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Abstract: This study commences by delving into B-spline
curves, their essential properties, and their practical imple-
mentations in the real world. It also examines the role of
knot vectors, control points, and de Boor’s algorithm in
creating an elegant and seamless curve. Beginning with
an overview of B-spline curve theory, we delve into the
necessary properties that make these curves unique. We
explore their local control, smoothness, and versatility,
making them well-suited for a wide range of applications.
Furthermore, we examine some basic applications of
B-spline curves, from designing elegant automotive curves
to animating lifelike characters in the entertainment
industry, making a significant impact. Utilizing the de
Boor algorithm, we intricately shape the contours of
everyday essentials by applying a series of control points
in combination with a B-spline curve. In addition, we offer
valuable insights into the diverse applications of B-spline
curves in computer graphics, toy design, the electronics
industry, architecture, manufacturing, and various engi-
neering sectors. We highlight their practical utility in
manipulating the shape and behavior of the curve, serving
as a bridge between theory and application.
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1 Introduction

Splines, in a broad sense, represent functions formed by
combining pieces of smooth functions cohesively and har-
moniously. Beyond their theoretical significance, splines
find applications in various scientific domains such as geo-
metric representation, signal manipulation, data analysis,
visual representation, numerical emulation, and likelihood
assessment. Among the diverse family of splines, B-splines
(basis splines) distinguish themselves as a cornerstone of
modern computational geometry. B-splines offer a sophis-
ticated and efficient framework for the creation of complex
curves and surfaces, wielding their influence in domains
such as computer-aided geometric design (CAGD) and com-
puter graphics (CG). What sets B-splines apart is their
ability to provide local control, allowing for precise adjust-
ments to specific regions of a curve without affecting the
entirety of their structure. B-splines are a type of spline
basis function that is highly practical because of their
numerous beneficial properties. They are specialized
instances within splines, which are a generalized form of
Bézier curves. B-splines are constructed using instances of
an orthonormal basis of recursive functions and can form
curves of polynomial nature at specific points called knots.
The local support property of B-spline curves greatly ben-
efits real-time applications like interactive design and ani-
mation. It allows for efficient updates by ensuring that
changes to a control point only affect a localized portion
of the curve, rather than requiring a complete recalcula-
tion. This feature enhances the responsiveness of interac-
tive design tools, enabling designers to make precise
adjustments and see immediate results. In animation, it
reduces the computational load by minimizing the need
to re-render the entire curve, thus enabling smoother
and faster rendering. Additionally, it provides detailed
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control over specific parts of animation, allowing for accu-
rate and flexible adjustments. Overall, the local support
property facilitates efficient, real-time interaction and pre-
cise control in both design and animation tasks. Their
ability to handle large data sets with ease makes them
indispensable in industries like aerospace, where intricate
calculations involving thousands of data points are rou-
tine. In summary, B-splines are fundamental tools that
contribute significantly to the advancement of precision
modeling and design across various engineering and man-
ufacturing domains.

1.1 Background and motivation

The exploration of B-splines traces its origins to the nine-
teenth century, marked by N. Lobachevsky’s contributions
[1]. Subsequently, Laplace identified their correlation with
the probability density function [2]. They were formulated
as convolutions of specific probability distributions, and
their relevant properties were extensively explored by
Chakalov [3] and Popoviciu [4] in the 1930s. The application
of B-splines gained significant traction in 1946 when Isaac
Jacob Schoenberg employed them to smooth statistical
data, marking the inception of contemporary spline
approximation theory [5]. Schoenberg focused on B-splines
over uniform knots, whereas the B-splines over non-uni-
form knots were suggested by his colleague [6]. The signif-
icance of B-splines in CAGD saw a substantial boost when
de Boor [7], Cox [8], and Mansfield independently unveiled
the recursion relation in the same year. The recursion
relations were dubbed after de Boor’s recursive formula,
renowned for its speed and numerical stability. Initially,
B-splines were a laborious mathematical method with
inconsistent divisions and numerical instability. In 1974,
Riesenfeld and Gordon employed de Boor’s recursive for-
mula in the parametric B-spline curve, revealing that B-
splines naturally generalized the de Casteljau recursive
formula used in Bézier curve evaluation [9]. In aerospace
engineering, quadratic and cubic B-splines are essential for
accurately modeling complex surfaces, such as aircraft
wings and fuselages. Additionally, B-splines are integral
to computational fluid dynamics simulations, which model
the airflow around the aircraft to enhance design effective-
ness. Similarly, in civil and structural engineering,
B-splines are increasingly utilized to create innovative
designs for logistics centers and sports facilities [10,11].
Their versatility across both fields underscores their sig-
nificance in modern engineering, where the demand for
accuracy and esthetic appeal continues to grow. Quadratic
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B-splines provide smooth transitions and moderate preci-
sion, making them suitable for surfaces with moderate
curvature and less complexity. They offer a good balance
between smoothness and computational efficiency, which
is useful for designing various aircraft components. Cubic
B-splines, on the other hand, offer a higher degree of
smoothness and accuracy. They ensure C? continuity, which
means the surface transitions smoothly with continuous
second derivatives, making them ideal for intricate aerody-
namic shapes like wing profiles and fuselage contours. This
high level of precision allows for detailed control and opti-
mization of the surface, which is essential for achieving the
desired aerodynamic performance and structural integrity.
Thus, cubic B-splines are particularly valuable in aerospace
engineering for their ability to handle complex geometries
with high accuracy and smoothness. Besides B-spline
methods have demonstrated significant effectiveness across
various boundary value problems, known for their stability
and accuracy. The cubic B-spline has been applied to third-
order singular equations, such as Emden-Fowler types [12],
while quintic polynomial B-splines have been useful for
fourth-order equations, including the Kuramoto-Siva-
shinsky equation [13]. Additionally, quartic B-splines
have been applied successfully in both third- and fourth-
order singular boundary value problems, enhancing the
solution accuracy and efficiency [14,15].

This article aims to provide a widespread under-
standing of the impact of B-spline curves by exploring their
theoretical foundations and real-world applications across
various fields. These applications include architectural
design, biomedical technology, computer-aided manufac-
turing (CAM) for precision engineering, and robotics [16-19].
These mathematical constructs have seamlessly integrated
themselves into the fabric of modern technology, enabling
streamlined and sophisticated design solutions.

Besides, these B-spline curves are pivotal in numerical
analysis and CG, with applications ranging from solving
differential equations [20-22] to analyzing fractal patterns
in retail analytics [23], classifying fractal designs [24],
and enhancing online insights through advanced machine
learning techniques [25], and so on [26-37]. Mastery of
B-spline theory is increasingly essential for innovation in
design and engineering, as detailed in works by Rogers,
Piegl, and Hoschek [38-41].

1.2 Objectives and outlines of this article
The primary objective of this research is to explore how

B-spline functions can be used to create smooth and
high-quality curve shapes for real-life applications. By
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understanding the theory and practical applications of B-

spline curves, this study aims to demonstrate their role in

improving the design and appearance of various products
and structures in different industries. To summarize, the
key features of this study are as follows:

a. Explore the use of B-spline functions to create high-
quality smooth curve shapes in practical applications.

b. Understand the theoretical underpinnings and practical
implications of B-spline curve theory.

c. Highlight the significance of B-spline curves in enhan-
cing the design and esthetic appeal of products and
structures across industries.

d. Emphasize the role of B-spline curves in improving the
precision and visual sophistication in contemporary
design and engineering practices.

The outlines of the article are organized to facilitate an
understanding of B-spline curves and their applications in
real life. Section 2 provides an in-depth exploration of B-
spline curves and their properties. Section 3 details the
construction of B-spline curves. In Section 4, we examine
the zero degree, first degree, second degree, and third
degree of B-spline curves. Section 5 delves into the prac-
tical implementation of B-splines using the de Boor algo-
rithm, illustrating their use in constructing real-world
objects. Finally, Section 6 presents a comprehensive con-
clusion, summarizing the key findings and implications
gleaned from this study.

2 B-spline curve and its properties

A B-spline, also known as a basis spline, represents a more
flexible form of the Bézier curve. Unlike Bézier curves,
which lack local adjustability and where changes to any
control point affect the entire curve shape, B-splines offer a
solution to this limitation. Researchers developed B-splines
to be highly adaptable, with minimal constraints on the
degree, smoothness, and domain. Additionally, B-splines
ensure C2-continuity up to a certain degree, making
them a versatile and robust tool for curve modeling. The
term “basis” in basis spline refers to the fact that they act as
basis functions for the spline function space. In simpler
terms, B-splines are a way of smoothly connecting points
to form a curve. Any spline of degree (p — 1) on a given
knot sequence can be used to express a unique linear
combination of B-splines of the same degree. A (p - 1)th
degree or order p B-spline curve S(y) is defined as

n+1

SQ) = ZBi,pO’)Ciy toin S Y < bpax, 2Sp<n+1, M
i=1
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where the weights C; are position vectors of S defining
polygon vertices, which are referred to as control points
in the literature because they control the shape of the
B-spline curve. The splines S(y) are the points along the
curve as a function of parameter y also known as a
B-spline curve. B; ,(y) are the normalized basis functions
which are polynomials of degree p — 1. The basis functions
are described by order p and a non-decreasing sequence of
real numbers called “knot vectors.” The knot vectors deter-
mine the values of ¢ at which the pieces of curve join, like
knots joining bits of a string. It is necessary that ¢; < tj4q
(Figure 1).

B-spline curves have several important properties.
Some of the key properties are as follows:
* Local control: B-spline provides local control over their
shape. Changes to one control point or a few control
points affect only a localized portion of the curve. This
means moving a control point C; only changes the curve
near that control point.
Convex hull: Moving along the curve from one para-
meter value to another, the curve always lies within
the convex hull formed by the control points. That is
the curve is enclosed within the convex hull of its control
polygon. Moreover, each curve segment resides within
the control polygon defined by the control points influ-
encing that specific segment. More specifically, if y
belongs to the knot span [t;, tj+1), then S(y) is within
the convex hull of the control points G-p, Gi-p+1,.-, G
(Figures 2-4).
Continuity: For a B-spline curve of degree p > 1, the B-
splines belong to the continuity category of CP7., that is,
a third-degree B-spline curve has C? continuity (Figures 5
and 6). However, increasing the knot multiplicity r of a
knot vector diminishes the continuity of the curve to CP~"
at that knot. The smoothness or level of differentiability of a
B-spline curve is determined by the number of knot multi-
plicities. Within each interval|[;, ¢;.1), a B-spline curve exhi-
bits infinite differentiability.

3 Rules for the construction of the
B-spline curve

The B-spline curve, which is a piecewise polynomial curve
with the least support, seems to have importance in its
ability to intricately craft smooth and adaptable curves
and surfaces. A group of control points and a group of basis
functions, typically piecewise polynomial functions with
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Figure 1: B-spline curve with control points and the defining polygon.
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Figure 2: Changing the location of control point Cyg only affects the curve S(y) within the interval [to, t3).

specific knot sequences, define a B-spline curve. To gain a
comprehensive understanding of B-splines and to con-
struct B-spline curves, several things are required.
Among them, knot vectors, basis functions, degree or order
of basis function, and control points are noticeable.

3.1 Knot vectors

Every B-spine curve consists of segments. The joint points
between these segments are known as knots. The knot

vector is a sequence of values that determines the para-
meterization of the B-spline curve or surface. These para-
meters specify how the domain is divided into segments
and how much each basis function affects a certain
interval. To achieve desirable curve features, such as
smoothness and continuity, the knot vector must be
selected carefully. The choice of knot vector must provide
enough resolution to approximate the solution of a math-
ematical problem. The only requirement for a knot vector
is that it satisfies the relation, t; < t;44, i.e., it is a monoto-
nically increasing series of real numbers. There are three
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types of knot vectors such as the uniform knot vector, open
uniform knot vector, and non-uniform knot vector.

3.141

Uniform knot vector

Uniform knot vectors have individual knot values that
are evenly spaced along the parameter domain. These

are
i=0

knot values for which ¢, - t; = h = constant and
,1,2.., n.

For example,[0123456], and [-1.4 - 0.30.81.9 3.0].
Sometimes, knot values are normalized in the range
between 0 and 1. An example of this is [0 0.25 0.5 0.75 1].
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Figure 5: B-spline curve with C%(left) and C? continuous knots (right).
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Figure 6: C? continuous B-spline curve.

The periodic uniform knot vector arises when the B-
spline curve is closed, the spacing between the knot values
is fixed, and the knot vector starts at zero and is incre-
mented by 1 to some maximum value.

3.1.2 Open uniform (non-periodic) knot vector

An open uniform knot vector is a type of knot vector that
has a multiplicity of knot values at the ends equal to the
degree (p — 1) of the B-spline basis function, where the
B-spline curve does not form a closed loop, meaning it
starts and ends at different points. The pth order B-spline
Bip(y), 1=0,1,2,..., n is defined for the parameter
y €[0,n - p + 2]. The uniform non-periodic knots ¢, to
th+p Of @ non-periodic curve are chosen based on the
following rule.

0, 0<i<p
tt=ji-p+1, p<i<n
n-p+2, n<is<n+p.

@

For example, [00001234444], [01010.10.30.
5050.5],and[0001/32/3111].
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In general, the choice of knots according to Eq. (2) is
found to provide the following knot structure for open
uniform (non-periodic) curves:

[000..0 123..n-p
p knots

+ln-p+2n-p+2n-p+2.n-p+2].

p knots

The control polygon and spline’s endpoints are aligned
through the repeated knots, with p knots at the beginning,
p at the end, and n - p + 1 in between. As a result, any
open uniform polygonhasp+ (n-p+1)+porn+p+1
total knots (Figure 7).

3.1.3 Non-uniform knot vectors

Non-uniform knot vectors have varying lengths between
consecutive knots and can be unequally spaced with or
without multiple internal knots. Some examples of non-
uniform knot vectors are

[01123345],[00.260.440.701],and [0001122234 4 4].

3.2 Basis functions

After the selection of the knot vector, the B-spline basis
function can be calculated. B-spline basis functions
B;p(y) are piecewise-defined polynomial functions that
partition the parametric domain ¢ into segments, each
associated with a particular control point. They determine
how the control points are combined to form the curve,
while the control points affect the curve’s position and
shape. Using the idea of divided difference, the initial

0.7

0.6

05

04

03

04

0.2

02
01

0.0

00

02

00

02

(a)

04

08

(b)

Figure 7: (a) Quadratic B-spline basis functions defined in a uniform knot vector [v] = [0 12 3 4 5 6]; (b) quadratic B-spline basis functions defined in an
open uniform knot vector [v]=[00 0 1/3 2/3111]; (c) quadratic B-spline basis functions defined in a non-uniform knot vector [v]=[0001222.5444].
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definition of the B-spline basis functions was provided
by Schumaker. The de Boor algorithm enhances
the efficiency of curve and surface evaluations in com-
puter-aided design (CAD) by providing a stable and
numerically efficient method for evaluating B-spline
curves and surfaces. Here’s how it improves upon tradi-
tional methods:

v Local control: The de Boor algorithm utilizes the local
properties of B-splines, which means that each point on
the curve is influenced by a small number of control
points. This local support reduces the number of com-
putations needed for curve evaluation, making it more
efficient than methods that require global recalculation.

v Numerical stability: Unlike some traditional polyno-
mial-based methods, the de Boor algorithm avoids
numerical instability issues caused by high-degree
polynomials. This is achieved by breaking down the
curve into lower-degree polynomial segments, which
are easier to compute and less prone to round-off
errors.

v Recursive structure: The algorithm employs a recursive
approach based on the Cox—de Boor recursion formula,
which efficiently computes the B-spline basis functions.
This recursive computation allows for a systematic
reduction of the problem size, further enhancing the
computational efficiency.

v Handling complex geometries: In CAD, complex sur-
faces are often represented using B-spline patches.
The de Boor algorithm can handle these efficiently by
evaluating points on surfaces using a similar approach,
benefiting from the recursive, local, and stable proper-
ties of B-splines.

Overall, the de Boor algorithm is specifically designed
to leverage the properties of B-splines, making it more effi-
cient than traditional polynomial interpolation methods for
curve and surface evaluations in CAD applications. After
that, de Boor discovered a recurrence relation in the 1970s
[24,25] to determine the higher-degree B-spline basis func-
tions by using Leibnitz’s theorem. For a given knot sequence
t, ith B-spline basis functions of arbitrary pth degree can be
given recursively as follows:
y—ﬂ‘Bi,p—l(Y) +

ti+p—1 i

ti+p - y
ti+p -l

Bip(y) = Bir1p-1y), (3

where t; < y < t;4p and

1 if¢ Sy <t

. 4
0 otherwise,

Bia(y) =

B-Spline curve theory = 7

where B; ,(y) defines an ith B-spline basis function of p -
1th degree and demonstrates that the basis functions of any
degree can be stably interpreted as a linear combination of
basis functions of lower degree. The recurrence relation
constructs the higher-degree basis functions, starting with
the first-degree B-spline. The values of t; are determined by
a prearranged knot vector that satisfies the relationship
t; < ti+1. The basis functions and knot vectors are described
using a parameter y, which serves as a coordinate in a
parameter space and may or may not align with any of
the Cartesian coordinates. Note that in the case of repeated
knots in B-spline curves, the curve becomes zero at
the end-knots ¢; and ¢, that is, B;,(y =t) =0 and
B;p(y = ti+p) = 0. However, in B-splines, the utilization of
repeated knots (i. e., t; = tjs3 = tisp =) 1S @ common
practice. Thus, the expression B; ,(y) can take the form 0/
0, and in this context we consider 0/0 as equivalent to 0 to
incorporate repeated knots. To trace the p — 1th degree
curve, S(y) in Eq. (1), the parameter y varies within the
range from 0 ton - p + 2. It can be displayed that for any
value of the parameter y, the sum of the basis functions
Z?=0Bi,p@) =1

Hence, the B-spline curve is contained within the
convex hull determined by its control polygon.

We list a few more properties of the basis functions
B;p(y) that are a consequence of the definition as follows:
* Local the support property: B;,(y) = 0 for ¢ outside the

interval [t;, ti+p], where ¢; is the i th knot value.

Normalizing property: Z?:()Bi,p(y) =1for y € [tp, tys1].

Non-negativity property: Yi-oB; »(y) = 0 for y within the
interval [t,, ths1].

Knot multiplicity: knots with multiplicity result in C?
continuity at that knot.

Continuity at joint: B;p(y) has continuity CP~? at each

knot ¢;. CP~2 is the derivative degree for B;,(y) at each
t; equal to p — 2.

3.3 Control points

Control points in B-spline curves are a set of points that
influence the shape and behavior of the curve. These
points define the curve’s geometry and allow for precise
control over its shape mirroring the corners of a defining
polygon, which are instrumental in crafting the curve and
guiding its overall structure and behavior. They allow for
precise customization of B-spline curves, enabling adjust-
ments for smoothness, curvature, and local variations.
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Control points and basis functions are intimately con-
nected. The curve or surface at any given parameter value
is a linear combination of control points weighted by the
basis functions. In the case of B-spline surfaces, control
points can also hold information about the tangent and
normal directions, which are essential for specifying the
orientation of the surface at those points. In this thesis, the
Greville Abscissa approach is employed to determine the
positions of the control points along the B-spline curve. If
we confine the control point’s abscissa values to align with
the Greville abscissa, it, in turn, imposes constraints on the
“X” Cartesian coordinates of the parameter coordinate “y”.
The formula for calculating these coordinates is as follows:

1
X; = E(ti + tig1 t+ Lisg + .t ti+p_1) fori=0,1,..h - D, (5)

where h is the total number of knots in the knot vector
and p is the degree of the basis function. Control points
play a crucial role in B-spline curves, and they are essential
for shaping and controlling the curve. Here are some key
applications of control points in B-spline curves as follows:

* Curve shape and positioning: The position of control
points directly influences the shape and position of the
B-spline curve. Moving control points can be used to
adjust the curve’s trajectory, create curves with specific
features, or reposition the entire curve.

» Smoothness and continuity: Control points govern the
degree of smoothness and continuity of the B-spline
curve. By adjusting the positions of control points, one
can achieve various levels of curve continuity, such as c°
(position continuity), C' (tangent continuity), and C* (cur-
vature continuity).
Local modification: B-spline curves allow for local mod-
ifications, which is not the case with some other curve
representations. This means that a limited number of
control points can be adjusted to change only a portion
of the curve without affecting the rest of the curve. This
feature makes B-splines particularly useful for interac-
tive design and editing.

* Deformation and animation: B-spline curves are often
used in CG and animation. Control points allow anima-
tors to deform and reshape characters, objects, or
paths by manipulating the positions of control points
over time.

* Geometric modeling: B-spline curves are used in CAD
and CAM for modeling complex shapes. Control points
enable the precise definition and manipulation of these
shapes.

DE GRUYTER

* Curved surfaces: B-spline curves are building blocks
for creating B-spline surfaces. Control points for B-
spline surfaces define not only curves but also entire
2D or 3D surfaces. Control points play a similar role in
shaping and controlling the surface as they do in
curves.

3.4 Relation between knot vectors and the
number of control points

There is a fundamental relationship between the number
of knot vectors, control points, and the order of a B-spline
curve. Given a knot sequence [V] = [ty, &,..., t], there are
n +1 knots. When determining the basis functions for a
curve of a given order p, there are n - p basis functions.
This is a direct outcome of the inductive argument used in
generating the basis functions. To define a B-spline using
these basis functions, S(y) = 2i=oBi,(¥)C;, where B;,(y)
are the basis functions and C; are the position vectors
called the control points. The requirement is that the
number of control points, denoted by m + 1, should be
equivalent to the number of basis functions n — p. When
constructing B-spline curves, it is important to emphasize
that a curve is only defined when the sum of the basis
functions equals one. This property ensures that we have
a barycentric representation of the points. It is a book-
keeping task to show that the sum of these basis functions
equals one within the interval t, <y < t;-,. An important
observation to make is that we can only define a curve
when the order lies within the range 0 < p < n/2.

4 Degrees of B-splines

Consider a non-decreasing knot sequence &, t,..., ti-1, &,
tis1,..., t, that satisfies t; 1 <t;<tyq for i=0, 1, 2,..,n.
The B-spline function of degree p is defined recursively as:

ti+p+1 - y
——— Bispa),

Yyt
Bip(y) = =——B;p-(y) +
l,p(y) ti+p _ ti Lp 1()’) ti+p+1 _ ti+1 (6)

Y € (b, tips1)-

In this article, we provide the first degree, second
degree, third degree, and fourth degree of the B-spline
curve which are provided in the following.
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Figure 8: (a) The three lowest basis functions corresponding to a uniform knot structure; (b) basis function for the sixth order B-spline approximation

with non-periodic knots.

4.1 Zero-degree B-spline

The zero degree or first-order B-spline is one of the sim-
plest basis functions defined as

1 lf ti Sy < ti+1

. 7
0 otherwise.

Bio(y) =

Thus, for p = 0, the basis function is just a step func-
tion, which means it is zero at all points except on the semi-
open interval [t;, ti.1).

Suppose that the knots are ty = 0, = 1, and &, = 2. The
basis function of the first order, By o(y) = 1in the knot span
(0,1), but By,o(y) = 0 elsewhere, By o(y) = 1in the knot span
(1,2), but Byo(y) = 0 in elsewhere, and so on. Each basis
function exhibits a discontinuity at those knots, meaning
that they possess C™! continuity, specifically at these knot
points. Figure 8 shows the plot of the B-spline basis func-
tion of zero degree.

4.2 First-degree B-spline

The first-degree (second-order) B-splines are known as
linear B-splines and can be obtained by using the recursion
formula (6) with degree p = 1 along with the zero-degree B-
spline formula (7) as follows:
— t t.+ _
TR o0) + T Bg(). )

tiv1 — & tiva = lis1

Bi1(y) =

Substituting the values of
Bio(y) and Bir1,0(y),

we obtain:
Combining both, we have

y- b .
_— if t<y<tg
liv1 — 2= fn
B; =1 lisg ~ . 9
l’l(y) = Y if ti+1 5)’ < ti+2
tiva = ti+1
0 otherwise.

To express B;1(y) explicitly, by setting ;. — t; = h and
i=0,1,2,.., n,weobtain

y-t i t<y<t
Bii(y) = T2 =Y Ot Sy <l 10
0 otherwise.

The function B;;(y) = %(y - t;) is in knot span [¢;, tj+1),
1 P
Bia(y) = 3 (tirz — y) is inknot span[ti.1, ti+2), and Biy(y) = 0
elsewhere. Figure 8 shows that the first-degree B-splines
are like a “tent” or “hat,” and each of the two consecutive
knots are joined and the continuity C°.

4.3 Second-degree B-spline
The second-degree B-splines or quadratic B-splines can be

obtained by using the Cox—de Boor recursion formula (6)
and linear B-splines (9) given by:
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O-t
(tiva = t)(tis1 — &) iy <lin
O - )tz — )

tivi<y <t
(tisz = t)(tis — tis1) w12V S b

Bix(y) = (ties = Y)Y ~ tis1) an
(ti+3 - ti+1)(ti+2 - ti+1)
(tis3 = ¥)*
tua Sy <t
(ti+3 - ti+1)(ti+3 - ti+2) W=y o3
0 otherwise.

The explicit formula of Eq. (11) by setting t;+; — t; = h,
i=0,1,2,..,n.is given by

(y - t)? <y <tim
1 = )tz —Y) + (tie3 tis1 S Y < tisp
Ba) = g0 -0 -t =
(tiss _J/)Z lira S Y < tis3
0 otherwise.

The quadratic B-splines B;,(y) are non-zero on the
knot spans [&;, ti+1), [ti+1, tivz), and [to, tir3). Each of the
three knot spans contains quadratic polynomials except
for those starting from t..3 and beyond. These functions
exhibit C! continuity at the knots. Figure 8 depicts that
the three polynomials are joined to each other smoothly.

4.4 Third-degree B-spline

A third-degree B-spline also known as the cubic B-spline is
generated by putting p = 3 in Eq. (6) and using the quad-
ratic B-spline Eq. (11), which is given by

-6
(i3 = t)(lisz = t)(tiv1 = 1)
(O - )4tz - y)
(ties = t)(lisz = t)(tiva = tiv1)
O = )iz = WO ~ i)
(tiv3 = t)(tis3 = 1) (tinz = tiv1)
(tira = Y)Y = ti1)?
(ti+4 - ti+1)(ti+3 - ti+1)(ti+2 - ti+1)
(y = t)(tis3 — ¥)?
(tie3 = t)(Gis3 = tin1)(bins = tisz)
(tiva = Y)Y = tir)(tiv3 = Y)
(tira = tir)(tisz = tir1)(lin3 — tir2)
(tisa = Y)Y — tis2)
(ti+4 - ti+l)(ti+4 - ti+2)(ti+3 - ti+2)
(tira = y)°
(ti+a = tis1)(liva = Gi2)(biva = Gis3)
0 otherwise.

t; Sy <t

i1 £y < lisp

Biz(y) = 13)

* o lia S Y < livg

lis3 S Y < lirg

The explicit formula of Eq. (13) by setting ;.1 — t; = h,
i=0,12,.., n.isgiven by

DE GRUYTER

Bis(y)
-6’
R+ 3Ry = tin) + 3ROV ~ ) <y < 0y
1| 730" tivg)? 1Sy <t (g
= @ h3 + 3Rh2(ti43 - y) + 3h(tis3 _y)z tisg S Y < tisg

lit3 =y < lisa

-3 tivs — 3 t

(t ( ’)i 2 otherwise.
i+4a Y

0

From the above cubic B-spline, we see that each knot
span has cubic polynomials except for the intervals
starting from knots t;,, onward. Figure 9 shows the third-
degree (fourth order) B-spline. Each of the polynomials is
smoothly connected, ensuring continuity up to the second
derivative (C? continuity).

5 Utilizing B-spline curves in
industrial contexts

In this section, we delve into the diverse industrial applica-
tions of B-spline curves, exploring their use cases in various
domains. Through the manipulation of control points, knot
vectors, degrees of curve, and continuity, we uncover their
instrumental role in fields such as manufacturing, engi-
neering design, CG, and more. From the creation of smooth,
flexible designs to the precise modeling of complex shapes, B-
spline curves have proven indispensable in streamlining
industrial processes and enhancing the overall product
quality. Enhancing the discussion with details on the impact
of B-splines in fields like biomedical engineering and robotics
can significantly enrich the practical applications. In biome-
dical engineering, B-splines are instrumental in 3D imaging,
prosthetic design, and tissue modeling, offering precise and
adaptable solutions for complex structures. In robotics, they
facilitate smoother, more accurate motion control, enabling
efficient navigation in dynamic environments. Highlighting
these applications emphasizes the versatility and precision
of B-splines in cutting-edge, real-world technologies.

5.1 Car modeling

The selection of control points and knot vectors is crucial in
determining the accuracy and shape of a B-spline curve.
Strategically placed control points ensure the curve accurately
represents the car’s features, such as edges, curves, and cor-
ners. A higher density of control points offers greater flexibility
and precision for capturing fine details but can introduce com-
plexity, while too few points may lead to an oversimplified and
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Figure 9: B-spline of varying degrees from 0 to 3 represented with knots (black dashed lines).

less accurate shape. Also, the selection of knot vectors signifi-
cantly influences the shape of the B-spline curve. Uniform knot
vectors create a smooth, evenly distributed curve but may lack
precision in capturing sharp features or detailed areas. In con-
trast, non-uniform knot vectors offer more localized control,
allowing the curve to closely follow specific control points and
accurately represent sharp features and intricate details
by clustering knots where needed.

In order to generate a smooth car-shaped curve, we
utilized a second-degree B-spline and non-uniform knot
vectors containing 68 knot values. By applying the B-spline
curve technique with the de Boor algorithm, we were able
to create both the original car shape and a refined,
smoother version, as shown in Figure 10.

5.2 Modeling of the jet aircraft

Adjusting the degree of the B-spline curve has a significant
impact on aerodynamic efficiency:

=@~ Control Points
mmmm B-spline Curve

Figure 10: Car modeling using the B-spline curve with control points

[1.17,1.46], [1.18, 1.77], [2.17, 2.35], [2.59, 2.42], [3.42, 2.24], [3.42, 2.24],
[3.64, 2.79], [3.64, 2.79], [3.03, 2.87], [2.73, 2.36], [2.59, 2.42], [3.02, 3.17],
[4.17,3.39], [4.98, 3.02], [3.54, 2.20], [3.54, 2.20], [3.81, 2.88], [4.26, 2.99],
[4.46, 2.84], [5.19, 2.79], [2.21, 1.18], [2.21, 1.18], [1.18, 1.77], [2.215, 1.169],
[2.21,0.71], [2.72, 0.87], [2.69, 1.25], [2.97, 1.47], [3.28, 1.33], [3.011, 1.084],
[3.28,1.33], [3.31, 1.10], [3.30, 0.82], [3.156, 0.65], [2.91, 0.63], [2.75, 0.78],
[2.72,0.91], [2.69, 1.25], [2.97,1.47], [3.28, 1.33], [3.302, 1.234], [4.50, 1.85],
[4.43, 2.07], [4.51, 2.24], [4.69, 2.33], [4.87, 2.18], [4.87, 1.94], [4.68, 1.77],
[4.50, 1.85], [4.43, 2.07], [4.51, 2.24], [4.69, 2.33], [4.87, 2.18], [4.66, 2.07],
[4.87, 2.18], [5.22, 2.49], [5.318, 2.937], [4.972, 3.06], [4.55, 3.20], [4.972,
3.06], [4.972, 3.06], [2.01, 1.31], [2.00, 1.03], [2.00, 1.03], and [1.17, 1.46].
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Figure 11: Jet aircraft shape using the B-spline curve with control points
[1.39, 1.67], [3.08, 3.05], [3.08, 3.05], [2.39, 2.89], [2.22, 3.40], [2.19, 3.30],
[1.55, 2.74], [1.54, 2.73], [1.33, 1.63], [1.39, 1.67], [6.20, 5.54], [5.67, 5.68],
[5.12, 5.37], [4.31, 4.71], [3.68, 4.60], [2.85, 4.33], [1.89, 4.45], [1.13, 4.51],
[0.49, 4.37],[-0.07, 4.17], [0.07, 4.04], [0.82, 3.49], [0.82, 3.49], [1.14, 3.78],
[1.13, 3.18], [1.70, 2.90], [1.66, 2.57], [1.44, 2.10], [0.98, 1.75], [0.34, 0.98],
[0.36, 0.93], [1.39, 1.33], [2.05, 1.77], [2.67, 2.18], [2.72, 2.17], [3.27, 1.76],
[3.54, 1.86], [3.97, 1.85], [3.66, 1.54], [3.67, 1.53], [4.79, 0.80], [4.80, 0.76],
[5.27,1.37], [5.21, 2.10], [4.91, 2.65], [4.78, 3.27], [4.96, 4.02], [4.96, 4.03],
[6.66, 5.71], [6.56, 5.71], [6.14, 5.65], [5.17, 5.49], [5.97, 5.48], [6.20, 5.44],
[6.20, 5.21], [4.77, 3.94], [2.62, 2.21], and [1.39, 1.67].

v Higher-degree B-splines: Provide smoother transitions
between segments, reducing the aerodynamic drag and
turbulence. They offer greater precision in modeling
complex shapes and contours, ensuring that the design
closely matches the intended aerodynamic profile. This
results in more efficient airflow, improved lift, and
reduced drag. Additionally, higher-degree splines allow
for better control over surface curvature, enabling fine-
tuning to meet specific aerodynamic requirements and
optimize the performance.

v Lower-degree B-splines: May lead to less smooth transi-
tions, creating potential discontinuities or sharp cor-
ners that increase the drag and reduce the aerodynamic
efficiency. They offer less precision in capturing intri-
cate aerodynamic features and provide limited control
over surface curvature, which can constrain the ability
to optimize performance characteristics.

In order to generate a smooth jet aircraft-shaped
curve, we utilized a fourth-degree B-spline and non-uni-
form knot vectors containing 63 knot values. By using the
de Boor algorithm with B-spline curves, we successfully
create both the original jet plane shape and an improved,
smoother version, as shown in Figure 11.

| =@= Control Points
mmmm B-spline Curve

)-3_

Figure 12: Designing of the electric iron using the B-spline curve with
control points [1.19, 1.07], [2.68, 1.32], [4.13, 1.78], [5.86, 2.47], [5.88, 2.48],
[5.65, 2.82], [6.39, 3.22], [6.40, 3.23], [6.08, 3.66], [6.07, 3.67], [5.15, 3.02],
[3.80, 2.32], [2.01, 1.69], [1.30, 1.51], [1.18, 0.94], [1.30, 1.51], [1.44, 2.36],
[2.02, 3.29], [3.00, 4.32], [4.33, 4.65], [5.48, 4.66], [5.48, 4.65], [6.25, 3.46],
[4.89, 3.59], [3.46, 2.90], [3.23, 3.33], [3.70, 3.93], [4.82, 4.10], [5.03, 3.67],
[4.89, 3.59], [5.03, 3.67], [4.99, 4.17], [4.83, 4.65], [5.16, 5.19], [6.07, 5.17],
[6.32, 4.19], [7.29, 3.83], and [7.57, 4.29].

5.3 Electric iron designing

B-spline curves offer key advantages over cubic splines for
designing real-world objects like electric irons. They pro-
vide greater flexibility and local control, allowing for pre-
cise shaping and fine-tuning of specific areas. Besides they
ensure smooth transitions and continuity, which is crucial
for both esthetics and functionality. Additionally, they can
use non-uniform knot vectors for better detail and adapt-
ability and offer improved numerical stability, making them
well-suited for complex and accurate designs.

To produce a sleek electric iron-shaped curve, we
employed a fourth-degree B-spline along with non-uniform
knot vectors comprising 43 knot values. Through the imple-
mentation of the de Boor algorithm with B-spline curves,
we effectively developed both the initial electric iron shape
and a refined, more polished rendition, exemplified in
Figure 12.

5.4 Shape of the plastic chair

In the context of creation of the shape of plastic toys and
products, B-spline allows designers to shape contours and fine-
tune specific areas for optimal comfort and esthetics. This
control ensures that the final product is both functional and
visually appealing, highlighting the effectiveness of advanced
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Figure 13: Shape of the plastic chair outline using the B-spline curve with
control points [1.28, 0.94], [1.40, 0.94], [1.85, 3.88], [2.32, 3.77], [2.72,
3.73], [2.85, 1.65], [2.97, 1.67], [2.87, 3.78], [2.97, 3.81], [3.48, 3.80], [4.21,
4.02], [4.37, 4.22], [4.06, 4.50], [3.51, 4.67], [2.78, 4.66], [2.25, 4.55], [1.68,
4.33], [1.65, 4.10], [2.07, 4.04], [3.04, 3.87], [3.05, 3.85], [3.47, 1.10], [3.50,
0.92], [3.64, 0.92], [3.26, 3.87], [3.26, 3.88], [2.94, 3.90], [3.52, 3.96], [2.90,
3.95], [3.26, 4.00], [3.92, 4.08], [3.92, 4.05], [4.60, 0.96], [4.70, 0.92], [4.76,
1.02], [4.05, 4.05], [4.41, 4.31], [3.98, 4.08], [4.41, 4.31], [4.02, 4.49], [3.38,
4.70], [2.70, 4.65], [2.70, 4.67], [2.61, 5.98], [2.42, 7.23], [0.93, 6.67], [1.52,
5.14], [1.65, 4.31], [1.81, 4.35], [1.53, 5.52], [1.19, 6.47], [1.70, 6.99], [2.32,
6.97], [2.46, 6.05], [2.62, 4.60], [2.22, 4.62], [1.62, 4.37], [1.48, 4.08], [1.69,
3.88], [1.78, 3.74], [1.20, 0.93], and [1.28, 0.94].
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Figure 14: Shape of the wrench using the B-spline curve with control
points [5.98,1.50], [5.67,2.03], [5.06,2.09], [4.72,1.76], [4.51,2.00],
[2.48,3.54], [2.26,3.69], [2.27,4.32], [1.97,4.80], [1.23,5.01], [0.83,4.46],
[0.83,4.46], [1.70,4.39], [1.75,3.98], [1.44,3.48], [0.64,4.03], [0.64,4.03],
[0.79,3.11], [1.32,2.92], [1.89,3.02], [1.89,3.02], [4.19,1.23], [4.37,1.07],
[4.39,0.37], [4.86,0.1], [5.51,0.06], [5.51,0.03], [5.76,0.42], [5.76,0.42],
[4.79,0.70], [4.91,1.15], [5.15,1.54], [6.03,0.90], [6.03,0.90], and [5.98,1.50].
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Figure 15: Horse outline using the B-spline curve with control points,
including [4.99, 1.61], [5.00, 1.634], [5.01, 1.66], [4.97, 1.66], [4.98, 1.67],
[4.98, 1.70], [5.03, 1.73], [5.10, 1.73], [5.14, 1.72], [5.14, 1.75], [5.12, 1.76],
[5.14, 1.75], [5.14, 1.72], [5.14, 1.64], [5.07, 1.58], [5.02, 1.58], [5.01, 1.54],
[5.01, 1.54], [5.07, 1.54], [5.07, 1.54], [5.06, 1.55], [5.08, 1.56], [5.14, 1.62],
[5.16, 1.62], [5.16, 1.65], [5.27, 1.72], [5.247, 1.753], [5.26, 1.72], [5.41, 1.69],
[5.53, 1.73], [5.62, 1.73], [5.57, 1.73], [5.57, 1.73], [5.56, 1.71], [5.61, 1.66],
[5.74, 1.64], [5.71, 1.56], [5.67, 1.55], [5.66, 1.53], [5.66, 1.53], [5.74, 1.53],
[5.74,1.53], [5.73, 1.55], [5.75, 1.55], [5.768, 1.667], [5.768, 1.667], [5.69,
1.68], [5.68, 1.73], [5.60, 1.77], [5.60, 1.77], [5.66, 1.75], [5.72, 1.70], [5.82,
1.67], [5.93, 1.61], [5.94, 1.58], [5.98, 1.56], [5.98, 1.56], [6.00, 1.58], [5.99,
1.59], [6.00, 1.59], [5.96, 1.62], [5.86, 1.69], [5.87, 1.67], [5.79, 1.72], [5.77,
1.79], [5.72, 1.84], [5.82, 1.81], [5.88, 1.74], [5.98, 1.74], [6.03, 1.76], [6.00,
1.78], [5.93, 1.78], [5.90, 1.83], [5.82, 1.85], [5.68, 1.86], [5.68, 1.86], [5.616,
1.89], [5.4, 1.85], [5.32, 1.90], [5.21, 1.99], [5.32, 1.90], [5.38, 1.90], [5.43,
1.92], [5.43, 1.92], [5.35, 1.94], [5.38, 1.95], [5.38, 1.95], [5.31, 1.96], [5.34,
1.97], [5.27, 1.99], [5.28, 2.01], [5.28, 2.01], [5.22, 2.04], [5.17, 2.04], [5.14,
2.03], [5.13, 2.05], [5.11, 2.07], [5.106, 2.032], [5.09, 2.04], [5.06, 2.07],
[5.06, 2.07], [5.07, 2.04], [5.08, 2.02], [5.07, 2.03], [5.01, 1.99], [5.01, 1.99],
[5.02, 1.97], [5.02, 1.97], [4.98, 1.93], [4.96, 1.89], [4.98, 1.87], [5.03, 1.87],
[5.05, 1.901, [5.09, 1.92], [5.09, 1.92], [5.13, 1.92], [5.13, 1.95], [5.12, 1.87],
[5.13, 1.82], [5.08, 1.80], [5.09, 1.78], [5.05, 1.75], [4.99, 1.76], [4.97, 1.72],
[4.94, 1.69], and [4.99, 1.61].

geometric modeling in everyday objects. To manufacture a
smooth plastic chair shaped curve, we employed a second-
degree B-spline along with non-uniform knot vectors com-
prising 65 knot values. Through the implementation of the
de Boor algorithm with B-spline curves, we effectively devel-
oped both the initial chair shape and a refined, more polished
rendition, exemplified in Figure 13.

5.5 Wrench designing

B-spline curves offer significant advantages in the design of
wrenches, particularly in accuracy, longevity, and user
comfort. Their ability to accurately represent complex shapes
ensures that the wrench meets its specifications for effective
performance. The smooth transitions and continuous forms cre-
ated with B-splines enhance the durability by minimizing stress
concentrations and manufacturing errors. Furthermore, the
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flexibility in shaping allows for ergonomic designs,
making the tool comfortable and functional for various
hand sizes and grips. To create a smooth wrench shape,
we utilized a fourth-degree B-spline curve with non-uni-
form knot vectors consisting of 40 knot values. Employing
the de Boor algorithm alongside B-spline curves, we suc-
cessfully crafted both the original wrench shape and an
enhanced, refined version, as shown in the illustration
provided in Figure 14.

5.6 Horse body outline

In horse body design, B-spline curves offer (Figure 15):

v Precision: local control allows for fine-tuning specific
areas without altering the entire design.

v Durability: smooth transitions reduce the sharp edges,
enhancing structural integrity and wear resistance.

v Ergonomics: continuous, natural curves match the
horse’s form, improving comfort and fit for better ergo-
nomic design.

6 Conclusions

In conclusion, this article has offered an in-depth explora-
tion of B-spline curves, examining their construction, prop-
erties, and real-world applications. Beginning with the
mathematical foundations, we discussed the essential com-
ponents that define B-spline curves’ knot vectors, control
points, basis functions, and degree, highlighting how these
elements work together to create curves that are both
smooth and versatile. The analysis detailed how the choice
of knot vectors and the arrangement of control points pro-
vide precise local control over the shape of the curve,
making B-spline curves a powerful tool for designers and
engineers who require flexibility and accuracy. We also
explored the intrinsic properties of B-spline curves, such
as their local control property, convexity, continuity, and
ability to handle complex geometries with minimal compu-
tational cost. By applying these properties, B-spline curves
offer significant advantages in maintaining smooth transi-
tions, optimizing curve fitting, and reducing unwanted oscil-
lations, thereby achieving esthetically pleasing and function-
ally superior designs.

The practical applications discussed in this article
showcase the broad utility of B-spline curves across var-
ious fields. We constructed a series of examples using these
curves. These examples range from the aerodynamic con-
tours of automobiles and the ergonomic shapes of electric
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irons and chairs to the intricate outlines of ceiling fans,
wrenches, and character animations. They illustrate how
B-spline curves can be manipulated through control points
and the de Boor algorithm. This manipulation helps achieve
desired shapes and functionalities, enhancing both visual
appeal and ergonomic efficiency.

Furthermore, the exceptional smoothness and adapt-
abhility of B-spline curves provide a solid foundation for their
future utilization in innovative applications. Their potential
to improve the visual appeal and ergonomic design of var-
ious products remains a promising avenue for further
exploration. As technology continues to advance, integrating
B-spline curves into diverse fields such as architecture, bio-
medical engineering, and multimedia design holds the pro-
mise of creating more visually appealing and user-friendly
products.

In essence, the exploration of B-spline curves offers a
comprehensive overview of their theory and application. It
also underscores their transformative role in shaping the
future of design and engineering. Looking ahead, the poten-
tial of B-spline curves extends far beyond current applica-
tions. As technology progresses, their use is expected to
expand into even more innovative domains. For instance,
in adaptive architecture, B-spline curves could help create
structures that respond dynamically to environmental
changes. In biomedical engineering, they could assist in
designing patient-specific implants and prosthetics with
optimized forms and functions. Additionally, integrating B-
spline curves into digital manufacturing and 3D printing
processes could revolutionize the production of complex
parts. This would lead to enhanced precision and reduced
material waste.
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