by a pulsating fluid flow. This sensor comprised of a
Triton-X treatment with polydimethylsiloxane that enhanced
the adhesive property of carbon nanotubes nanoparticles.
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It was noticed from experiment that pulsating fluids’ flow
rate could be accurately measured by the flexible strain
sensor. Versatile applications of the several fluid flows, that
are beneficial in the modern technology, can be studied from
the literature [3–7].

An axisymmetric non-Newtonian pulsatile flow was
simulated by Cheffar et al. [8]. They found the numerical
solutions by employing the finite difference technique. They
investigated the wall shear stress distribution, external
acceleration, pressure gradient and structural properties.
A mathematical model was established by Praljak et al. [9]
to explore the interaction of fluid with elastic kidney tubule
provided that pressure was pulsatile. In this study, an idea
to prevent the chronic kidney diseases using dynamic pathology
is presented. Mittal et al. [10] studied the pulsatile flow using
large-eddy simulation and direct numerical simulation. The
flow was taken in a one-sided constricted channel. The results
revealed that the Reynolds number caused an increase in the
characteristic shear-layer frequency. Painter et al. [11] estab-
lished relations between energy dissipation, shear force and
pulsatile blood flow using Murray’s law. According to this
law, moving blood encompasses shear force which is constant
on the inner vessel walls. However, they derived the results for
constant blood flow.

Recently, bio-magnetic fluids have been extensively
studied due to their bioengineering and biomedical appli-
cations. Examples of bio-magnetic fluids involve: magnetic
hyperthermia and medical devices (blood pumps and mag-
netic tracers), reduction in bleeding during surgeries, mag-
netic wound treatment, cell separation and targeted drug
delivery. The blood comprises of intercellular protein,
hemoglobin compound and cell membrane; therefore, it
is a prominent example of biomagnetic fluid. An applica-
tion of magnetohydrodynamic (MHD) effect on blood flow
is to reduce the blood flow friction which not only controls
the blood pressure but also controls the cholesterol level. A
numerical investigation on the MHD pulsatile flow was
conducted by Amos and Ogulu [12]. They noticed that the
fluid speed decreased with an enhancement in the mag-
netic field. This phenomenon might increase the work load
on heart and give rise to heart attack. However, they sug-
gested to increase flow pressure to circumvent this pro-
blem. MHD pulsatile flow in a different shaped channel
was scrutinized by Bandyopadhyay and Layek [13]. It was
claimed that the axial velocity would flatten with an
increase in magnetic field parameter. Eldesoky [14] exam-
ined the impact of periodic body acceleration on MHD
pulsatile flow by changing the relaxation time. Blood was
considered to act as an electrically conducting and incom-
pressible fluid. Their results designated that the relaxation
time had a substantial effect on axial velocity and shear

stress. Abbas et al. [15] and Ali et al. [16] presented numerical
analysis of pulsatile flow under MHD environment using
explicit finite difference scheme and explicit Runge–Kutta
method, respectively.

The distinct types of nanoparticles have their own
thermal characteristics which possess enhanced thermal
features. A non-Newtonian flow of nanoparticles, on the
horizontal surface, was elaborated by Zeeshan et al. [17]
taking the impact of catalytic chemical reaction. Ahmad
et al. [18] developed an algorithm to determine the numer-
ical solution of hybrid nanofluids containing graphene
oxide and iron oxide particles together with engine oil as
base fluid. They used order reduction method to simulate
the governing problem. An axisymmetric flow involving
the homogeneous/heterogeneous reactions over a cylinder
was studied by Pattnaik [19]. The cylinder contained the
Darcy–Forchheimer porous medium through which the
fluid was flowing. Different types of fluid flows such as
Carreau fluid flow, Maxwell fluid and Sutterby nanofluid
were investigated by Salahuddin et al. [20–22]. Karmakar
et al. [23] scrutinized the hybrid nano-blood flow with tri-
hybrid nanoparticles.

An artificial suspension of hybrid nanoparticles in
the pulsatile flow can provide assistance to magnetize
and stabilize the flow. An electrically conducting blood
flow together with nanoparticles can also act as ferromag-
netic fluid and, as a consequence, velocity of fluid increases
gradually. An utmost attention by the research community
has been given to investigate the pulsatile flow comprising
of hybrid nanoparticles. The blood-based hydromagnetic
pulsatile flow through porous channel involving couple
stress hybrid nanofluid was investigated by Rajamani and
Reddy [24]. The hybrid nanoparticles copper oxide (CuO)
and gold (Au) were suspended in the blood which was the
base fluid. The perturbation technique was used to convert
the partial differential equations into ordinary differential
equations and then shooting method together with RK
fourth-order approach was adopted to determine the
numerical solution of the problem. The MHD pulsatile
flow of hybrid nanoparticles (gold and alumina) was probed
by Govindarajulu and Reddy [25]. The blood was assumed to
be a third-grade base fluid. An increase in non-Newtonian
parameter and Hartmann number caused a reduction in the
velocity. Selimefendigil [26] examined water hybrid nano-
fluid pulsatile flow subject to oscillating rectangular double
slot jets whereas Manchi and Ponalagusamy [27] analyzed
the pulsatile hybrid nanofluid flow (Ag-TiO2/blood) subject
to uniform magnetic field. Pulsatile flow of non-Newtonian
Casson fluid in a channel having symmetric walls was con-
sidered by Bukhari et al. [28]. The vorticity-stream function
form was obtained from governing model equations which
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was then solved numerically. Further aspects of the pulsatile
flow can be studied from previous studies [29–34].

To the authors’ best knowledge, no research was found
dealing with the modeling of the blood as a hybrid nano-
fluid under an oscillating pressure gradient. Therefore, a
comprehensive analysis of nanofluid flow comprising
hybrid nanoparticles under the MHD environment is pre-
sented in this study. The blood flow dynamics is interpreted
in either case of pure or hybrid nanofluids with the change
in emerging parameters. Another objective, in the present
work, is to justify how much a Darcy–Forchheimer flow is
affected by the applied pressure gradient having oscillatory
and static components. The available literature evidently
discloses that no study is reported yet to interpret the pul-
satile natured nanofluid flow with rheological properties,
specifically, under the magnetic field environment. The cur-
rent learning will, expectantly, fill the gap in this direction.
Numerical treatment to the highly coupled and nonlinear
equations is carried out via a fully implicit numerical
scheme. The potential of the current study can be found
in pharmacological engineering (drug delivery systems)
and various biomedical systems.

2 Description of mathematical
model

An electrically conducting fluid flow is assumed to be
occurring inside a parallel plate channel through a porous
medium. The applied pressure gradient with oscillatory
and static components causes the motion of fluid. The
lower channel plate encompasses the injection phenom-
enon whereas the suction takes place at the upper one.
A suitable Cartesian coordinate system is specified on
channel plates which are located at = ±y l (Figure 1a).
Fluid is flowing between parallel plates of a channel with
wall transpiration. The flow is two dimensional as well as
incompressible and laminar. Furthermore, the nature of
flow is pulsatile. The model equations also involve Joule
heating and viscous dissipation.

The general form of the governing equations can be
composed as follows:

( ) ( )

( ( )) ( )

)

∇ ⋅ → =
∂→ ∂ + → ⋅ ∇→ = −∇ + ∇ → + → + →

∂ ∂ + ∇ ⋅ → = − + ∇ ⋅ ∇ +

∂ ∂ + (→ ⋅ ∇ = ∇

⎫

⎬
⎪⎪

⎭
⎪
⎪

V
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ρ h t hv Dp Dt k T ϕ
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0

/ ²
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/

.

B
2

(1)

Now, we discuss the governing model equations under
the prescribed conditions.

Figure 1: (a) Schematic diagram of the problem. (b) The flowchart dia-
gram of the explicit RK method. (c) Change in the CPU time with the
magnetic parameter.
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2.1 Momentum equation

The momentum equation, in the light of Nakamura and
Sawada model [35], has the following form:

∂
∂

+
∂
∂

= −
∂
∂
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∂
∂

− −

−

u
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v
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hnf
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2
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0

2

hnf
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(2)

The above equation is interlinkedwith the Navier–Stokes
momentum equation and the Forchheimer law. The last two
terms are illustrated by the Forchheimer law. The blood is
assumed to be the nanofluid, in the concerned problem,
which contains two different types of solid particles.

The terms involved in equation (2) are expressed as
follows:

ρ
hnf

denotes the density of the hybrid nanofluid,
b shows the inertial drag coefficient,
p represents the pressure,
τ signifies the dimensional time,
kP demonstrates the permeability of the porous medium,
u symbolizes the horizontal velocity component,
B0 defines the magnetic field strength,
v0 designates the wall transpiration velocity,
vhnf describes the kinematic viscosity of the hybrid

nanofluid, and
σhnf expresses the electrical conductivity of the hybrid

nanofluid.

2.2 Energy equation

The governing energy equation of the problem has the
following form:

( ) ( )
⎜ ⎟

∂
∂

+
∂
∂

=
∂
∂

+ ⎛
⎝
∂
∂

⎞
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+
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2

hnf 0
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p hnf

2 (3)

where temperature of the fluid is represented by the
symbol T and αhnf is the thermal diffusivity of the hybrid
nanofluid. The term ∂

∂
T

y

2

2
in equation (3) is used for the

thermal diffusion whereas the first derivative terms of
the same equation represent the thermal convection phe-
nomenon. The involvement of diffusion is due to the tem-
perature difference at both channel walls which occurs
because walls are placed at different temperatures. It is
assumed initially that wall transpiration effects (suction/
injection) are negligible at plates or walls due to which
a linear change in the temperature is noticed across the
channel. Afterward, the suction/injection effects are imposed
and temperature is noticed to be varying non-linearly (see
temperature profiles in Section 4).

2.3 Concentration equation

The chemically reactive species are also contained in the
blood inside the channel. Obviously, the flow involves the
mass transfer due to the presence of species. The concen-
tration is denoted by C having unit mol/m3 and involves
the homogeneous mixture. Because of the species involve-
ment, the flow possesses first order irreversible and homo-
geneous reaction taking place within the fluid. The fixed
concentrations C1 and C2 are taken, respectively, at the
lower and upper walls. The mass transfer equation with
concentration differences at both walls is given by

( )
∂
∂

+
∂
∂

=
∂
∂

− −∗C

τ
v

C

y
D

C

y
k C C ,0

2

2 m (4)

where k is the rate constant of chemical reaction that
describes how fast the chemical reaction occurs within
the channel and D expresses the mass diffusivity. The nega-
tive sign with the last term of equation (4) designates the
fact that the species are being destroyed by the chemical
reaction.

Finally, = +
C

C C

m 2

1 2 is taken as the reference concentra-
tion (used in the mathematical modeling) also known as
characteristic concentration.

2.4 Boundary conditions

The proposed boundary conditions in the present case (for
t > 0) are as follows:

= = = = −
= = = =

u C C T T y l

u C C T T y l

0, , at

0, , at ,

1 1

2 2

(5)

where C1, T1, C2 and T2 are the constant concentrations and
temperatures at the lower as well as upper channel wall,
respectively.

2.5 Non-dimensional coordinates and
equations

The non-dimensional coordinates are introduced as
follows:
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0
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2
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(6)
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which convert the governing equations in the following
form:
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The nanoparticles volume fraction of copper is ψ
1
and

that of iron oxide is ψ
2
. The thermo-physical properties of

both nanoparticles as well as base fluid are provided in
Table 1.

2.6 Parameters of the problem

The governing non-dimensional parameters of the pro-
blem are as follows:

=λ
k v

av

p 0

f

is the Darcy parameter,

=Re
av

v

0

f

is the Reynolds number,
=F abr is the Forchheimer quadratic drag parameter,

=Sc
av

D

0 is the Schmidt number,

=Ha
σ B a

ρ v

f 0

f 0

is the magnetic parameter,

=Pr
v

α

f

f

is the Prandtl number,

=γ
ka

v

2

f

is the chemical reaction parameter,

=Ec
v

c TΔ

0
2

p

is the Eckert number.

The pressure gradient ∂
∂

P

ξ
in terms of its frequency ω

can be stated as follows:

( )−
∂
∂

= +
P

ξ
P P ωtcos ,s 0 (15)

where the static and the oscillatory components of the
pressure gradient are, respectively, represented by P0

and Ps.
The boundary constraints now take the form

= − = = = −

= = = = ∀ >

η U θ φ

η u θ φ t

1 : 0, 1,

1 : 0, 1 0.

(16)

At the beginning, when the fluid is at rest, the concen-
tration and temperature vary linearly with η (across the
channel); however, the initial conditions at this stage take
the form

= = = ∀ − ≤ ≤ =U θ φ η η t0, 1 0 1 at 0. (17)

3 Numerical solution and
methodology

The appearance of systems (6)–(8) is complex natured which
involves highly nonlinear and coupled equations. Nevertheless,
the analytic solution of such system is almost impossible. If so,
it might be so much time consuming. Therefore, we follow a
completely implicit numerical approach which is based on the
forward difference approximation for the time derivative, and
central differences for spatial derivatives appearing in the
governing equations. The discretized form of the governing
Eqs. (6)–(8) may thus be written as follows:

Table 1: Thermophysical attributes of nanoparticles and blood

Properties (( ))sCu 1 Blood (( ))f Fe3O4(( ))s2

( )σ S m‒1 5.96 × 107 0.8 25,000

( )k W m K‒1 ‒1 401 3,594 6

( )ρ kg m‒3 8,933 1,063 5,200

( )C J kg Kp
‒1 ‒1 385 0.492 670
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The numerical scheme configuration is described in
Figure 1b.

The code is validated by means of a numerical data
comparison (Table 2) which not only appraises the code
efficiency but also makes us confident to develop the result
effectually. Figure 1c depicts the change in CPU time against
different values of the magnetic parameter.

4 Results and discussion

With blood as a base fluid containing two different types of
nanoparticles, this section is devoted to the primary under-
standing of the way the relevant parameters tend to influ-
ence the momentum, thermal and concentration profiles
for the present problem when a periodic force drives the
flow in a horizontal channel. With the physical domain
being shown in Figure 1a, following values of the gov-
erning parameters have been considered throughout the
present investigation:

=λ 0.5, =F 0.75r , =Re 1, =Pr 21, =Sc 2, =γ 0.5, =p 5
0

,
=p 7

s
, =ω 2, =Ha 0.5, =ψ 0.05

1
and =ψ 0.05

2
, unless

otherwise mentioned.
The numerical outcomes are monitored (for velocity,

temperature and concentration) subject to distinct spatial
step sizes, at a certain time level. Variation in the velocity
profile with time, across the channel, is given in Figure 2a.
We notice a sort of repetitive behavior or cycles in the flow
field, with ω being the parameter determining the fre-
quency of such cycles. It is easy to note that, compared to
the forthcoming cycles, the maximum flow velocity during
the first cycle is relatively lower, as the fluid was initially

Table 2: Comparison of velocity ( )u η variation across the channel for a
certain limiting case

η (( ))u η

Ashraf et al. [36] Present

−0.8 0.447484 0.447595
−0.4 1.014633 1.014744
0 1.212160 1.212271
0.4 1.065582 1.065693
0.8 0.496384 0.496495

Figure 2: (a) Variation in the velocity field, with time and (b) contours of velocity field across the channel.
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stagnant and the applied force due to the pressure gradient
was relatively less effective compared to the case when the
flow acquires certain momentum after some time. This is
the reason why the initial cycle is not symmetric compared
to the forthcoming ones. Contours of velocity field across
the channel can be examined from Figure 2b.

Initially the two channel walls have stagnant fluid in
between, and consequently two different (fixed) wall tem-
peratures lead to a linear temperature variation. However,
as the driving force comes into play, we notice a flattening
effect on the thermal distribution in a major part of the
channel which means that most of the fluid is at the same
temperature as that of the lower channel wall (Figure 3a).

This, in turn, leads to higher thermal gradient near the
upper wall of the channel, as shown in Figure 3b. From
Figure 4a and b, we notice that the concentration surface is
somewhat similar to that of thermal distribution. But, con-
trarily, the gradient near the upper channel wall is not as
much dominating.

For presenting an understanding of the influence of
the relevant parameters on different aspects of the pro-
blem, we study how, at any arbitrary time level (we have
considered t = 2 in our work), these parameters affect the
different profiles. A rise in the value of the rheological
parameter β physically means that the fluid acquires
Newtonian character, thus meaning a lowering of the

(a) (b)

Figure 3: (a) Variation in the temperature field, with time and (b) isotherms across the channel.

(a) (b)

Figure 4: (a) Variation in the concentration field, with time and (b) contours of concentration field across the channel.
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viscosity which in turn translates into the flow acceleration
under the same magnitude of the driving force (external
pressure gradient), as the parameter β increases. This phe-
nomenon may be observed from Figure 5.

It may be noted from Figure 6 that the Darcy para-
meter λ facilitates the flow velocity. The reason behind
this is the weakening of the Darcian force (which acts as
a frictional or resistive force) with increasing λ, appearing
in the mathematical model, which turns into a greater
impact of the pressure gradient on the flow. The term
F ur

2 arises in the governing equations due to the applica-
tion of the Forchheimer law for modeling the porous
media in the present geometry. A stronger role of this

term would translate into an increased resistance to the
flow, which ultimately slows down the flow across the
channel (Figure 7). In order to interpret the role of the
Reynolds number (Re) for the flow across the physical
domain, we refer to Figure 8 which clearly indicates an
addition in the flow velocity. We notice a tilt in the velocity
profiles toward the upper wall. An increase in the Reynolds
number translates into a rise in the suction velocity, sub-
ject to the condition that the fluid properties remain invar-
iant. This increased suction is responsible for the tilt in the
velocity profile.

A closer look at Figure 9 shows that, once the flow
starts, there is a smaller region near the upper wall where
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Figure 5: Variation in the velocity profile (at t = 2) for different values of
the Casson parameter.
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the temperature distribution exhibits higher gradient, thus
eliminating the initial linear thermal distribution across
the channel. Figures 10 and 11 show a notable decrease
in the concentration profiles, with both the parameters
Re and Sc. On the contrary, the chemical reaction para-
meter has raised the profiles, as may be seen from
Figure 12. With the concentration of both type of nano-
particles, a rise in the thermal distribution is seen
(Figures 13 and 14), as expected.

The consequences of Figures 15 and 16 evidently por-
tray that the effect of both parameters (Hartmann number
as well as Eckert number) is to upsurge the temperature in
the flow regime. It is to point out that the pressure gradient

(which is the only deriving force for the flow, in the present
problem) possesses both the steady and oscillatory compo-
nents (denoted by p pand

s 0
, respectively). It is obvious that

the steady component contributes to the flow velocity
whereas the role of the oscillatory component is dependent
on the nature of the term cos(ωt). When the term is nega-
tive, it reduces the external force acting on the system, and
thus slows down the flow. However, in the other case, it
simply accelerates the flow. No figure has been drawn for
the purpose, as the phenomenon may be well understood
from the physics of the problem.

It has come to notice that shear stress got reduced at
both channel walls with the positive change in the values
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Figure 9: Variation in the temperature distribution (at t = 2) for different
values of the Reynolds number.
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Table 3: Change in shear stress and heat transfer rate with M and ϕ
1
at upper wall

M ==λ 1 ==λ 2 ==λ 3 ==λ 4 ϕ
1

==ϕ 0
2

==ϕ 0.05
2

==ϕ 0.10
2

==ϕ 0.20
2

Shear stress at the upper wall Heat transfer rate at the upper wall

0 1.2942 1.4326 1.4877 1.5172 0.0 4.1304 4.1813 4.2424 4.4028
1 1.1503 1.2496 1.2880 1.3084 0.05 4.1984 4.2636 4.3408 4.5388
2 1.0422 1.1173 1.1457 1.1606 0.10 4.2833 4.3646 4.4594 4.6973
3 0.9576 1.0167 1.0387 1.0501 0.15 4.3891 4.4881 4.6018 4.8811
4 0.8893 0.9372 0.9548 0.9639 0.20 4.5206 4.6385 4.7722 5.0936
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of magnetic field parameter. On the other side, heat transfer
rate significantly enhances with the effect of solid nanopar-
ticles volume fraction ϕ

1
(Tables 3 and 4).

5 Conclusion

In the present work, the features of fluid flow subject to
Dracy Forchheimer medium under the combined effects of
MDH and pressure gradients are investigated. The interac-
tion of various preeminent parameters with the rheolo-
gical properties is noticed and prescribed for velocity
and temperature distributions through the boundary layer
regions. An explicit RK method is utilized for the numerical
simulations. Significant outcomes of the current study are
enlisted as follows:
• The maximum flow velocity during the first cycle is rela-
tively lower, due to the pressure gradient, as compared
to the case when the flow acquires certain momentum
after some time.

• The greater impact of the pressure gradient on the flow
is noticed, and the Darcy parameter λ facilitates the flow
velocity.

• An increased resistance in the flow is due to the Darcian
drag force which ultimately slows down the flow across
the channel.

• It is obvious, from the consequences, that the steady
component of the pressure gradient contributes to the
flow velocity whereas the role of the oscillatory compo-
nent is dependent on the nature of the term cos(ωt).

• An increase in the Reynolds number translates into a rise
in the suction velocity which is responsible for the tilt in
the velocity profile.

• A significant decrease in the concentration profiles is
noticed for both the parameters Re and Sc.
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