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Abstract: This study explores the qualitative analysis of

h h h� � �( ) ( ( ) ( ))=ζ ζ ζ ζ, , ,

γ γ

where �γ is a Riemann–Liouville nabla (∇) fractional nabla
derivative, incorporating integral boundary conditions on
arbitrary time scales. We rigorously investigate the existence,
uniqueness, and stability of solutions to these equations by
employing Krasnoselskii’s fixed point theorem and the
Banach contraction principle. The incorporation of integral
boundary conditions extends the applicability of the results to
more general systems. To demonstrate the validity and prac-
ticality of the theoretical results, we present an illustrative
example supported by MATLAB-generated graphical repre-
sentations. This work contributes to the broader under-
standing of fractional dynamic systems and their stability
across diverse time scales, offering insights with potential
applications in engineering and applied sciences.
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1 Introduction

A branch of mathematics that focuses on analyzing the
integral and derivative operations for functions with frac-
tional orders is known as fractional calculus, and it has
gained momentum in recent years. It will be utilized in
simulations and certain practical situations [1–8]. Indeed,
it offers a multitude of valuable resources for resolving
differential and integral equations, along with numerous
other challenges related to specialized mathematical physics
functions, including their expansions and advancements in
both single and multiple variables [9–13]. In recent times,
there has been an application of fractional differential equa-
tions (FDEs), for various practical issues, such as developing
mathematical equations to describe the operation. In addi-
tion, FDEs along the integral boundary conditions are preva-
lent for various natural phenomena originating from diverse
fields including fluid dynamics, chemical kinetics, electronics
and bio models. Hence, numerous authors have investigated
FDEs using various methodologies. The initial-boundary con-
ditions are addressed using fixed point theorems and non-
linear functional analysis.

In 1990, Hilger proposed the introduction of time
scales for combination and expansion upon existing differ-
ential equations (DEs), discrete equations, and other sys-
tems of DE defined upon a closed subset of real number
line that is not empty [14–17]. The formulation of the initial
value problem’s existence and uniqueness for DE on time
scales is presented by Hilger along some practical uses.
Combination of separate closed real intervals on time
scales functions is a perfect structure to examine popula-
tion dynamics. For past few years, there has been an
increasing focus on time-dependent DEs (e.g., [18–21]).
Time scales refer to a unified mathematical framework
that integrates both discrete and continuous time, allowing
for the examination of dynamic systems across varying
types of intervals. This approach generalizes traditional
DEs to include models that evolve in either continuous or
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discrete manners, thus broadening the scope of analysis in
fractional dynamic systems. Similarly, integral boundary
conditions require that solutions to DEs satisfy particular
integral constraints rather than pointwise conditions at the
boundaries. This is particularly relevant in real-world
applications, where boundary conditions are often influ-
enced by cumulative or averaged effects over time.

To decode both DEs and difference equations simulta-
neously, the dynamic equation is employed within a single
domain known as time scale � [22,23]. The innovative and
proactive area is broader and highly adaptable compared to
the conventional formulation of DE and difference equations,
making it as the most suitable approach for precise and flex-
iblemathematical modeling. In the past, it has been commonly
believed by researchers that dynamical processes can be cate-
gorized as either continuous or discrete [24–26]. Therefore,
researchers have used either DEs or difference equations to
mathematically represent the dynamics of a model. Specifi-
cally, some significant occurrences do not exist solely in a
continuous form or solely in a discrete form [27]. For over a
100 years, scientists have continuously been fascinated by the
theory of dynamical systems due to its unpredictable nature
and wide-ranging applications in various scientific fields. In
DE, on nonlocal cauchy problems, several authors performed
research. In physics, the nonlocal condition can be utilized
more effectively compared to the conventional initial condi-
tion. Since dynamic equations unify differential and differ-
ence equations within a common framework, it is significant
to investigate their existence under nonlocal initial conditions.
The fundamental purpose of transitioning from integer to
fractional order is to capture the intricate dynamics of non-
local interactions, long-rangememory effects, and time-depen-
dent behaviors, while also providing a robust framework for
modeling phenomena such as anomalous diffusion and com-
plex temporal processes [28]. The limitations of traditional
integer-order models in capturing memory, hereditary effects,
and nonlocal interactions drive the need for fractional-order
approaches. Fractional calculus offers a powerful framework
to model complex systems with long-term dependencies,
making it essential for fields like physics, biology, and engi-
neering [29–34]. The aim of this study is to deepen the under-
standing of fractional dynamic systems through the use of the
Riemann–Liouville (RL) nabla derivative, a powerful tool for
capturing complex system behaviors like memory and heredi-
tary effects that traditional integer-order models cannot
address. By focusing on the stability, existence, and unique-
ness of solutions on arbitrary time scales, this work advances
the field of fractional dynamics while incorporating integral
boundary conditions to ensure broader real-world applic-
ability. These insights are crucial for improving modeling
accuracy in engineering, control systems, and other applied

sciences where time-dependent processes play a key
role [35–38].

Gogoi et al. [39], by application of the fixed point tech-
niques, discussed the existence of solution of a nonlinear
fractional dynamic equation with initial and boundary
conditions on time scales. Motivated by the aforemen-
tioned work, using time scale we discuss the existence
and stability results of a nonlinear fractional dynamic
equation along the integral boundary condition,
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where �γ is an RL derivative of fractional order < <γ0 1

and �[ ] ∈T0, . T �[ ]∈ =ζ T0, , where T is a time scale
interval such that

T R�= ∈ ≤ ≤ ∈ζ ζ T T: 0 , .

2 Preliminaries

In the set of real numbers R , a closed subset is referred to
as a time scale � . The backward jump operator is a func-
tion defined as

�{ ( ) }= ∈ <ρ ζ ρ ζ ζsup : ,

for ( ) <ρ ζ ζ . A point �∈ζ is called left scattered point if
( ) <ρ ζ ζ . Conversely, if �( ) >ρ ζ inf and ( ) =ρ ζ ζ , then ζ is

called a left dense point in � .
A left dense-continuous function does not exist in � for

any ∇ derivative. An operator �κ for the time scale � is
defined as follows: If t� � { }= ⧹κ , else � �=κ is left scattered
minimum say in time scale � .

Definition 2.1. [40] If for every left dense point of T, let
function be continuous, then a function T R� →: is
called ld-continuous function, and in the right dense point,
the right-sided limit appears.

Space of ld-continuous function is set of every function
from T to R and is denoted by T R�( ), .

Remark 2.2. Space function T XR�( ) =, from a Banach
space with the norm is defined as

T

∣∣ ∣∣ ∣ ( )∣=
∈

g g ζsup ,

ζ
(2.1)

for T∈ζ .
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Definition 2.3. [41] Consider ( )g ζ as a ∇-integrable function
defined on T, then

( ) ( ) ( )∫ ∫ ∫∇ = ∇ + ∇g φ φ g φ φ g φ φ.

T ζ

ζ

T

0 0

Definition 2.4. RL ∇-derivative) [42] Assume ld-continuous
function be Rkm� →g : , the RL fractional ∇-derivative of
order R( )≥ ∈γ 0 , is defined as

T Tm m
� �( ) ( )= ∈−

+ + +g ζ g ζ ζ, .

γ γ

0 0 0

Remark 2.5. From Definition 2.4, we also obtain
T

m
� �( ) = −

+ + +g ζ
γ γ γ

0 0 0

, where m [ ]= +γ 1.

Definition 2.6. [43] Assume R� �( )⊂ T , be a set. � is
bounded and equicontinuous simultaneously, then it is
relatively compact.

Definition 2.7. [43] Assume a bounded set B B� �( )⊆ ,

and is relatively compact in � , so a mapping B� � →: is
completely continuous.

Lemma 2.8. [44] Consider � be a time scales such that
�∈φ φ,

1 2

with ≤φ φ
1 2

. If R R→z : is nondecreasing con-
tinuous function, we have,

s s s s( ) ( )∫ ∫∇ ≤z z d .

φ

φ

φ

φ

1

2

1

2

Lemma 2.9. [45] Assume a b R�[ ] →z : , be an integrable
function, we have, T T T

a a a
=∇ ∇ +∇

+ + +z z
ν ν ν ν

1 2 1 2 holds.

Lemma 2.10. [46] (Krasnoselskii fixed point theorem)
Assume a Banach space S. Consider � be closed, bounded,
convex, and nonempty subset. Also � 	, be the operators
such that (a) u v� 	 �+ ∈ whenever u v �∈, ; (b) �

is continuous and compact; (c) 	 be a contraction mapping.
Then, we have �∈z such that � 	= +z z z.

Lemma 2.11. [47] For T∈ζ ,

i i� �∣ ( ) ( ( ) ( ))∣− ≤ζ ζ ζ ω ζ ξ, ,

γ

where ξ be a “+” ve number, that is, >ξ 0.

Definition 2.12. [47] Eq. (1.1) is known as Ulam–Hyer’s (UH)
stable when there appears a constant � 
 
�( ) >ξ 0γ, ,g

such
that for i of Lemma 2.11 and for >ξ 0, there appears a
unique solution h of Eq. (1.1) following with the inequality

Ti h � 
 
�
∣ ( ) ( )∣ ( )− ≤ ∈φ φ ξ φ, .γ, ,g

Definition 2.13. [47] Eq. (1.1) is known as generalized UH
stable when there appears a constant � 
 
�( ) =ξ 0γ, ,g

such
that for i of Lemma 2.11, there appears a unique solution h

of Eq. (1.1) following with the inequality:

Ti h � 
 
�
∣ ( ) ( )∣ ( )( )− ≤ ∈φ φ ξ φ, .γ, ,g

3 Main sequels

For the results of Eq. (1.1), we need some assumptions;
(A1) A function � : T R R× → is continuous and fol-

lows with:
(i) There appears a constant �� > 0 such that,

h� ��∣ ( )∣ ≤ζ , (1 + h∣ ∣), for every T∈ζ ,h R∈ .
(ii) There appears a constant 
� > 0 such that,

h i h i� � 
�∣ ( ) ( )∣ ∣ ∣− ≤ −ζ ζ, , , for every
T∈ζ , h R∈ .

(A2) A function g : T R R× → is continuous and fol-
lows with
(i) There appears a constant � > 0g such that,

h �∣ ( )∣ ≤g ζ , g(1 + h∣ ∣), for every T∈ζ , h R∈ .
(ii) There appears a constant 
 > 0g such that,

h i h i
∣ ( ) ( )∣ ∣ ∣− ≤ −g ζ g ζ, , g , for every
T∈ζ , h R∈ .

(A3) k < 1
1

, where k
( )

< = +1
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(A4) For < <γ0 1, Th R� � ( )∈ ∩ ∇ , , then

h h�( ( ) ( ))∇ζ ζ D ζ ζ, ,

γ = h s�( ( )) ( )∇ζ ζ ω ζ, , for every
T∈ζ , h R∈ .

(A5) Assume a set h h� � �{ ∣∣ ∣∣ }= = ≤ ⊆υ: and an
operator � �→Ω : , defined as
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Theorem 3.1. Let ld-continuous function be T R R� × ×:

R→ . If a function h( )ζ is a solution of the below integral
equation, then h( )ζ is said to be a solution of Eq. (1.1).

h s s h s s
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Proof. RL integral equation defines

h s h s s� ( )
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From integral boundary condition of Eq. (1.1) we have
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Subsequently, we obtain
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Hence, the result follows.

Theorem 3.2. Assume (A1)–(A5) hold and
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Eq. (1.1) contains unique solution.
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Here, Ω: B B→ is well defined. Then, T∈ζ and h B∈
gives
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By using Lemma (2.8), we have
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Hence,

h c∣∣ ∣∣ ≤ ςΩ .

Therefore, Ω :B B→ is well defined. Also we show the
operator Ω : B B→ is contractive and T∈ζ , we have
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Therefore, Ω has a exact contraction mapping. Applying
the Banach contraction theorem, Ω contains unique fixed
point and is said to be the solution of Eq. (1.1). □
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Step 3: Define an operator B B→Ω :

2
as

h s s h s s s

s s h s s s
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1

(3.5)

Here, Ω
2
: B B→ is well defined. Then, for T∈ζ and

h B∈ ,
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By using Lemma (2.8), we obtain
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1 (3.6)
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Hence,

h∣∣ ∣∣ ≤ ςΩ .c2

Step 4: To prove the operator Ω is continuous, consider hn

is a sequence such that,h hn n→ in T R�( ), , for any T∈ζ ,
we have

h h

s s h s s s h s s s

s s h s s

s h s s s

s s s s h s s
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1

Since functions � and g are continuous with respect to h,
then we have h hn c∣∣( ) ( )∣∣− →Ω Ω 0

2 2
as n → 0.

Therefore, Ω
2
is continuous.

Step 5: Let T∈ϑ ϑ,
1 2

such that <ϑ ϑ
1 2

, then we have

h h

s s s h s s s
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As s( )− −φ γ 1 is continuous, then h h∣( )( ) ( )( )∣− →ζ ζΩ Ω 0
2 2 2 1

when →ϑ ϑ
1 2

. The proof is same for ≤ <ζ φ T . Then, the
operator Ω

2
is equicontinuous. From the followed steps and by

Arzela–Ascoli theorem,wefind B( )Ω
2

is compact. And from the
above steps, we find the Krasnoselskii’s fixed point theorem
holds and Eq. (1.1) contains atleast one solution in B. □

Theorem 3.4. Consider (A1)–(A5) and inequality (2.1) hold.
Eq. (1.1) is UH stable.

Proof. Let h be a unique solution of Eq. (1.1) and i be the
solution of the inequality

Ti i� �∣ ( ) ( ( ) ( ))∣− ≤ ∈ζ ζ ζ ω ζ ξ ζ, , ,

γ

then by Theorem (1.1), we have
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Then
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Hence,
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Thus,

i h c � 
 
�
∣∣ ∣∣ ( )− ≤ ξ ,γ, ,g

where

�
�


 


�
�( ) = − ξ1

.γ, ,g

Therefore, Eq. (1.1) is UH stable.

6  Kottakkaran Sooppy Nisar et al.



Setting

� �
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� �

�

( )

( )

( ) ( )

( )

=
=

ξ ξ ,

0 0.

γ γ

γ

, , , ,

, ,

g g

g

Therefore, Eq. (1.1) is generalized UH stable. Based on assump-
tions (A1)–(A5) and the validity of inequality (2.1), the unique
solution h of Eq. (1.1) satisfies the UH stability criteria. Speci-
fically, for any solution i that approximately satisfies Eq. (1.1)
within a bounded error ξ , the difference between i and h is
bounded by a linear function of ξ . Moreover, the solution h

exhibits generalized UH stability, where the bound on i h∣∣ ∣∣−
vanishes as →ξ 0. Thus, Eq. (1.1) is both UH stable and gen-
eralized UH stable under the given conditions. □

4 Nonlinear fractional dynamic
equations (NFDE) with nonlocal
condition

The research of nonlocal problems is driven by physical
issues. As an illustration, it is employed to ascertain certain
unidentified physical factors involved in inverse heat con-
duction problems. Byszewski first formulated and demon-
strated the outcome regarding the presence and singularity of
solutions to abstract Cauchy problems with nonlocal initial
conditions. Many studies have discussed the subject of exis-
tence and uniqueness results in different kinds of nonlinear
DEs. Initially, Byzewski formulated the nonlocal condition,
where he mentioned [48], theorems about the existence
and uniqueness of solutions of a semilinear evolution non-
local Cauchy problem. Chang and Li [49] discussed the exis-
tence results for impulsive dynamic equations on time scales
with nonlocal initial conditions. Subashini et al. [50] discussed
the new results on nonlocal functional integro-DEs via Hilfer
fractional derivative. Gogoi et al. [51] discussed the impulsive
fractional dynamic equation with nonlocal initial condition
on time scales. Inspired by the above work, we discuss the
results for NFDE with nonlocal condition.

h h h( ) ( )+ =g0 ,o (4.1)

where T � �× →g : , which satisfies the following
assumption.
(A6) There appears a constant 
 > 0 such that

h i h i h i R
∣∣ ( ) ( )∣∣ ∣∣ ∣∣ ([ ] )− ≤ − ∀ ∈g g T, , 0, , .

(A7) There exists a constant � > 0 such that for
all h i R([ ] )∈ T, 0, , .

g h �∣∣ ( )∣∣ ≤ ,

ensuring that the nonlocal term is bounded and does
not introduce instability into the solution.

Using the nonlocal condition in physics yields a more
advantageous outcome compared to the classical initial
condition h h( ) = o. For example, h( )g can be written as

h c h t
n

m

n n( ) ( )∑=
=

g ,

1

where c n nn( )= 1, 2, … are mentioned constants and
t tn< < < ≤ T0 ….
1

. More than the initial condition, the non-
local condition can be more useful.

Theorem 4.1. Assume < ≤γ0 1, for Th X R� ( )∈ ∩ ∇ , as a
solution of Eq. (1.1), h is also the solution of the integral
equation, and applying the nonlocal condition where the
assumption (A1)–(A7) holds

h h h h h h� �( ) [ ( )] ( ( )) ( ( ) ( ))∫= − + ∇−ζ g ζ ρ φ φ φ φ φ, , , .o

ζ

ζ

γ
γ

1

o

Proof. Assume h� ( ) ( )=ζ g ζγ , then using Eq. (1.1) in the
above equation, we obtain

h h h h( ) [ ( )] ( ( )) ( )∫= − + ∇−ζ g ζ ρ φ g φ φ, .o

ζ

ζ

γ 1

o

By using the technique used in theorem 3.2, one can show
that Ω has a fixed point. Then, one can show that fractional
dynamic Eq. (1.1) has fixed point by employing the tech-
nique applied in Theorems 3.2 and 3.3. The proof is same as
Theorems 3.2 and 3.3 and hence is ommitted. □

5 Example

The following example serves as an illustration for our
theoretical findings. To obtain the nonlinear problem
(1.1) numerical solution, we will also provide the path of
the proposed numerical scheme.

Example 5.1. Assume a fractional dynamic equation having
the nonlinear integral boundary condition on time scale

�[ ]=T 0, 1 such that

e h

h

h h
e h

e h
s

h
h

h

s

s

�
�

�

( )

( ( ) )

( ) ( )
( )

( ) ∣ ∣

( ∣ ∣)

( )
( )

( )

∫

⎧

⎨
⎪⎪

⎩
⎪
⎪

= +
+

+ +

+ =
−
+ +

∇

−

− −

ζ

ζ

T
γ

s

10 6 1

,

0

1

Γ

3 1

2 1

,

ζ
ζ ζ

ζ

γ

3

0

1

1 2

(5.1)
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where k[ ]∈ ∩ζ T0, 1 . Now for R∈φ φ,
1 2

, we set

e
�( )

( )
= +

+
+ +

−
ζ φ φ

φ φ

φ φ
, ,

10 6 1

,

ζ

1 2

3

1 2

1 2

satisfying the condition h h� ��∣ ( )∣ ( ∣ ∣)≤ +ζ , 1 .

�( )∴ <ζ φ φ, , 1.
1 2

Therefore, Eq. (5.1) has a solution at the interval k[ ] ∩ T0, 1 .
Figure 1 reveals a commendable correspondence between
the numerical solution and the exact solution across entire
interval.

6 Conclusion

This study explores nonlinear fractional dynamic systems gov-
erned by RL nabla FDEs with integral boundary conditions. We
established the existence, uniqueness, and stability of solutions
using Krasnoselskii’s fixed point theorem and the Banach con-
traction principle, enhancing the applicability of our results to
real-world systems. Our MATLAB-supported example highlights
the practical implications of these findings.

These contributions deepen the understanding of frac-
tional dynamic systems, offering insights for mathemati-
cians and engineers in complex modeling. Future research
will focus on advanced numerical methods, innovative
control strategies, and applications in emerging technolo-
gies, laying a strong foundation for further advancements
in fractional calculus.
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