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Abstract: Tri-hybrid nanofluid (THNF) can achieve a higher
heat transfer rate than conventional hybrid nanofluid by
combining three different nanoparticles with synergistic
effects. It can have more diverse physical and thermal
properties by choosing different combinations of nanopar-
ticles. That is why it has more potential applications in
various fields such as solar thermal, biomedical, and indus-
trial processes. On the other hand, vortices are circular
motions of liquid or gas that occur when there is a velocity
difference. They are important for understanding how
fluids mix and transport mass. They can be found in
nature, such as in tornadoes and hurricanes. The aim of
the current study is to mainly investigate the complex
interaction of Lorentz force with the tri-hybrid nanoparti-
cles inside a lid-driven square cavity. It can be seen that the
magnetic field has caused the evolution of new vortices
(which are very important while analyzing any flow model
due to their importance in interpreting fluid mixing and
mass transport phenomena) in the flow field, thus adding
much more significance to our work. Most of the scientific
literature is enriched with investigations dealing with the
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problems assuming a uniform magnetic field occupying
the flow field, but in this research, a vertical strip of mag-
netism within the flow field will be introduced. It may be
the first effort to interpret the role of the applied magnetic
field in the formation of the new vortices in the flow field. A
single-phase model is utilized to describe THNF whereas a
numerical solution to the governing differential equations has
been obtained by employing an algorithm based on the central
difference discretization and the alternating direction implicit
method. The analysis reveals that the magnetic field intensity
may result in up to 13 and 119% increase in the skin friction and
Nusselt number, respectively. Similarly, a remarkable change in
the Nusselt number and the skin friction is also observed by
raising the Reynolds number Re. Moreover, the localization or
confinement of the magnetic field does not always increase or
decrease the Nusselt number. Thus, it is concluded that there
will be a certain width of the magnetic corridor for which the
Nusselt number would be optimal. Further, the THNF con-
taining AL,Os, Ag, and TiO, outperforms in terms of enhancing
the average Nusselt number, compared to the simple nanofluid
containing the abovementioned particles.

Keywords: Reynolds number, single-phase model, tri-hybrid
nanofluids, localized magnetic field

Nomenclature

Ec Eckert number

H(x,y) magnetic field intensity of a dipole
K pyro magnetic factor

M magnetization property

Mn magnetic number

Pr Prandtl number

Re Reynolds number

T Curie temperature

o constant velocity

AH/dx  magnetic force components along the X-axis

0H/dy  magnetic force components along the Y-axis
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Greek symbols

Y magnetic field strength

JT viscosity of hybrid nanofluid

Ohnf electrical conductivity of hybrid nanofluid
) volume fraction of iron oxide

Prs density of nanofluid

o nanoparticle volume fraction

€ dimensionless number

i, dynamic viscosity

Kinf thermal conductivity

0, volume fraction of copper

Prns density of nanofluid of hybrid nanofluid

1 Introduction

The study of vortex generation in lid-driven cavities by
localized magnetic field is useful for understanding the
fluid dynamics of biological fluids under the influence of
high magnetic fields and its possible medical applications,
such as cell separation, magnetic tracers, and magnetic
drug targeting [1]. It is also useful for exploring the size-
dependent effects of fluid flows at small scales, which can
be relevant for liquid crystals, lubrication, and microelec-
tromechanical devices [2]. Moreover, it can provide insights
into the topology and stability of corner vortices in the lid-
driven cavity flow, which is a benchmark problem for
testing numerical methods and studying fundamental
aspects of incompressible flows in confined volumes [3].
A localized magnetic field is a vector field that varies in
space due to the presence of magnetic materials or elec-
tric currents. Some real-world applications of localized
magnetic fields are indoor localization, magnetic anomaly
detection, magnetoencephalography, and quantum phy-
sics. Magnetic fields can be used to estimate the position
and orientation of a device inside a building by mea-
suring the distortions of the earth’s magnetic field caused
by ferromagnetic objects [4,5].

Amalgamation of the nanoparticles that are exhibiting
magnetic features may produce magnetic nanofluids which
are rather different from ordinary nanofluids. Since ferro-
magnetic materials such as ferrites, mercury, and nickel are
likely more striking towards the influence of the external
magnetic fields, these nanomaterials disseminate the fluid
throughout the enclosure by altering the flow regime. In a
magnetic field setup, the flow of viscous and conductive
fluids (e.g., Brine, nano lubricants, plasma, electrolytes,
liquid metals, etc.) has a variety of applications in the man-
ufacturing of medical apparatuses, control networks in
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industries, propulsion systems in submarine and spacecraft,
wastewater treatment, liquid metal fast reactor, power gen-
eration, etc. In recent times, many researchers have focused
on magneto-hydrodynamic (MHD) flows through different
geometries. Recently, the heat and mass transfer of a micro-
rotating fluid between two plates was explored by Jalili et al
[6] by using both electric and magnetic fields. They com-
puted the nonlinear and coupled equations and evaluated
how the Nusselt number, Sherwood number, and skin fric-
tion influence the fluid’s temperature, concentration, and
velocity. MHD convection and the development of entropy
of Cu—Al,0O3/water nanofluid in a porous square cavity are
numerically investigated with sinusoidal boundary tem-
peratures by Abdel-Nour et al [7]. The isotherms vary
with Rayleigh number and Hartmann number (Ha). A
high Ha increases conduction transfer. MHD mixed con-
vection in Al,0s;—Cu nanostructures in the water nano-
fluid in an L-shaped cavity with two heat sources at
bottom corners and cold ends is proposed by Armaghani
et al. [8]. The size of the enclosure and heat source loca-
tion affect the heat transfer and flow. The numerical
study of unsteady hybrid nanofluid (Fe30, and carbon
nanotubes in water) flow with heat source/sink effects
between two sheets with variable thermal conductivity
and magnetic field has been conducted by Dinarvand
et al. [9]. The heat transfer decreases with an oblique
magnetic field and also temperature-dependent thermal
conductivity. The spherical particles have a particularly
high temperature with horizontal magnetic field.
Convective flows through enclosures and cavities have
captivated the attention of scientists due to their increas-
ingly versatile applications in several industries which
include chemical and food processing industries, paints
and molten polymer processing units, microelectronics,
HVAC systems of buildings and mechanical complexes,
nuclear power stations, solar collectors, etc. [10-12]. Nat-
ural convection flow problems are mainly concerned with
the heat transfer performance of the working fluids. Fluid
flow and heat transfer in a square cavity with varying wall
temperatures and Cu-Al,0Oswater nanofluid is numerically
investigated by Gorla et al. [13]. A higher Ha lowers fluid
velocity and a higher nanoparticle volume fraction boosts
the heat transfer rate. The heat transfer of a hybrid nano-
fluid in a triangular cavity with a magnetic field and a heat
source at the bottom is studied by Rashad et al. [14]. The
slanted side is cold and the other sides are insulated. The
heat transfer is affected by the nanofluid volume fraction
when convection is very low. A hybrid nanofluid with an
equal nanostructure of copper (Cu) and aluminum oxide
(Al,03) in water does not improve the mean Nusselt
number more than a regular nanofluid. Excellent research
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on the thermophysical characteristics of various nanofluids
in fascinating problems was also conducted by Ahmad et al
[15-22]. Liu et al [23] examined the magnetic flow of Fe;0,
nanoparticles inside a porous cavity with the latest numer-
ical technique taking impacts of various combinations of
Rayleigh numbers, the volume fraction of nanocomposites,
porosity parameter, and magnetic parameters on the
thermal distributions of the nano liquid. Nepal [24] calcu-
lated a numerical solution of MHD flow through an enclo-
sure with numerous heat sources of variable breadth at the
bottom most layer of the enclosure. The author employed a
powerful numerical technique, the successive over-relaxa-
tion method, entrenched with relevant finite differences of
differential equations.

The advantage of tri-hybrid nanofluids (THNFs) over
hybrid nanofluids is that they have higher thermal con-
ductivity and heat transfer properties than hybrid nano-
fluids and simple nanofluids [25,26]. This means that THNFs
can enhance the cooling performance and energy efficiency
of various applications, such as microfluidic devices, electric
ovens, nuclear reactors, etc. However, the effectiveness of
THNFs depends on several factors, such as the types, sizes,
shapes, and mixture ratios of nanoparticles, as well as the
base fluids [27]. Jakeer et al. [28] studied the magneto copper
based nanofluid flow in a non-Darcy porous square enclo-
sure by using the Cattaneo—Christov heat flux model. The
heat transfer and flow depend on the heated obstacle.
Higher Ha reduces the local Nusselt number, whereas
hybrid nanofluid enhances heat transfer more than nano-
fluids. The thermal diffusivity profile in oblique stenosis
artery with Al,0;—Cu based hybrid nanofluid was designed
by Jalili et al. [29] by taking care of several numerical
methods (AGM, FEM, and Runge-Kutta). They scrutinized
the influence of heat source parameters and volume frac-
tion on the temperature evolution and reported that
increasing the nanoparticles volume fraction decreases
the maximum temperature profile and rising the heat
source increases the maximum heat temperature. They
also discovered that Al,0; has more impact on reducing
the temperature profile than Cu. The best cooling of the
fluid was accomplished by Abdollahi et al. [30] by perusing
the thermal and fluid parameters of copper/water hybrid
solution, such as Darcy number and Nusselt number. They
also fitted a piece of fin on the wall of the heat sink to surge
the coefficient of displacement heat transfer and conduc-
tive heat transfer with the surrounding air-fluid and the
effectiveness of the system. Tawade et al. [31] examined the
steady laminar flow on a two-dimensional boundary layer
with heat transfer of Casson over a linearly stretching
sheet. The governing partial differential equations (PDEs)
were changed into nonlinear ordinary differential equations
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(ODEs) by means of similarity transformation. For more
related information, please refer to refs [32,33]. Hameed
et al. [34] studied the two-dimension flow of Casson hybrid
nanofluid on a nonlinear extending surface with a magnetic
field, absorption, heat generation, and viscous dissipation.
The main aim is to enhance the heat transfer relationship
between the engineering industries and manufacturing.

In most recent times, various nanoparticles such as
alumina, titanium, spinel ferrites, nickel, copper, silver,
graphite, etc., are used in the working host fluids to pro-
duce thermally vigorous fluids usually termed nanofluids
[35-38]. The study of a micro-polar nanofluid in a rotating
system with electric and magnetic fields between two
plates was conducted by Jalili et al. [39]. They considered
a steady-state fluid flow and integrated the coupled and
nonlinear equations with appropriate similar variables,
and employed new semi-analytical and numerical methods
to define the accuracy of the results. They reported that
concentration value decays by increasing the thermophoretic
parameter and Reynolds number. Heat transfer and entropy
generation in a square enclosure with aluminum and copper
based nanofluid at different wall temperatures associated
with imposed magnetic field are studied by Mansour et al
[40]. A new semi-analytical technique was used by Jalili et al.
[41] to crack the heat and mass transfer problem. They con-
sidered a viscous, laminar axisymmetric, and incompressible
flow of a micropolar fluid under the effect of a magnetic field
between two stretchable disks. They presented the impact of
different parameters such as radiation parameter, Eckert
number, magnetic field, Reynolds number, Prandtl number,
and Schmidt number on the profiles of microrotation, tem-
perature, velocity, and concentration with the corresponding
graphs. Saeed et al [42] explored the complex dynamics of
nanofluid flow between two parallel plates that squeeze
and rotate with various physical properties. They used the
Navier—Stokes equation, energy equation, and concentra-
tion equation to model the unsteady behavior of the fluid
and its thermal and mass transport characteristics. The
problem of variable viscosity and inclined Lorentz force
influences on Williamson nanofluid on a stretching plate
was unraveled by Jalili et al. [43] by considering a semi-
analytical approach. The variable viscosity was chosen to
change with temperature as a linear function. The system
of PDEs was transformed into ODEs using suitable trans-
formations. The outcomes demonstrated that the heat
transfer rate reduced by increasing the Prandtl number
and the temperature decreased by rising the thermophor-
esis parameter.

One of the imperative problems of heat transfer
through bounded surfaces is natural convection, in which
the governing equations are highly nonlinear and coupled
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in nature, and require advanced computational fluid
dynamics tools to obtain their numerical solutions.
Yuan et al [44] numerically solved the hydromagnetic
flow of nano liquid inside a U-shaped cavity. In order to
prevent the bafflement on the fluid movement inside the
enclosure, clockwise and anti-clockwise vortices are observed
at greater scales of Rayleigh number. The convection heat
transfer in a turbulent flow in a countercurrent double-
tube heat exchanger with various fins was investigated by
Jalili et al [45]. The double-pipe heat exchanger was studied
for the real cooling or heating process of fluids. Water-tita-
nium dioxide and water—aluminum oxide nanofluids at qua-
tern concentrations (0.4, 2, 4, and 6%) were considered as the
cold fluid in the innermost tube, and water as the hot fluid in
the annular space. The findings indicated that the Al,03 + H,0
nanofluid had an improved convection heat transfer coeffi-
cient than TiO, + H,0 and pure water. A numerical model of a
shell and tube heat exchanger associated with non-contin-
uous helical baffles (NCHB-STHX) was investigated by Jalili
et al. [46]. This heat exchanger has miscellaneous applications
in different arenas of science and industry. They subjugated
the ratio of heat transfer coefficient to pressure drop (HTC/
AP) from various angles and intensities. Dharmaiah et al. [47]
analyzed the behavior of nanofluid flows through a sinusoid-
ally varying circular cylinder numerically by applying the
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similarity transformations which reduce the governing equa-
tions to nonlinear ODEs. Sherwood number, Skin friction,
and Nusselt number are also evaluated with the use of
bvp4c. Dharmaiah et al [48] considered an incompressible
non-Newtonian nanofluid in a two-dimensional transitory
boundary layer through a cone. The radiation absorption
and Arrhenius activation energy are taken into account by
the non-Newtonian nanofluid model. The nonlinear equa-
tions are numerically solved using ODE45 MATLAB hvp4c
and the Runge—Kutta integration method. Skin friction is
reduced when the activation energy parameter is higher,
while Nusselt and Sherwood values are increased.

The novelty or originality of the study lies in the com-
bination of lid-driven cavity flow, localized magnetic field,
and THNFs, which introduce additional boundary condi-
tions. A vertical strip of magnetism will be introduced
within the flow field and its impact on the flow character-
istics will be observed. The work under consideration may
be the first effort to interpret the role of the applied mag-
netic field in the formation of the new vortices in the flow
field. The work mainly aims to investigate the complex
interaction of Lorentz force with the tri-hybrid nanoparti-
cles inside a lid-driven square cavity. Lorentz force causes
the spinning of the nano-sized hybrid particles and thus
generates a complicated structure of vortices.
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Figure 1: Schematic illustration of the problem.
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2 Problem description

The schematic representation of the two-dimensional square
enclosure taken into consideration is depicted in Figure 1.
The physical domain of a square with side L. A localized
magnetic field is constantly embedded in the lower hori-
zontal wall. A single-phase model is being used to build
the governing equations for a two-dimensional enclosure.

2.1 Basic assumptions

* A magnetic source creates the magnetic field with inten-
sity H, as given by
H(x,y) = Hy{tanh A’1(x - x) — tanh A’;(x - x)}, in

the strip defined by < x < %, and0 <y < L.

Both vertical walls are insulated, whereas the enclo-

sure’s top and bottom horizontal walls are kept at a

constant temperature.

Lower and upper horizontal walls slide uniformly from

left to rightward with a constant velocity V.

» Newtonian, incompressible, and laminar nanofluids are
assumed in the current analysis.

* The solid nanoparticles (silver; Ag, aluminum oxide;
Al,03, and titanium dioxide; TiO,), and the base fluid
(water) are in thermal equilibrium.

* The thermo-physical parameters of the nanofluid are
taken to be constant.

3 Governing equations and
dimensionless variables

The basic laws, assumptions, and derivation of the Navier—

Stokes equations are based on the following principles:

» The fluid is a continuum, i.e., it is treated as a continuous
substance rather than discrete particles.

¢ The fluid is incompressible, ie., its density is constant
and independent of pressure [49].

¢ The fluid is Newtonian, i.e., its stress is proportional to its

strain rate [49].

The fluid obeys the conservation of mass, i.e., the mass of

a fluid element does not change as it moves.

¢ The fluid obeys the conservation of momentum, i.e., the
net force acting on a fluid element is equal to its rate of
change of momentum.

* The fluid obeys the conservation of energy, i.e., the net
work done on a fluid element is equal to its rate of
change of energy
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The dimensional form of these equations is as fol-

lows [50]:
Continuity equation
ou  ov
_ — =
ox a9y
Momentum equation
o (,00 | ;o0
ot’ ay ox
__1 opP T U
ﬁ;hnf 6X thnf] ayz
ov (537 , 537
ot’ ox ay
___to FRY%
== hnf| 32
Pthnt oy o ox*

Energy equation

0, @

N . RV V)
oU| uMoeH
"o | By 0

Pthnt

. T )]
0%V a.M oH
+ F + — a_’
y pthnf y

—(p Cp)thnf [ja_T + Va_T + _‘uo Ta_M Na_H + ~a_H
Kinnt ox ay kawe) OT | oy ox
~ ~ \2 ~ ~ \2 ~\2 (4)
= V2T + Kt 2 a_U + a_V + a_U a_V .
Kihnf 0x ox ay ay

It is to point out that the energy equation is based on

the following energy balance:

The time rate of change of energy in a system at time t =
[The net rate of heat transfer into a system at time t] — [The
net rate of work out of a system at time t].

In the above equations,

= 0l Magnetic force
EM 5 &
component
along the X-axis
o7 R, i Magneto-
N %) caloric
phenomenon
M=KH(T,-T) Magnetization
property
i o0~ a0 Convection
L7+ g2
o » ox terms
LoV o~ Convection
Yoo+ v
o x » terms

, - % Magnetic
force compo-
nent along the
Y-axis

y Magnetic field
strength

T Curie tem-
perature [51]

27 925 Diffusion
" o) terms
a2 o2y) Diffusion
o] terms

It is important to keep in mind that the subscript (hnf)
is used to indicate the physical properties of a THNF.

It is important to keep in mind that convection terms
refer to the terms in the equations on the left side of the
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momentum equations. Convection is a physical phenom-
enon that takes place in a gas flow in which the ordered
movement of the flow transports some property. The diffu-
sion terms are those on the right-hand side of the momentum
equations which are multiplied by the inverse Reynolds
number. Diffusion is a physical process that occurs in a
flow of gas and involves the random motion of the gas mole-
cules transporting some property. The stress tensor and the
viscosity of the gas are related to diffusion. Diffusion in the
flow causes turbulence and the formation of boundary
layers.
Eliminating the pressure term results in

o(o0 _aV), o(al _av
ot’|dy 0ox ady|dy  ox
L p2fe0 _av
ox|dy  0Ox
- |0, @ |eu _ov 5)
tflax2 T ay? | oy  ax
a[f"’” o a[E“M o
Prons 0X Prnnt Y
ay ox
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% x=0 ) 0’ [%]X=L ) 0’ U(O’ y) ) V(O’ y) (63)
=UL, y)=V(L, y)=0,0<y<L,
Top wall
Ux, L)=V,V(x, L)=0, T(x, L)=T.;0<x<L, (6b)
Bottom wall
Ux, 0)=V,V(x, 00=0, T(x, 0)=T,;0<x<L. (6c)

3.2 Thermophysical characteristics of THNFs

To look into the features of THNFs’ heat transport, a
particular combination of thermophysical parameters for
Al,05-Ag-TiO, tri-hybrid nanoparticles is taken into account.
These thermophysical characteristics were derived and vali-
dated from the published literature [52]. Below is a descrip-
tion of each symbol that appears in Table 1.

The formulas suggested in the literature can be used to
analyze the thermophysical characteristics of a THNF.

The following set of dimensionless variables should be
used right now:

U V ~ T-T
E_:;)}:%; uzv_yv_v_’ez ATC’
3.1 Boundary conditions L L 0 0 )
H Vo,
H=—,t=—t
The current problem’s dimensional boundary conditions Hy L
are mterprete§ as follows: o Now equations (4) and (5) imply that
Left and right walls (Adiabatic)
For For hybrid For For base fluids For solid
THNFs  nanofluids nanofluids (water) K K .
Aluminum Silver  Titanium
oxide (s,) (sy) dioxide (s3)
Viscosity Hipng Hpng Hng He
Density Pannt C; P Py Py
Electrical conductivity Othnt Ohnt Oyt o; Oy Oy, Oy
Thermal conductivity Kt King ks ke kg kg kg
Nanoparticles’ volume 9 ? ?,

fraction
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g, o o N P ~Pa|, ~Pa|, ~ Py
= = |a- 1- + L3
ot " or "aq (1- 9|1 - 9| - 9)p; + 0, — 7 + O 7 55
1
— )25 — \2.5 — \25_— 2
x (1= 0)>1 = 0)*>(1 - 03) Rev] ®)
. Mn OH 90 _oH 08
_ 2 > on o9& ot an |
Ol (G @0‘(1 - 0P+ ¢1A] YO |t 0
1-g|d- @)[(1 @00 + ¢1A] - B+ @%ﬁ]
V2 = Prx — — —
1- (Pl)_z's(l - (/’z)_z's(l - (/’3)_2'5
— — CooPs|  — CopPs|  — CpgPs3
A1 - 9|1 - 9| - B)P; + B ﬁf ) pAf 3 ﬁf
B N i 20 26 _ 00 i
5 5 o0& on  an A&
Ol (O w‘(l DR l YO |t 0
a-oyd- @)‘(1 )P + @f’ + @”:2 + @”:3
+ Pr — —
a- (/’1)_2'5(1 - (Pz)_z's
— — CpoPaa|  — CpoPs|  — CpyPs
H(1 - 9|1 - {1 - D)p; + 9, %\f 2 %f 3 %f
Mn (9a)
*
— — /\ps /\Ps
-9y~ <01)l( PP + i ’ M2 R

(1 — @)—245(1 — @)—245(1 — @)—245

x Rex*
1-oy|- @)l(l @)P; + ¢1A] 9,2+ @%ﬁ’
[onai _anop
EcH(e w)[af an ~ on 9
1-Tp|- ’@)‘(l - P)p; + @f] + /@Zfz + @%]
+ Pr* — —
(- G- p ™
_ _ e Pl ~Pg| ~ D
{1 - gyl - w‘(l - )P + col%] 2 e
P i Pr

o
oéan

o o)
s

|
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Table 1: Thermophysical characteristics of THNF and pure nanofluids

DE GRUYTER

Properties THNF
persiy Pt = (1= DI - DA~ B)P; + Db} + Dbl + P

Heat capacity

Viscosity

Thermal conductivity

Electric conductivity

(P cP)nt = (1= B[ - P - PPy + B1Pg} + PPl + 9353
I . SR
Hannt = (G250 5,750 - g3
ks3 + (n = 1)(khnf - (1= D Pg3)(khnf — Ks3)
ks3+ (n=Dknnf + Pg3(Knnf —Ks3)
kinf _ Ks2— (-1 @y(knt ~Ks3) + (0~ Dknf
where G = e a9+ (- Dt

kihnf _

Knnf

)

ky
nd X =
Othnf _

where =7 =

and =

_ ka-(n- D@a(ke —ks1) + (n-Dk¢
ke ks1+ @1(k —ksp) + (n - ke

053 - 203(0nf — 0s3) + 20nf

Onf 053+ 93(0nf — 053) + 200’

52— 29(0nf — 0s2) + 20nf
Onf G52 + §(0nf - Os2) + 20nf

Fhnf

onf _ Os1-201(0f - 0s1) + 20¢

Of 051+ §1(0F—0s1) + 20¢

where

H(&, n) = Hoftanh A"y(¢ - &) — tanh A"»(§ - &)}, (9b)

in the strips defined by & <¢<&, 0<np<1.

The aforementioned equations represent the stream-
vorticity formulation, which is a modified form of equa-
tions (1)-(4) with

. oy
I P

—_

ou  ov
and [— - —

o VT g on g | ¢
Zlﬁ Zlﬁ (10)
COTI _

In a similar manner, the dimensionless boundary con-
ditions are interpreted as follows:
Left and right walls (Adiabatic)

[% L [%Ll -0, TO.D=TO.D
= U@L MN=VA M=0, 0<n<1
Top wall
WE D=1,V 1)=0, 0 D=1,0<&<1 (11D
Bottom wall
WE 00=1, V( 0=0, (£, 0=10<&<1 (o)

Now the Nusselt number and the skin friction are the
basic quantities of our interests, which are given by

—_

qL

2T
N =
Y kaneAT

and G = ——,
PntVo

where

Heat & Shear
—_ aoT T=1 B_U
q = kit n flux Hinnt| 3y 1oL stress
n=0,L
Using the dimensionless variables gives
—~2 — —_ —~
3060 - 0199 +1)0 00
CiRe = 2( ¢ (PA )a—u, and Nu = 6—
[1 4 /(p\%] y y
f

4 Computational methodology

The combined system of non-dimensional Navier—Stokes,
and energy equations (4)-(6) may be numerically solved
using an Alternating Direction Implicit (ADI) methodology
combined with central difference approximations for the
derivatives. A finite difference method is generally the
most straightforward numerical technique to perceive and
apply when handling differential equations that have struc-
tured discretization assumptions. Finite differences can also
be helpful in other areas when someone needs to approx-
imate derivatives. In a nutshell, the method is easy to
achieve high-order approximations and needs a struc-
tured grid.

The details of the scheme in moving from n to (n + 1)
time level are given below:
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~(n+12) () —~— —~\— —~—
W e (1- G50 - G - s
’ ﬂ-@MPEJG'Mm+%4+@@+@?

) o), ) e o o

Wity Wi T Wi ij-1 = 2Wij + Wijy
hz + kz
Mn 12)
— — — —~ Ps Ps — P
1 -"py)- (01)l(1 - (Pz)Pf + (P1/«1] + (02/«2 + (psffs
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The iterative process is finally stopped once the criterion
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~(n+1 o
max{abs( i(j'” ) _ i(;)

abs(8"" - 65"} < TOL

), abs(w ™ - w),

is reached, which identifies that the steady-state solution
has arrived. For the purpose of this study, the present
problem assumes TOL < 1078, Figure 2 depicts the flow dia-
gram for the pseudo-transient technique.

5 Validation of the numerical
technique

In order to confirm the accuracy of our numerical proce-
dure, the numerical results for the horizontal velocity pro-
files (for the limiting case when 9, = 9, = 0, Mn = 0, and
the flow is driven by only one moving lid), along the three
different horizontal lines (y = 0.25, 0.5, 0.75), are compared
with ones presented by Yasmin et al. [53] (Figure 3).

To validate the code further, the well-known problem
of convection-driven flow in a cavity studied by Chen et al.
[55] and Davis [56] is used as a benchmark. The Lattice
Boltzmann method and the finite difference method are
employed by these studies, respectively.

Table 2 shows that the computational approach used in
this study, which yields a Nusselt number that is very con-
sistent with the values reported by the abovementioned
studies.

We will explore how governing parameters such as the
nanoparticle volume fraction (0 < 9;, 9,, @, < 0.20), mag-
netic field localized in the strip (0.4 < £ < 0.6, and 0 < n < 1),
Reynolds number (1 < Re < 200), and magnetic number
(0 < Mn < 200) affect the cavity flow. Water is regarded
as the base fluid whereas Ag, Al,03 and TiO; (as a mixture)
are used as the nanoparticles. Additionally, € = 0. 02 in our
simulations, and the actual properties of water correspond
to Pr = 6.2. Due to the comparably lower Reynolds number,
it is assumed that the Eckert number is very small. (e.g.,
107°). Further, the physical properties of the nanoparticles
and the base fluid used in the present work can be seen in
Table 3.

On other hand, the convergence of our numerical results
with the step size may be seen in Figure 4 which not only
shows the stability of our numerical scheme but also depicts
the independence of the results from the grid size.

Role of localized magnetic field in vortex generation in tri-hybrid nanofluids
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Figure 2: A flow chart of pseudo-transient approach.

6 Results and discussion

This section is devoted to the understanding of results pre-
sented in the form of different figures (which include the
streamlines, and isotherm) and tables (showing the skin
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Figure 3: Numerical results in regard with Shih and Tan’s analytical
solution [54].

Table 2: Comparison of obtained results with literature

Re Average Nusselt number along the heated wall
Lattice Boltzmann Finite difference Our
method [55] method (Davis [56]) approach

103 1.1192 1.1181 1.1182

104 2.2531 2.2432 2.2481

friction and Nusselt number along the lower and upper
horizontal walls of the cavity) for the case when a flow is
mainly driven by both horizontal lids of the square cavity
moving along the direction of the +ve x-axis. Further, the
localized magnetic field is also affecting the flow field in
the form of a single vertical strip of width 2 units. Finally,
the impact of the tri-hybrid nature of the fluid, as well as
the intensity of the confined magnetic fields on the Nusselt
number and the skin friction factor, will also be discussed.

It is to note that because of having two simultaneous
forces, acting in the flow field, such as (i) the inertial force
developed by the mechanical effect of the moving lid and
(i) secondly the Lorentz force due to the presence of a

Number of Grid Points

Figure 4: Grid independence analysis.

magnetic source just outside the cavity near the middle
of the left vertical wall, the fluid motion becomes more
complex and interesting. Further, the low-density fluid gen-
erated due to thermal buoyancy force tries to move from
heated walls towards the upward direction whereas such
movement is opposed by the high-density fluid originating
from the strong magnetic force. Our objective, in this sec-
tion, is to thoroughly investigate how the two forces affect
the flow and heat transfer characteristics of the problem.

6.1 Impact of the magnetic parameter

The impact of the intensity of the magnetic field (charac-
terized as a single vertical strip defined in the regions
(04<¢<06and0<n<1) on the flow can be seen in
Figure 5. In the absence of a magnetic field, two almost
symmetric vortices are observed in the flow field. How-
ever, the intensity of the magnetic sources elongates the
existing vortices which eventually break down to create
two new smaller and weaker vortices rotating in clockwise
or counter-clockwise directions. It is noted that the direc-
tion of the rotation of vortices is determined by the

Table 3: Thermophysical characteristics of water and nanoparticles (Ag-Al,03-TiO,)

CoJ kg 1KY Bk’ p (kgm3) 6 (S x m1) k (W mK1)
Water 4,179 21 x 10-5 997.1 0.05 0.613
Silver (Ag) 235 1.89 x 105 8,933 3.6 x 107 429
Aluminum oxide (Al,O3) 765 0.85 x 10-° 3,970 1x 10! 40
Titanium dioxide (TiOy) 686 0.90 x 105 5,200 1x 10-12 8.95
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Figure 5: Streamlines representing the flow for various magnetic numbers (Mn).

direction in which the top and bottom lids of the cavity are
moving due to some externally imposed mechanical arrange-
ment. In addition, the localized magnetic fields generate a set
of counter-rotating vortices (shown in the lighter blue or
reddish colors in the streamlines) in the flow which has
been created as a result of the break-up of primary vortices.
Finally, the elongated vortices in the flow field tend to occupy
a major portion of the cavity.

Now, Figure 6 shows how the parameter (Mn) influ-
ences the thermal signature across the flow field. In the
absence of any magnetic force, it can be seen that the major
part of the isotherms is red-colored in the flow field, which
predicts a relatively higher temperature. Further, a concen-
tration of isotherms is also noted near the top wall of the
cavity. The magnetic force, on the other hand, eliminates
any linear temperature distribution in any part of the cavity.
Additionally, it is possible to detect a decrease in the thermal
gradient near the lower horizontal wall of the enclosure.

6.2 Impact of the Reynolds number

The effect of the Reynolds number on the flow may be seen
in Figure 7. It is to note that if the dimension of the cavity

and the properties of the fluid are constant, an increase in
the Reynolds number would simply mean an enhancement
in the velocity with which the lids are moving. So, in this
way, the Reynolds number may be connected with the lid
velocity. At smaller Re, an increase in the parameter
results in the elongation of two primary vortices, thus
giving rise to new vortices occupying the flow field.

The effect of the Reynolds number on the thermal dis-
tribution can be seen in Figure 8. As discussed earlier, an
increase in the Reynolds number translates into a rise in
the velocity of the moving lids, subject to the condition that
the fluid properties and the size of the cavity are fined. The
faster moving lids will cause a more rigorous mixing of the
layer of fluid at different temperatures. This will obviously
distort any uniformity in the pattern of the isotherms.
Finally, similar to the magnetic parameter, a concentration
of isotherms near the upper horizontal wall of the enclo-
sure has been identified.

6.3 Impact of localization

An obvious point to ponder may be the role of the width of
the magnetic field in the present problem. To understand
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Figure 6: Isotherms for the flow against various magnetic numbers (Mn).
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Re=50

Figure 8: Isotherms for the flow against various Reynolds numbers (Re).

this, a single strip defined by (0.4 - L) < ¢ < (0.6 + L),
and 0 < n < 1), within the flow field has been considered.
It is clear from Figure 9 that the parameter L determines
the width of the strip, obviously, L = 0.4, corresponds to the
case when the magnetic field is occupying the whole cavity
whereas L = 0.0 is the case when the magnetic field is
confined to the strip (04 <¢ <0.6,and 0 <n <1). It is to
point out that the confinement of the magnetic field inten-
sity gives rise to new vortices while elongating the primary
vortices. The isotherms, on the other hand, are squeezed
towards the upper horizontal lid thus giving rise to higher
temperature gradients in this region (Figure 10).

6.4 Nusselt number and skin friction
dependence on different parameters

Let us now go over how the Nusselt number (Nu) and the
skin friction factor (C{Re) vary with the governing para-
meter Mn and Re for the same range of two parameters.
The Nu and C¢Re profiles as shown in Figures 11 and 12 are
drawn. It is clear that the magnetic parameter significantly
enhances heat transfer. On the other hand, the Reynolds
number causes a significant rise in the Nusselt number.

Role of localized magnetic field in vortex generation in tri-hybrid nanofluids
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Re=100

However, this rise is much more in magnitude than for
the magnetic number (for the same range of the two para-
meters). Finally, as for the skin friction factor CfRe is con-
cerned, it shows that the two parameters influence the
CfRe in the same qualitative sense. The quantitative impact
may, however, be a little bit different as expected, the
particle volume fraction ¢;, ¢, and ¢, cause a notable
rise in the Nusselt number with a comparatively lower
impact on the skin friction (CfRe). However, compared to
¢, and ¢,, the Nusselt number depends more strongly on ¢,
due to the inherent physical properties of the nanoparticles.
It has also been noted that the localization or confinement of
the magnetic field does not always increase or decrease the
Nusselt number. Thus, it is concluded that there will be a
certain width of the magnetic corridor for which the Nusselt
number would be optimal. However, this may be the topic of
a subsequent study.

6.5 Impact of the solid volume-fraction (Ag,
A|203, and TiOz)

The following analysis focuses on how a magnetic field,
Reynolds Number, the nanoparticle volume fractions,
Nusselt number, and skin friction interact with each
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other. Unless otherwise stated, we have fixed Mn = 5,
Re = 5, 9, = 0.05, 9, = 0.02, and @, = 0.02. Table 4 shows
that the magnetic field intensity may result in up to 13 and
119% increase in the skin friction and Nusselt number,
respectively. On the other hand, a remarkable change in
the Nusselt number and the skin friction is also observed
by raising the Reynolds number Re (Table 5).

It is evident from Tables 6-8 that the Nusselt number
(Nu) increased by 62% for ?p\l while decreased by almost
25% for @ and @ Moreover, there is a significant decrease
(113%) in skin friction for ’(/71 while, on the other hand,
there is a similar amount of (but reverse) change for o,
and @,. This means that @, is more impactful on skin fric-

tion in comparison to 9, and 9, when there is 20% rise for
nanostructures in the base fluid.

With the understanding that the parameter L actually
determines one of the geometric dimensions of the rectangle
in which the magnetic field is localized, it can be concluded
(from Table 9) that the occupation of the magnetic field in a
wider part of the domain results in a serious decline in both
the Nusselt number and the skin friction factor.

6.6 Comparison of thermal performance of
the nanoparticles

There are two things that may be inferred from Figure 13:

one there is almost a linear relationship between the
average Nusselt number (along the vertical wall adjacent

Table 4: Variation in Nu and C; with Mn

Mn |Nu| |C¢Re|
00 0.7699 46.7320
50 0.7319 48.8759
100 1.0854 50.4625
150 1.4127 51.7376
200 1.6864 52.8780
Table 5: Variation in Nu and C¢ with Re

Re [Nu] |CsRe|
01 0.6724 46.6926
50 3.0374 56.1526
100 6.1516 64.0634
150 8.7981 69.1599
200 10.8247 73.0435

Role of localized magnetic field in vortex generation in tri-hybrid nanofluids
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Table 6: Variation in Nu and C; with (@;) for Re = 20 and Mn = 20

0, [Nu| |C¢Re|
0.00 1.8494 46.8612
0.05 2.1034 55.9203
0.10 2.3784 67.2506
0.15 2.6792 81.5945
0.20 3.0115 99.9932
Table 7: Variation in Nu and C; with (9,)

0, [Nu| |C¢Re|
0.00 2.2016 56.8119
0.05 1.9618 55.0545
0.10 1.7590 54.7303
0.15 1.6392 55.6909
0.20 1.6473 57.9029
Table 8: Variation in Nu and C¢ with (9;)

0 [Nul ICtRe]
0.00 2.2153 57.1067
0.05 1.9449 54.6858
0.10 1.7212 53.8729
0.15 1.5858 54.4275
0.20 1.5780 56.2618
Table 9: Variation in Nu and C; with L

L [Nul Ce

00 2.1034 55.9203
0.10 1.9053 57.0784
0.20 1.2740 53.4481
0.30 1.2361 46.2474
0.35 1.6694 46.7971

to the magnetic source) and the nanoparticle volume fraction,
second, the THNF containing Ag, Al,05, and TiO, outperforms
in terms of enhancing the average Nusselt number, compared
to the simple nanofluid with Ag, Al,Os, or TiO, particles.

6.7 Impact of magnetic field intensity

It is to point that &, &, &, and &, appearing in equation (9b)
define the two magnetic fields, confined in the form of two
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vertical strips, as §<&<&, &<&E<& and 0<p<1.
Further, the parameter A; and A, determine the amplitude
of the magnetic field. Now the impact of the parameter A,
and A, on the average Nusselt number is shown in Figure 14.
It is obvious that the Nusselt number depends more on 4; and
A, at their smaller values.

6.8 Impact of the localization of
magnetic field

The magnetic strip is defined as follows: 0.4 - L < x < 0.6
+ L, 0 < n < 1. This means that the case L = 0 indicates that
the strip has a fixed width of 0.2 units. As L is increased
(that is, when the strip is widened), it is noted that the
Nusselt number first decreases and then increases. Further,
the Nusselt number is more sensitive to the nanoparticle
concentration at the larger value of @, @, and o,
(Figure 15).

7 Concluding remarks

The novelty or originality of the study lies in the combina-
tion of lid-driven cavity flow, localized magnetic field, and
THNFs, which introduce additional boundary conditions.
Most of the scientific literature is enriched with investiga-
tions dealing with problems assuming a uniform magnetic
field occupying the flow field. But in this investigation, a
vertical strip of magnetism within the flow field has been
introduced. It may be the first effort to interpret the role of
the applied magnetic field in the formation of the new
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Figure 13: Comparison of concerned nanoparticles with THNF.
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vortices in the flow field. The following conclusions may
be drawn.

Without any magnetic field, the flow field shows a
couple of primary vortices. But when the magnetic sources
are turned on, they stretched and tore apart the vortices,
creating two new weaker ones that spin in opposite direc-
tions. The magnetic fields have a significant impact on the
flow field, as it breaks up the primary vortices into a col-
lection of counter-rotating vortices. This results in a com-
plex pattern of many vortices that have different sizes
and shapes. One notable feature of this pattern is that
the elongated vortices tend to occupy a large portion of
the cavity, making them more visible and dominant
than the others. The isotherms have a relatively higher
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temperature without the magnetic force. The magnetic
field also makes the isotherms more concentrated near
the upper wall of the enclosure, where the temperature
gradient is higher. The magnetic force also affects the
temperature distribution in the enclosure, as it disrupts
the uniform temperature distribution in the cavity, creating
a more varied pattern. It also lowers the temperature dif-
ference near the bottom wall of the cavity, making it less hot
than before. When the fluid properties and cavity size are
carefully tuned, the velocity of the moving lids increases
with the Reynolds number. The faster moving lids mixed
the fluid layers at different temperatures, disrupting the
uniform pattern of the isotherms. Moreover, like a magnetic
parameter, the isotherms clustering near the upper hori-
zontal wall of the enclosure have also been observed. The
primary vortices stretch and split into new ones when the
magnetic field intensity is confined. Meanwhile, the iso-
therms squeeze towards the top horizontal lid, creating
higher temperature gradients in that area. The magnetic
field and Reynolds number affect the skin friction factor
in the same way, but not by the same amount. The particle
volume fraction boosts the Nusselt number more than the
skin fraction. The Nusselt number also depends more on
aluminum oxide, because of its physical properties. The
Nusselt number can go up or down depending on how the
magnetic field is confined or localized. This means that there
is an optimal magnetic corridor width for the Nusselt
number. The magnetic field intensity has a strong influence
on the Nusselt number and skin friction, as it can make
them increase by up to 119 and 13%, respectively. Similarly,
the Reynolds number also has a remarkable impact on the
Nusselt number and skin friction, as it changes the velo-
city of the moving lids. The average Nusselt number
increases almost linearly with the nanoparticle volume
fraction. Moreover, the THNF with Ag, Al,0;, and TiO,
boosts the average Nusselt number more than the con-
ventional nanofluids such as Ag, Al,03; or TiO,. The
Nusselt number drops first and then rises. It is more sen-
sitive to the high nanoparticle concentration, as it affects
the heat transfer rate.

An interesting future direction emerging from the cur-
rent study may be the consideration of multiple magnetic
sources producing fields of different intensities within the
flow regime in the form of localized strips, which may
result in multiple vortices of different strengths.
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