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Abstract: Nanofluids have been widely used as a class of
promising working fluids with excellent heat transfer
properties. However, the theoretical research on the
thermal enhancement mechanism of nanofluids is still
in the preliminary stage. Fractional constitutive models
provide a new powerful tool to investigate the superior
mechanical and thermal properties of nanofluids owing
to their advantages in depicting the memory and genetic
properties of the system. Fractional nanofluid models
have become one of the hot research topics in recent
years as better control of flow behavior and heat transfer
can be achieved by considering fractional derivatives.
The existing studies have indicated that the results
obtained by the fractional-order nanofluid model are
more consistent with the experimental results than tradi-
tional integer-order models. The purpose of this review is
to identify the advantages and applications of fractional
nanofluid models. First, various definitions of fractional
derivatives and correlations of flux utilized in nanofluid
modeling are presented. Then, the recent researches on
nanofluids with fractional derivatives are sorted and
analyzed. The impacts of fractional parameters on flow
behaviors and heat transfer enhancement are also high-
lighted according to the Buongiorno model as well as
the Tiwari and Das nanofluid model with fractional
operators. Finally, applications of fractional nanofluids
in many emerging fields such as solar energy, seawater
desalination, cancer therapy, and microfluidic devices
are addressed in detail.

Keywords: nanofluid, fractional derivatives, Buongiorno
model, Tiwari and Das model

1 Introduction

Nanofluids introduced by Choi [1] have better heat
transfer capability than conventional fluids. The anom-
alous increment of thermal conductivity of nanofluids
provides an opportunity to upgrade traditional thermal
technology and presents a theoretical challenge to explain
their heat transport mechanisms. The specific thermal
conductivity of nanofluids makes them attractive as new
working fluids in many fields, including solar thermal
engineering, cancer treatment, cooling technology, nuclear
reactors, and the petroleum industry [2–4].

In recent years, the research of nanofluids has become
one of the research focuses, as shown in Figure 1. By con-
sidering a nanoparticle-fluid relative velocity, Buongiorno
[5] proposed a nonhomogeneous nanofluid model incor-
porating the effects of Brownian diffusion and thermo-
phoresis. Tiwari and Das [6] developed a model to analyze
behaviors of nanofluids in terms of the nanoparticle
volume fraction. It was assumed that the dispersion of
nanoparticles in the base fluid is homogeneous. Nano-
fluid is treated as a dilute mixture of two phases in the
Buongiorno model, while it is regarded as a single-
phase flow in the Tiwari and Das model. By using these
two classical models, nanofluids under various physical
conditions have been investigated [7–14].

The current research mainly adopts integer-order
partial differential equation methods, which would not
be able to deal with the complex behavior and the
memory effect of physical flows. The available literature
shows that the nonlocal properties make fractional-order
differential operators suitable for describing the global
correlation of complex dynamic systems, phenomena,
and structures [15–19]. Fractional calculus has been
employed to solve fluid flow problems in various applica-
tions [20–22]. In addition, the distribution of nano sized
nanoparticles in nanofluids exhibits fractal characteristics
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[23–27]. Some latest researches [28,29] indicate that the
results of fractional-order nanofluid models are signifi-
cantly more consistent with the experimental data com-
pared with the ones obtained from the integer-order
nanofluid models, which makes the research on frac-
tional nanofluids become a new hotspot (Figure 2).

Recent works on fractional nanofluid models are cri-
tically reviewed to gain a better understanding of many
key parameters affecting the anomalous heat and nano-
particle diffusion in heat and flow control problems.
Section 2 outlines various concepts of fractional deriva-
tives applied in nanofluid models. Section 3 is divided
into three subsections. Sections 3.1 and 3.2 the studies
on fractional models and physical interpretations of con-
ventional nanofluids, Section 3.3 reviews the works on
hybrid nanofluids. A wide range of applications con-
cerning fractional nanofluid models is offered in Section 4.
Section 5 draws some conclusions.

2 Various definitions of fractional
derivatives

Recently, some new definitions have been proposed
considering the nonlocal and nonsingular kernel prop-
erties with a good memory effect. This section presents
some classical and popular definitions of fractional deri-
vatives applied in describing the physical properties of
nanofluids.

2.1 Riemann–Liouville (R–L) derivative

The left-hand and right-hand R–L fractional derivatives
with order α ( α0 1≤ < ) on a finite domain a b,[ ] are given
by [30]
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respectively. Here, Γ( )⋅ is the Gamma function.

2.2 Caputo derivative

The Caputo derivative is ideal for solving fractional differ-
ential equations with initial conditions, which is defined
as follows [30]:
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2.3 Grünwald–Letnikov (G–L) derivative

The G–L derivative is a discrete approximation based on
the lattice model with extended-range particle interac-
tions. It can be written as follows [31]:
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Figure 1: Number of papers on nanofluids published reports by Web
of Science.

Figure 2: Number of papers on fractional nanofluids published
reports by Web of Science.
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2.4 Caputo–Fabrizio (C–F) derivative

The C–F derivative has an extensive application for sol-
ving fluid flow problems without singularity [32]. It is
defined as follows:
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where α0 1< < , and N α( ) is a standardization function
that N N0 1 1( ) ( )= = .

2.5 Atangana–Baleanu (A–B) derivative

The A–B derivative has no singularity [33], which is
defined by the generalized Mittag–Leffler function as
follows:
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2.6 Prabhakar derivative

Prabhakar function plays an irreplaceable role in under-
standing the divergent dielectric properties of disordered
materials and heterogeneous structures. Prabhakar deri-
vative is defined as follows [34]:

D f t t τ E a t τ f τ τd ,α β a
γC

t

p β
α p β

γ α p
, ,

0

1
,( ) ( ) ( ( ) ) ( )( )

∫= − −
− −

−

− (7)

where E zα β
γ

n
γ n z

n γ αn β, 0
Γ
Γ Γ

n
( )

( )

( ) ( )
= ∑

=

∞ +

! +
, α, β, γ, z C∈ , and

αR( ) 0> is the three-parameter Mittag–Leffler function.

2.7 Conformable derivative

The conformable fractional derivative is given by the
following form [35]:
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where α refers to the order of the fractional derivative.
It is shown that this definition is in accordance with
the classical definition of polynomial and first-order deri-
vatives for the cases α0 1≤ < and α 1= , respectively.

2.8 Constant-proportional Caputo derivative

In 2020, Baleanu et al. [36] reported that the constant-
proportional Caputo fractional derivative, which is a
combination of R–L and Caputo fractional derivatives,
is defined as follows:
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where α is the order.
The fractional-order derivatives of various definitions

provide more tools for describing the physical phe-
nomena and heat transfer characteristics of nanofluids
and also make it possible for the fractional-order models
to go deep into new research fields.

3 Fractional models

It is worth noting that the study of fractional models for
nanofluids is still in its infancy due to the complexity of
fractional operators. To explain the dramatic augmenta-
tion of heat transfer efficiency for nanofluids, increasing
attention has been focused on nanofluid modeling by
using the fractional derivative. The Buongiorno nanofluid
model as well as the Tiwari and Das nanofluid model are
two highly cited models for studying the flow and thermal
properties of mono and hybrid nanofluids [2]. This section
is a comprehensive literature review on investigations by
modifying these two models with fractional derivatives
and assumptions for different kinds of nanofluids.

3.1 The fractional Buongiorno model for
nanofluids

First, the fractional operators were employed to establish
the constitutive relationships of viscoelastic fluids [37–40].
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The fractional flow configuration of a rate-type anomalous
nanofluid was studied in ref. [41]. The Caputo fractional
derivative was utilized to the velocity field, while the
energy and concentration equations were still partial
differential equations of integer order described by the
Buongiornomodel. The finite element method was applied
to approximate the velocity, temperature, and concentra-
tion fields between two parallel plates. The study of frac-
tional flows of nanofluids has attracted more and more
attention due to the development of numerical computa-
tion methods for highly nonlinear terms and coupled non-
linear equations. The fractional-order thin film nanofluid
flow was considered over an inclined rotating plane [42],
where the Caputo derivative was applied to transform the
first-order differential equations into a system of fractional
differential equations by the Adams-type predictor–cor-
rector method.

Recent researches show that the thermal conduc-
tivity of nanofluids cannot be predicted by conventional
laws as the suspended particles dramatically augment
the thermal conductivity of nanofluids [43]. Shen et al.
[44] proposed a renovated Buongiorno model to study
Sisko’s nanofluids. The fractional Cattaneo heat conduc-
tion in this article [44] was proposed as follows:
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where τ0 denotes relaxation time, and β is the order with
β βΓ 1( )!= + . By using this heat flux, the corresponding
energy equation was given as [44]
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By solving the energy equation numerically, it is shown
that the fractional model with Caputo time derivative in
Sisko’s nanofluids has a short memory of previous states.
It is therefore easy to conclude that the renovated frac-
tional Buongiorno model could be regarded as a candi-
date model to explore the anomalous heat transport of
non-Newtonian nanofluids.

In addition to the time-fractional derivative, the
space-fractional derivative has also been used to simu-
late the nonlocal property of the flow, which means
the state depending on the whole region. Whereafter,
Zhang et al. [45] provided a new heat conduction as
follows:
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where k denotes the thermal conductivity, σ is introduced
to maintain the dimensional balance of the constitutive
equation, tβ β

∂ /∂ is the Caputo fractional derivative of
order β, and forT T t x y, ,( )= , the operator Tγ

∇ is defined
as follows [45]:
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with δ δ0 1( )≤ ≤ being the weight coefficient. The symbols
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of order γ n γ n1( )− ≤ < . By incorporating this heat conduc-
tion, the energy equation could be written as follows [45]:
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By solving this model, it was found that the memory of the
heat conduction process could be indicated by the intersec-
tion points of concentration profiles, and the heat conduc-
tion loss is less. Therefore, this model lays a foundation for
further research on the application of fractional calculus in

the field of viscoelastic nanofluids.
Anwar [46] analyzed convective phenomena in a

nanofluid flow and proposed a new relationship between
the energy flux and the diffusion mass flu as follows:
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where τ1 and α α0 1( )≤ < represent the relaxation time
and the order, respectively. On the other hand, he also

applied the operator 1 τ
α tΓ 1

α α
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to the concentration

equation given in the Buongiorno model, which is helpful
to understand the hereditary and memory characteristics
of viscoelastic nanofluids.

In addition, some new definitions of fractional deri-
vatives have been proposed and applied to the study
of nanofluids in recent years. Ahmed and Arafa [47]
considered a non-Newtonian magnetohydrodynamic nano-
fluid flow and entropy generation with a Caputo derivative
or a conformable derivative in the governing equations
over a vertical plate. The results indicated that the Nus-
selt number is reduced as the order of the fractional
derivative approaches one. In another work, Ahmed [48]
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investigated a natural convection nanofluid flow in wavy
walls by using the time and space conformable fractional
derivative in the governing equations of the Buongiorno
mathematical model. The findings showed that the rate of
the nanofluid flow increases as the order of the fractional
derivatives decreases. Arafa et al. [49] studied an unsteady
magnetohydrodynamic (MHD) nanofluid due to microor-
ganisms using the A–B derivative, which gives a good
approximation compared with the Caputo derivative.

It is necessary to note that investigation of the
entropy generation optimization for nanofluid models
is meaningful due to the wide applications in different
systems such as natural convection, evaporative cooling,
solar thermal, air separators, microchannel, and so on
[50]. So far, little research has been done on entropy gen-
eration analysis of nanofluids with fractional derivatives
so far. It is believed that this will be a new research hot
topic in the near future.

3.2 The fractional Tiwari–Das model for
nanofluids

Extending the Tiwari and Das model, the anomalous
transport of particles in nanofluids has been described
using fractional calculus [51,52]. The thermophysical
properties of base fluids and nanoparticles are listed in
Table 1.

3.2.1 Nanofluid models with conventional fractional
derivatives

To the best of our knowledge, Pan et al. [53] proposed an
alternative explanation for the anomalous heat transport
of nanofluids by using space fractional derivative first.
They concluded that the thermal conductivity of the
nanofluid is affected by the motion of non-Newtonian
fluids and the nonuniform spatial distribution of nano-
particles. In response, the space-fractional derivative was
introduced to model the energy equation given by [53]
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where the parameters are given in Table 2 with the sub-
scripts nf , f , and s corresponding to nanofluid, base
fluid, and nanoparticle, respectively. The results revealed
that the space-fractional temperature equation could be a

Table 1: Thermophysical properties of the base fluid and nanoparticles at 20°C [80,86, 101,125, 134]

Base fluid/nanoparticles ρ (kg/m3) ( / )C J kg Kp ( / )k W m K × ( / )β 10 1 K−5

Water 997.1 4,179 0.613 21
Ethylene glycol 1,115 2,386 0.2599 ×3.41 10−8

Blood 1,050 3,617 0.25 0.18
Engine oil 884 1,910 0.114 70
Kerosene oil 783 2,090 0.145 91
Copper (Cu) 8,933 385 401 1.67
Copper oxide (CuO) 6,320 531.8 76.5 1.8

Alumina (Al O2 3) 3,970 765 40 0.85

Silver (Ag) 10,500 235 429 1.89

Titanium oxide (TiO2) 4,250 686.2 8.9538 0.9

Molybdenum disulfide (MoS2) 5,060 397.21 904.4 2.8424
Gold (Au) 19,300 129 318 1.42
Single wall carbon nanotubes
(SWCNTs)

2,600 425 6,600 27

Multi wall carbon nanotubes
(MWCNTs)

1,600 796 3,000 44

Graphene 2,200 790 5,000 0.32
Clay 6,320 531.8 76.5 1.80

Table 2: Physical properties of nanofluids [56]

Property Nanofluids

Dynamic viscosity, μnf
( )

μ

ϕ1 −
f

2.5 , volume fraction <ϕ 0.04

Density, ρnf ( ) +ϕ ρ ϕρ1 − f s

Heat capacity, ( )ρcp nf ( )( ) ( )+ϕ ρc ϕ ρc1 − p f p s

Thermal conductivity, knf ( )

( )

+

+ +
kk k ϕ k k

k k ϕ k k f
2 − 2 −
2 −

s f f s

s f f s
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potential candidate to explain the enhancement of thermal
conductivity. Subsequently, they extended the space-
fractional thermal transport equation by using the Caputo
derivative to describe convective heat transfer in the
boundary-layer flow [54] and steady mixed convection
of nanofluids [55].

Cao et al. [57] studied a fractional Maxwell nanofluid
over a moving plate and formulated the governing equa-
tions with Caputo’s definition as follows:
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which were solved numerically by the finite difference
method. Their results showed that the order of the time
fractional derivative and relaxation time have a notice-
able impact on the characteristics of nanofluid flow and
heat transfer. Via replacing the time derivative of an
integer order with that of fractional order, various nano-
fluids including Poiselliue/Couette, Maxwell, Oldroyd-B,
Jeffrey, and Brinkman have been investigated under dif-
ferent physical conditions [58–66]. It has been found that
the heat transfer rate of fractional nanofluids is better
than that of ordinary nanofluids. Furthermore, the influ-
ence of nanoparticle shapes on the nanofluid has also
been investigated under different physical conditions
[67–70]. The results indicated that the heat transfer is
the strongest for containing spherical nanoparticles,
which agrees the physical fact.

Ahmed et al. [71] studied the natural convection
heat transfer of nanofluid through a rectangular vertical
channel. A thermal process with power-law weakly
memory was considered by Povstenko [72], namely,
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y
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Based on this generalized Fourier law, the convection
flow of nanofluids with various nanoparticles between
two vertical parallel walls has been investigated [73–76].
It indicated that the nanofluid models with fractional
generalized Fourier’s law show the memory effect,
which could not be demonstrated by the integer-order
models.

Asjad et al. [77] considered an MHD viscous nano-
fluid flow with fractional generalized Newton’s law, frac-
tional generalized Fourier’s law, and Fick’s law with

Caputo derivative. The expression for the heat flux q
was formulated as the following fractional form:

λ D k T
y

αq1 , 0 1.α
t
α

nf( )+ = −
∂
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< ≤ (20)

By using this fractional heat flux, mixed convection mag-
netohydrodynamics nanofluids [78], viscoelastic nanofluid
flow with suspended carbon nanotubes [79], and MHD
Maxwell’s nanofluids with SWCNT and MWCNT [80] have
been discussed to achieve more control on heat transfer.

In addition, some steady nanofluid models were stu-
died by applying the Caputo derivative to the ordinary
differential equation system directly [81,82]. The G–L
derivative was also adopted to discuss double rotations
between an inner wavy shape and a hexagonal-shaped
cavity [83]. The primary outcomes of this work indicated
that the double rotation process mainly depends on the
time-fractional derivative. To gain a better insight into
the memory behavior of nanofluid, the variable-order
fractional derivative was implemented in the governing
equations to study unsteady natural-convection Jeffrey’s
nanofluids over an oscillating plate [84]. Up to now, there
have been few studies of variable-order fractional nano-
fluid models. However, the variable-order fractional cal-
culus is ideal for describing the memory and hereditary
properties because that the memory and nonlocality of
the system may change with time, space, or other condi-
tions [22]. Therefore, it is notable to mention that further
investigations should be dedicated to variable-order frac-
tional nanofluid models.

3.2.2 Nanofluid models with new fractional derivatives

Taking advantage of the C–F derivative, exact analytical
solutions were established for the dimensionless tem-
perature and velocity fields of nanofluids over a moving
vertical plate [85]. The researchers considered different
nanoparticles concluding copper, copper oxide, silver,
aluminum, and titanium oxide. Results suggested that
the heat transfer enhancement of nanofluids wit Cu was
the strongest, while the enhancement effect of nanofluids
containing TiO2 nanoparticles was the weakest. Moreover,
the heat transfer is better with spherical nanoparticles
than those containing cylindrical nanoparticles, which is
in good agreement with experimental results.

Ali et al. [86] considered generalized Couette’s flow
of coupled stress nanofluid via the C–F derivative. They
revealed that the rate of heat transfer can be increased to
12.38% by adding MoS2 in regular engine oil. The C–F
derivative was also used for thermal analysis in a coaxial
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cylinder of Oldroyd-B nanofluids [87]. Furthermore, a
comparative study between the Caputo and C–F frac-
tional models was presented in the study by Aleem et al.
[88] for an MHD nanofluid flow, which showed that the
C–F model declines faster than the Caputo model and
hence is more suitable to exhibit the flowing memory.

The kernel of the A–B derivative is based on the
generalized Mittag–Leffler function without singularity
and locality, which gives a better description of memory
in different scaled structures. The A–B derivative was
applied to study molybdenum disulfide nanofluids with
magnetic field and a porous medium [89]. This newly
introduced fractional derivative was also applied to study
the generalized Brinkman-type nanofluids [90] and con-
vective flow of nanofluids [91]. Many works have followed
to investigate nanofluids with this fractional-order deri-
vative [92,90,93–102]. To have better insight into the var-
ious rheological parameters, a comparison of A–B and
C–F fractional operators was also performed for tempera-
ture and velocity fields of nanofluids with different nano-
particles [103–110].

The governing equations of nanofluids have also
been modeled using the Prabhakar derivative and the
conformable derivative to describe the generalized
memory effect recently. For Prabhakar-like thermal
transport, carbon nanotube nanofluids [111,112] and
Casson nanofluids [113] have been considered. It was
found that fractional parameters were meaningful in
experimental data fitting in some heating and cooling
phenomena. In addition, the conformable fractional deri-
vative was used to study a power-law nanofluid flow [114].
The main outcomes of this study revealed that the increase
in the fractional order augments the average Nusselt
number regardless of time. From the aforementioned
developments, it could be concluded that the fractional
solution is more effective than the classical solution.

Because of the advantages these new definitions, it is
clear that nanofluid modeling with modeling with new
derivatives develops into the growth period. However,
some in-depth problems gradually appear. Optimization

on the parameters, comparison with experimental data,
and analysis of physical phenomena have become their
further development shackles, which are theoretical and
practical problems that need addressing.

3.3 Fractional models for hybrid nanofluids

Hybrid nanofluids are formed by suspending two or more
kinds of nanoparticles in a base fluid [115]. It was found
that the thermal characteristics of hybrid nanofluids are
better than the base fluid and mono nanofluids [116]. This
field has attracted experimental studies [117,118] and the-
oretical researches [119–130]. The general relations of
thermophysical properties of hybrid nanofluids are given
in Table 3 with the subscripts hnf , f , s1, and s2 corre-
sponding to hybrid nanofluid, base fluid, and two dif-
ferent nanoparticles, respectively.

To better capture the flow patterns and thermal beha-
viors of hybrid nanofluids, different fractional derivatives
have been employed to model the governing equations.
By using the Caputo derivative in constitutive relations,
Casson hybrid nanofluids [132,133], hybrid nanofluids
with aluminum and copper nanoparticles [134,135], and
hybrid Maxwell’s nanofluids [136] have been investi-
gated. Their observations demonstrated that water-based
hybrid nanofluids have higher temperature and velocity
than engine oil-based hybrid nanofluids, and an increase
in the order of the fractional derivative leads to the
decrease in both the local and average Nusselt numbers.

The constant-proportional Caputo derivative has
been applied to study aluminum and copper hybrid
nanofluids due to pressure gradient [137], Brinkman-
type hybrid nanofluids holding titanium dioxide and
silver nanoparticles [138], as well as MHD free convec-
tion flow of hybrid nanofluids with hybridized copper
and aluminum oxide nanoparticles [139].

C–F and A–B fractional models were also built for
hybrid nanofluids. Gohar et al. [140] considered hybrid

Table 3: Physical properties of hybrid nanofluids [131]

Property Hybrid nanofluids

Dynamic viscosity, μhnf
( ) ( )

μ

ϕ ϕ1 − 1 −
f

s s1
2.5

2
2.5

Density, ρhnf ( )[( ) ]+ +ϕ ϕ ρ ϕ ρ ϕ ρ1 − 1 −s s f s s s s2 1 1 1 2 2

Heat capacity, ( )ρcp hnf ( ) ( ) ( )( )[( ) ]+ +ϕ ϕ ρc ϕ ρc ϕ ρc1 − 1 −s s p f s p s s p s2 1 1 1 2 2

Thermal conductivity, khnf [ ( ) ] [ ( ) ]

[ ( ) ] [ ( ) ]

+ +

+ + + +
k

k k ϕ k k k k ϕ k k
k k ϕ k k k k ϕ k k f

2 − 2 − 2 − 2 −
2 − 2 −

s nf s nf s s f s f s

s nf s nf s s f s f s
2 2 2 1 1 1

2 2 2 1 1 1
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nanofluids with Al O2 3 and MWCNT nanoparticles using
the C–F derivative. Their results showed that the binding
strength of cement slurry improves through a sizable
increase of suspending hybrid nanoparticles. The C–F
fractional derivative has also been applied to investigate
a convection flow of water-based hybrid nanofluids with
Cu and Al O2 3 [141,142] and the MHD hybrid nanofluids
with hybridized silver and titanium dioxide in a micro-
channel [143]. To further analyze the thermal and flow
behaviors of hybrid nanofluids, C–F and A–B fractional
models were formulated to explain flow patterns and
thermal behaviors of sodium alginate-based hybrid nano-
fluids [144]. The analysis of MHD hybrid nanofluids com-
prising of MoS2 and Fe O3 4 nanoparticles employing A–B
derivative was also presented by Anwar et al. [145]. The
observed results implied that the fractional models are
more effective for enhancing the heat transfer rate and
limiting the shear stress.

In conclusion, various fractional operators have been
applied to study the flow and heat mass transfer of mono
and hybrid nanofluids. It is necessary to seek the most
suitable fractional operators to model the heat and mass
transfer properties of nanofluids. To better simulate
complex fluid flow and heat and mass transfer of nano-
fluid, construction of efficient numerical methods and
parameter estimation based on experimental data are
suggested for future works. It is worth noting that there
are few high precision numerical solutions for non-
linear governing equations of fractional nanofluids. So
it is necessary to study high-precision numerical
methods and their stability and convergence of a gen-
eral form of nonlinear governing equations for nano-
fluid models.

4 Applications of fractional
nanofluids

The increase in thermal conductivity and heat transfer
coefficient enables nanofluids attractive as new working
fluids or coolants in many emerging applications such
as radiators, heat exchangers, aircraft engine cooling,
electronic cooling, space shuttle thermal protection,
and aircraft environmental control systems [146,3]. Due
to memory and the nonlocality property in many complex
systems, fractional nanofluids have also shown great
potential for applications in some important fields such
as solar energy, seawater desalination, human health,
and microfluidic devices (Figure 3).

4.1 Solar energy

Solar energy has proved to be free renewable energy with
the least effect on the environment. The latest researches
have indicated that nanofluids can enhance the collec-
tion and heat transfer rate of solar energy [147–149].

Nanofluid is regarded as an alternative source to
produce solar energy in thermal engineering and solar
installations. In an application to solar energy, Aman
et al. [150] used the Caputo time fractional derivative to
MHD Poiseuille flow of nanofluids with graphene nano-
particles, which showed that fractional nanofluids have
a higher rate of heat transfer and Sherwood’s number
than ordinary nanofluids. Abro et al. [151] presented a
rotating Jeffrey nanofluid model via the C–F fractional
operator and considered single, and multi-walled carbon

Figure 3: Applications of nanofluids.
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nanotubes. Their results indicated that the incoming sun-
light can be absorbed more effectively via introducing a
fractional-order operator.

Sheikh et al. [152] carried out a comparative analysis
of C–F and A–B fractional models on the application of
nanofluids to enhance the performance of solar collec-
tors. In another work, they provided the mathematical
formulation for water-based nanofluids with CeO2 and
Al O2 3 to increase the heat transfer rate of solar equipment
[153]. Considering the influence of the transverse mag-
netic field, Aamina et al. [154] developed a nanofluid
model to predict the heat transport properties of solar
collector in a rotating frame. Currently, more and more
researchers have paid attention to the application of frac-
tional nanofluid models on solar energy. It is believed
that breakthroughs will be made in this area in the near
future.

4.2 Water cleaning and desalination

The shortage of fresh water is recognized as one of the
global problems to be solved urgently. Many desalination
process systems have been developed recently. One of
these systems that has attracted much attention is the
solar still as it realizes seawater desalination through
solar energy [155–157]. The implementation of nanofluids
provides a promising way to improve the productivity of
the solar still. It has been found that the solar still output
is greatly affected by nanoparticles such as copper oxide,
graphene, and titanium oxide [158–160].

Most works related to solar still systems were based
on ordinary differential equations, which led to a high
error between the numerical and actual values in simula-
tion systems. Until very recently, the fractional derivative
has been introduced into modeling solar desalination
systems that integrate directly with a photovoltaic panel.
El-Gazar Hamdy Hassan et al. [161] studied hybrid nano-
fluids and saline water preheating using C–F and R–L
fractional derivatives. Their results revealed that the
best agreement with experimental data was achieved
by the R–L derivative with an error of 3.59%, while the
error produced by employing the classical derivative
reached 18.9%. Utilizing the R–L derivative, they also
simulated the thermal performance of solar still on the
desalination system [29]. The theoretical results showed
an agreement between the proposed fractional model
and the experimental data with an error of 1.486% in
summer and 3.243% in winter compared to an error of
24.1 and 20.08% in the case of applying the integer-
order derivative. Researchers have begun to notice that

this method is very efficient in dealing with desalination
problems.

4.3 Human health

For the majority of patients, cancer is fatal. Recent
investigations indicate that gold nanoparticles can pene-
trate widely throughout the body. More importantly,
gold nanoparticles are capable of producing heat for
tumor-selective photothermal therapy and cancer treat-
ment [162,163].

In 2018, Mekheimer et al. [164] studied the blood
flow containing gold nanoparticles in a gap between
two coaxial tubes. The results indicated that the gold
nanoparticles are effective for drug delivery systems as
they can increase the temperature distribution to destroy
cancer cells. Recently, viscoelastic models with frac-
tional-order different equations were chosen to describe
blood movements [165]. Currently, there are still very few
studies on the application of fractional nanofluid models
to cancer treatment for human health. We hope fractional
calculus and nanofluid can play a vital role in human
health, which is designed to handle some challenging
issues in this application.

4.4 Microfluidic devices

Nanofluids in microfluidic systems are considered to
have enormous potential because of their superior heat
transfer properties [166]. To improve the thermal and
electric conductivity of microfluidic systems, electrified
nanofluid flow with suspended carbon nanotubes over
a stretching sheet was considered by Anwar et al. [79].
The mathematical formulation of the flow problem was
modeled with Caputo fractional derivatives to achieve
better control of flow behavior and heat transfer.

In various microfluidic devices, currently, the elec-
troosmotic flow is one of the widely used microfluidic
driving methods because of the ability to create continuous
pulseless flows and eliminate moving parts [167–169]. To
offer new insights for the nonlinear issues, the fractional
Cattaneo model is applied to study the unsteady electro-
osmotic flow of second-grade hybrid nanofluid through
a vertical annulus and microchannel [170,171]. The results
showed that the fractional-order parameter provides a
crucial memory effect on the velocity and temperature
fields. The superiority of fractional model of electroosmotic
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flow of nanofluids for microfluidic systems has yet to be
explored.

5 Conclusion

The current work provides an overview of recent researches
and developments on nanofluid models with fractional
derivatives. The enhanced thermal conductivity of mono
and hybrid nanofluids leads to significant practical and
potential applications. The anomalous thermal behavior
of these fluids could not be explained by existing theories.
On the one hand, this provides a great opportunity for
researchers because the new properties encourage studies
of new models of heat transfer and efforts to develop a
comprehensive theory. On the other hand, the challenge
is greater than ever due to the difficulty of matching the
theory with experiments. In recent years, fractional cal-
culus has been introduced to study the anomalous thermal
behavior of nanofluids. Since fractional derivatives provide
greater flexibility for the heat transfer control, recent inves-
tigations have witnessed increasing interest and develop-
ments of fractional nanofluids models.

During the last few years, many definitions of frac-
tional derivatives have been introduced to describe the
physical phenomena and constitutive equations of mate-
rials. It has been found that the fractional derivatives may
have good memory effect. However, while providing more
tools for research on nanofluids, there is also a challenge
in choosing which one is more appropriate with experi-
mental data. Currently, in addition to the research work
of high-precision numerical algorithm, it is necessary
to carry out experimental analysis on heat and mass
transfer characteristics of non-Newtonian nanofluids,
study the internal laws of the non-Newtonian nanopar-
ticle flow, and explore the physical significance of qua-
litative analysis of fractional-order parameters through
parameter inversion. Practical application of fractional
nanofluid models in solar energy, desalination, human
health, microfluidic devices, and other emerging fields
is also worthy of further exploration and research.
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