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Abstract: At the nanolevel, a classical continuum approach
seems to be inapplicable to evaluate the mechanical beha-
viors of materials. With the introduction of scale parameter,
the scale effect can be reasonably described by themodified
continuum theory. For boron nitride nanotubes (BNNTs),
the scale effect can be reflected by the curvature and the
danglingbonds at both ends,mainly the former for a slender
tube. This study aims to achieve a good capability of class-
ical Euler–Bernoulli theory to directly predict the bending
behaviors of single-walled BNNTswithout introducing scale
parameters. Elastic properties of BNNTs involving the scale
effect have been first conducted by using an atomistic-
continuummultiscale approach, which is directly construc-
ted based on the atomic force field. The well-determined
hexagonal boron nitride sheet is inherited in the present
study of single-walled BNNTs which can be viewed as
rolling up a boron nitride sheet into a seamless hollow cy-
linder. Euler–Bernoulli theory solution of bending deflec-
tion on the basis of the present thickness is found to
be much closer to the atomistic-continuum simulation re-
sults than the commonlyused interlayer space. Case studies
with different tubular lengths, radii and constraints are in-
vestigated, and fromwhich the yielded scattered scale para-
meters in modified continuum theories are discussed.

Keywords: Euler–Bernoulli beam model, boron nitride
nanotube, bending deflection, material thickness, scale
effect

1 Introduction

As a landmark one-dimensional material, carbon nano-
tubes (CNTs) have attracted huge interest of research
community because they possess outstanding electronic
homogeneity, high strength and low density [1–5]. These
excellent properties make CNTs widely applied in engi-
neering, especially those related to electrical industry
such as sensors and flexible electronics [6–13]. Several
years later after the synthesis of CNTs, Blasé et al. [14]
theoretically predicted the possibility and superior char-
acteristic of boron nitride nanotubes (BNNTs) that alter-
nately replaced the carbon atoms of CNTs by boron and
nitrogen atoms. Similarly, BNNTs can also be viewed as
rolling up boron nitride sheets along different directions,
which yields zigzag, armchair and chiral BNNTs. Neverthe-
less, as pointed out by Blasé et al. [14], BNNTs are constant-
band-gap materials, independent of their radius and heli-
city. BNNTs also possess other properties superior to CNTs
such as structural stability [15–17], highmechanical strength
[18–23] and heat conduction [24–26], thus being promising
for various engineering applications. In addition, the nature
that BNNTs do not absorb visible and infrared light [27] is
helpful to protect biological materials from overheating and
decomposition [28,29]. Although their biocompatibility still
needs further experiment assessments, many researchers
have devoted themselves to investigate their application
in nanosensor devices according to the frequency shift or
conductance change [30–32].

It is essential to well understand the mechanical beha-
viors of BNNTs before their application. Experimental in-
vestigations, analytical solutions and numerical simula-
tions regarding the mechanical performance of BNNTs
have been continuously conducted. At the nanolevel,
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experimental study on the mechanical behaviors of BNNTs
is a severe challenge due to the difficulties related to the
handling and controlling of monoatomic thickness and
manipulating of extremely low force for load imposition.
Therefore, appropriate non-experimental methods were
sought to construct for BNNT investigations. Microlevel
methods such as quantum mechanics and molecular dy-
namics [33–35] are capable of tracing atomic displace-
ments but computationally expensive, and thus it is dif-
ficult to fulfill the engineering requirement. Classical
continuum theory can easily solve the huge cost pro-
blems. Nevertheless, the constructed constitutive equa-
tions are questionable when applying in the field of
nanomechanics owing to the microscale effect and dis-
crete structure. That is to say, the fact that material prop-
erties are size-dependent must be considered, which re-
quires an extra modification of traditional constitutive
equations to consider the scale effect. Many modified
theories are proposed to consider the small-scale effect
such as strain gradient theory [36–38] and nonlocal elas-
ticity theory [39–41]. Even though these modified the-
ories have made many significant achievements to well
match with the atomic simulations, the external intro-
duced scale parameters and the bending rigidity were
found to be dependent onboundary conditions, chirality,
mode shapes, number of walls and the nature ofmotions.
In other words, for different specific case studies, the
scale parameter as well as bending rigidity should be
re-calibrated and scattered. In a physical sense, the scale
parameter is only material-dependent which should be
well-determined. Thus, the aforementioned parameter
re-calibrated procedure only hasmathematical meaning.
Why do so many scattered parameters exist? One of the
most important reasons is that untrue thickness values
and thus moment of inertia are employed such as the
widely used interlayer space of multi-layer boron nitride
sheets.

In our previous work, the caused errors on studying
the natural frequencies of hexagonal boron nitride (h-BN)
sheet by the classical plate theory when employing the
interlayer space and other values as the material thickness
in comparison with full atomic simulations have been stu-
died in detail. To overcome this issue, we employed a
“bottom-up” atomistic-continuum approach which is on
the basis of force field to avoid introducing any elastic
parameters and used a homogenization technique to elim-
inate the influence of dangling bonds. By fitting the re-
sults obtained by the classical plate theory, the one-
atomic material thickness was exactly determined. Such
a process has a definite physical meaning without con-
fusing readers. As a result, we exactly extracted it to be

0.0906 nm by fitting the numerically calculated funda-
mental frequencies as well as higher-order ones of a
series of simply supported h-BN sheets with analytical
solutions of the classical plate theory [42].

As discussed, the well-determined one-atomic material
thickness is physically accepted. Thus, in this study, we aim
to extend our theoretical model to investigate the deforma-
tion such as bending deflections of BNNTs in order to further
demonstrate the universality. We decouple the material
thickness and scale effect on elastic property, which are
semi-analytically evaluated by an atomistic-continuum
multiscale approach. Then the classical Euler–Bernoulli
beam theory (EBT) is employed to investigate the bending
deflection behavior of BNNTs. The atomistic-continuum
multiscale simulation results for various single-walled
BNNTs are also provided for validation.

2 Differential equation for bending
deflection of BNNTs

2.1 EBT

The bending control differential equation for the Euler–
Bernoulli beam model can be expressed by:
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where w is the bending deflection at x coordinate,M(x) is
the bending moment, E is the axial Young’s modulus and
I(x) is the moment of inertia.
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Therefore, the bending deflection for a simply sup-
ported beam when imposing a concentrated force at the
middle can be obtained by:
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where Fp is a concentrated force imposed at the one-
dimensional beam model under EBT, with the midpoint
bending deflection being:
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When imposing uniformly distributed load q at the
beam, the midpoint bending deflection is solved by:
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Case 2. Clamped beam

The clamped boundary conditions are as follows:
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The maximum bending deflection occurs at the mid-
point of the beam when imposing a concentrated force at
the middle. Substituting the boundary condition of equa-
tion (6) into the differential equation (1) to determine the
integration coefficient, the midpoint bending deflection
for a clamped beam can be solved by:
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When imposing uniformly distributed load at the
beam, it becomes:
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2.2 Atomistic-continuum multiscale
approach

Atomistic-continuum multiscale approach is also pro-
vided for numerical simulation of the bending behaviors
of BNNTs. Our recently developed atomistic-continuum
multiscale approach is constructed by using the higher-
order Cauchy–Born rule to provide a refined linkage
between the deformationof lattice structure and themacro-
scale continuumdeformation gradientfield [42–44], which
can be expressed by:

= ⋅( + ) + [( + ) ⊗ ( + )]r F R η G R η R η1
2

: ,IJ IJ IJ IJ (9)

where rIJ is the deformed bond vector in the current con-
figuration, RIJ denotes the initial bond vector in the re-
ference configuration and η is the inner shift.

As detailed in our work [45], the hollow seamless
cylindrical shell structure of single-walled BNNTs can
be viewed as rolling the equilibrium h-BN sheet with
three geometrical parameters λ1, λ2 and θ, respectively.
The deformation process can be expressed by:
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where = ( )x x x x x, ,1 2 3 and = ( )X X X X,1 2 are the current
and reference configurations. These three geometrical
parameters can be determined by minimizing the strain
energy of BNNTs to seek the equilibrium configuration.
Tersoff–Brenner empirical potential is adopted to reflect
the atomic force field:

( ) = ( ) − ( )V r V r B V r ,B IJ R IJ IJ A IJ (11)

where rIJ and BIJ denote the bond length and a multi-body
coupling between atoms I and J, respectively. It can be
directly obtained from equation (11) that the energy of
atom I is a function of bonds connecting it to neighboring
three atoms:
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In a specific deformation system, the partial deriva-
tive strain energyVI with respect to the inner shift vector η
must be zero to ensure the minimum potential of the
system:
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Therefore, it is easy to find that the potential only
relates to F and G:
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These three geometrical parameters and inner shift
can be finally determined by minimizing the corres-
ponding potential:
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Axial Young’s modulus of BNNTs is as follows:
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where v0 is the strain energy at the nearby initial equili-
brium position. Poisson’s ratio is calculated by:
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The aforementioned initial equilibrium BNNT is used
as a reference configuration when studying the bending
behaviors. The deformation process can be expressed by:
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where u1, u2 and u3 are the relative displacements to its
undeformed counterparts along x1, x2 and x3 directions,
respectively. Higher-order gradient theory is used to cal-
culate the total potential for the system
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where tP
0 and tQ

0 denote the first- and the second-order
stress tractions on the domain surface, respectively. The
equilibrium configuration of BNNTs under an external
load is determined by varying total energy of the system,
giving the weak form as:
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where =

∂

∂

σ v
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The governing equation of bending deformation of
BNNTs in equation (20) is solved by our mesh-free com-
putational framework on the basis of moving Kriging
interpolation which has been written by Fortran code.
Detailedprocedure canbe referred toourpreviouswork [45].

3 Results and discussion

There is still no generally accepted one-atomic material
thickness which has troubled scholars for a long time. In
a continuummechanics model, many parameters including
cross-sectional area, elastic properties, flexural rigidity and
moment of inertia closely rely on the thickness, especially

when the tubular radius enters to the nanometer level.
However, the academic community has not reached a con-
sensus on the thickness of one-atomic material. Scattered
values of thickness exist, which caused different static
bending deflections and transverse vibration natural fre-
quency. In many literature studies, the interlayer space is
widespreadly used, and the obtained results regarding the
static and dynamic behaviors evaluated by classical conti-
nuum theories are always biased from the atomic simula-
tions to a greater or lesser degree. Such deviations are gen-
erally corrected by introducing the scale parameters to the
modified continuum theories.

In this study, the thickness of BNNTs, viewed as
rolling up an h-BN sheet into a seamless hollow cylinder,
is inherited as that of the h-BN sheet as determined in our
previous work [42]. Scale effect can be reflected by elastic
constant, which relies on tubular radius and length has
been semi-analytically investigated in our recently devel-
oped atomistic-continuum multiscale approach [46]. Data
listed in Table 1 are the predicted elastic parameters and
tubular radii for the three kinds of armchair BNNTs. It
clearly demonstrates that the curvature has a slight de-
creasing effect on the axial Young’s modulus while an
opposite effect on Poisson’s ratio.

Classical EBT is used to analytically predict the bending
deflection of BNNTs under lateral load. Numerical results
obtained by an atomic-continuummulti-scale approach di-
rectly constructed from the “bottom-up” force field with no
external introduced parameters, such as Young’s modulus,
thickness and bending stiffness, are provided for compar-
ison. Plotted in Figure 1 are the schematic diagrams of
bending deflection for hollow single-walled BNNTs under
transverse load.EBTwith two typical constraints, i.e., simply
supported and clamped boundary conditions, based on our
determined value 0.0906 nm is employed to predict the
bending deflection of BNNTs under transverse load, and
EBT solutions based on the commonly used interlayer space
0.333 nm are also provided for comparison.

The maximum bending deflection occurs at the mid-
point of the beam. Figure 2 demonstrates the relationship
between midpoint bending deflections of simply sup-
ported 10 nm long (8, 8) and (10, 10) BNNTs obtained
by EBT as well as atomistic-continuum multiscale

Table 1: Elastic properties of armchair BNNTs

(n, m) R (Å) E (TPa) M

(8, 8) 5.51 3.5346 0.1798
(10, 10) 6.90 3.5509 0.1736
(15, 15) 10.36 3.5671 0.1675
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approach. The length/diameter (l/d) ratios are 9.07 and
7.25, respectively. It clearly reveals that both EBT solu-
tions with the commonly used interlayer space differ from
atomistic-continuum simulation results but within limits.
This deviation is often corrected by modified continuum
theories involving the scale effect parameter. For ex-
ample, nonlocal elasticity theory has a “stiffness soften”
effect (the equivalent nanostructural stiffness decreases
when one-atomic material thickness is adopted) on the
flexural stiffness of beam [47–49], thus the bending de-
flections will be enlarged to approach those of atomic
simulations. As a matter of fact, the underestimation of
the bending deflections is due to the used larger tubular

thickness. When we inherit the well-determined thick-
ness of an h-BN sheet, it is found that EBT can quite
accurately predict the bending deflection of the ato-
mistic-continuum approach. As compared with the two
cases, it is found that the relative deviation of EBT using
the interlayer space to the atomistic-continuum approach
for BNNTs becomes smaller as tubular radius increases.
This is because the moment of inertia becomes insensi-
tive to tubular thickness as the tubular radius increases
and thus the flexural rigidity. This phenomenon yields
the different scale parameters for specific case studies
when the modified theories are used.

For slender beams with larger l/d ratio, EBT is ex-
pected to give much more accurate predictions, and the
results are given in Figures 3 and 4. Figure 3 plots the
force–displacement curves for 12 nm long simply sup-
ported (8, 8) and (10, 10) BNNTs with a l/d ratio of 10.89
and 8.70, respectively. Figure 4 shows those of 15 nm long
BNNTs with l/d ratios of 13.61 and 10.87, and themaximum
extent of EBT results with two material thicknesses are
shown as the error bar. Figures 3(a) and 4(a) reveal that
EBT with a tubular thickness of 0.0906 nm accurately
estimates the results obtained by the atomistic-continuum
approach under a small range of concentrated forces,
while overestimate them as the force continues to increase
with an increasing tendency of deviation. This is mainly
due to the geometrical nonlinearity which becomes in-
creasingly severe as the tubular length increases since
the bending deflection is a cubic function of tubular

Figure 1: Schematic diagram of bending deflection for hollow single-
walled BNNTs with simply supported (a) and clamped (b) con-
straints under transverse load.
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Figure 2: The midpoint bending deflection of 10 nm long (8, 8) (a) and (10, 10) (b) BNNTs with simply supported constraint versus external
transverse force.
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length. The EBT results with one-atomicmaterial thickness
of BNNTs present smaller errors compared with those with
interlayer space, as shown in Figure 4a. Since flexural
rigidity is a function of quartic function of the tubular ra-
dius, increasing tubular radius yields a rapidly decreasing
bending deflection, thus lags behind the nonlinear effect
phenomenon as shown in Figures 3(b) and 4(b).

The boundary constraint on the bending behaviors of
BNNTs is also investigated. As expressed by equation (7),
the bending deflection of beam with clamped constraint is

quite less than simply supported one. Figures 5–7 are the
force–displacement curves for the midpoint of 10 nm long
(8, 8) and (10, 10) clamped BNNTs. As expected, the present
tubular thickness also results in a much better agreement
than the widely used interlayer space. Besides, the max-
imum bending deflection is in a smaller range than those
simply supported ones because the nonlinear effect does
not begin to show up. An unusual observed phenomenon is
that EBT solutions with interlayer space tubular thickness
seem to give a better prediction of the atomistic-continuum
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Figure 3: The midpoint bending deflection of 12 nm long (8, 8) (a) and (10, 10) (b) BNNTs with simply supported constraint versus external
transverse force. A nonlinear relation between transverse load and bending deflection is observed.
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Figure 4: The midpoint bending deflection of 15 nm long simply supported (8, 8) (a) and (10,10) (b) BNNTs. A linear relation between the
transverse load and bending deflection is observed at the first half, while a clear nonlinear relation is observed at the latter half.
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approach than those with 0.0906 nm tubular thickness for
the clamped 10 nm (10, 10) BNNT in Figure 5(b). This re-
sulted from the larger diameter. As the tubular radius in-
creases, the l/d ratio is only 7.25 and the influence of shear
deformation becomes more and more important, especially
for the strong constraint, which leads to overestimation of
bending deflection.

Overall, when the current thickness of 0.0906 nm is
adopted, the results predicted by EBT are much more closer
to the atomistic-continuum simulation results. What should
be noted is that EBT generally has an increasing error when

the aspect ratio decreases, which can almost be omitted
when the aspect ratio is larger than 10.

4 Concluding remarks

In this work, atomistic-continuum multiscale approach
and classical Euler–Bernoulli theory are employed to pre-
dict the transverse bending deflection behavior of single-
walled BNNTs with two typical boundary constraints.
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Figure 5: The maximum bending deflection of 10 nm long (8, 8) (a) and (10, 10) (b) BNNTs with clamped constraint versus external lateral
force.
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Figure 6: The midpoint bending deflection of 12 nm long (8, 8) (a) and (10, 10) (b) BNNTs with clamped constraint versus external lateral
force.
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Considering two different thicknesses of single-wall BNNTs,
the analytical results of the bending deflections are given by
the classical Euler–Bernoulli theory. In contrast, numerical
results obtained by the atomic-continuum multi-scale ap-
proach directly constructed from force field with no external
introduced parameters, such as Young’s modulus, thickness
and bending stiffness, are provided for comparison. With
simply supported and clamped constraints, the comparison
of calculation results shows that the one-atomic material
thickness of BNNTs is a more reasonable value to predict
the static behavior of single-walled BNNTs, rather than the
interlayer space. As the geometrical nonlinearity increases,
EBT with a tubular thickness of 0.0906 nm accurately esti-
mates the results obtained by the atomistic-continuum ap-
proach, while overestimates them as the force continues to
increase with an increasing tendency of deviation. Com-
paring the predicted results with two different constraint
conditions, it can be found that the results of simply sup-
ported constraint are more accurate.
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