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Abstract: This article demonstrates the behavior of gener-
alized (ψ φ, )-type contraction mappings involving expres-
sions of rational-type in the context of super-metric spaces.
In this direction, we obtained unique and common fixed
point results for a pair of mappings. The obtained results
are then utilized to establish some corollaries. Moreover,
numerical examples and applications related to the system
of integral inclusions and fractal fractional partial differ-
ential equations have been presented to validate the estab-
lished results. The central objective of this research is to
provide a more comprehensive framework for general-
izing classical results in the context of super-metric space.

Keywords: positive solution, fixed point, fractional differ-
ential equation, Riemann-Liouville fractional derivative,
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1 Introduction

Integral inclusions and fractal fractional differential equa-
tions (���s) have attracted the attention of researchers
due to their utilization in many scientific fields. These math-
ematical structures are particularly significant because
they allow for modeling complex phenomena that cannot
be precisely described using classical differential equations.
Integral inclusions benefit mathematical models, making
them valid for systems with unknown or changing para-
meters, notably in control theory and optimization pro-
blems. ���s, conversely, provide a framework to delineate
the phenomena that exhibit anomalous diffusion or fractal
characteristics commonly seen in disciplines like physics,
biology, and finance. These mathematical constructs help
analyze and describe mathematical dynamic systems in
physics, engineering, biology, economics, etc. [1–7].

Integral inclusions help model dynamic systems prop-
erly because they can effectively describe the reasoning
behind the processes. Particularly, integral inclusions of
Volterra type

J J

� � �

�

�

( ) ( ) ( ( )) ( )

[ ] ( )

∫∈ +

∈ ≔ ∈

u u u u ζ

λ ζ C

϶ ⅁ , ℏ , ϶ d ,

0, , ,

0

(1)

with non-empty compact values multivalued J �( )∈ ×Cℏ ,
�( )→϶ ℏ , ϶ is lower semi-continuous for almost every

J� ∈ , �( )u⅁ , is measurable on �[ ]0, , for each J� ∈ ,
are widely applicable in many disciplines notably in mod-
eling physical system, population dynamics, image proces-
sing, economics and finance, chemical and biomedical
engineering [8,9].

Conversely, the introduction of the concept of fractal
geometry into the equation of fractal fractional partial
��s (����s) provides a natural extension of the
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traditional ����s. This modification shows significant
benefits in describing complex systems that exhibit irre-
gular geometries and multi-scale capabilities [10–13]. Many
processes are part of these systems. For example, flow
through porous stuff, turbulent flow, and diffusion in
varied environments. Fractal ����s provide a more com-
prehensive representation of natural systems’ intricate
geometry and scale invariance
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where J( ) [ ]∈ ×υ £, ϶ 0, , � �( ) ( )∈υ C V, ϶ , , J [ ]= ×V £0, ,
F is a continuous function and non-linear, i.e.F �( ( )) =0, 0, 0, 0 0.
Equations of this nature effectively represent the complex
details and unchanging patterns in natural and artificial
systems [14–18].

Fixed point theory (FPT) serves as a powerful tool in
studying integral inclusions and fractal ����s. Solutions’
stability, uniqueness, and existence can be investigated using
the theory of fixed points (FPs). The existence of FPs indicates
links between integral inclusion/��� dynamics and the
associated operators. The established FP results provided con-
ditions that ensured distinct solutions. This link enables
researchers to demonstrate the behavior of complex models
such as integral inclusions and fractal ����s. Examining
many diverse areas becomes trivial by combining integral
inclusions, fractal ����s, and FPT. Multiple disciplines pro-
gressed because of this link. This is because they can shape
flexible mathematical systems. These frameworks help us
picture and comprehend intricate phenomena.

Furthermore, the concept of contraction has been
expanded in several ways with regard to the domain of
space. Karapinar and Khojasteh recently presented a new
method to expand the metric structure, known as the
super-metric space (S-M-S) [19]. The study of S-M-S has
garnered considerable attention in the disciplines of non-
linear analysis and FPT. In [20], Karapinar and Fulga pre-
sented a substantial foundation for investigating different
contraction mappings and their corresponding character-
istics. Similarly, Gourh et al. [21] discussed FP results via
interpolation and rational contractions in the framework
of super-metric spaces. In situations when ordinary metric
spaces may not represent appropriate, S-M-Ss provide a
valuable option due to their inherent flexibility.

This article presents the characteristics of generalized
( )ψ φ, -type contractions in the context of S-M-S. These
conceptual frameworks present novel opportunities for
investigating the characteristics of mappings in S-M-Ss
and offer a more comprehensive structure for generalizing

classical results. The findings of this study hold substantial
potential for future scholars in the fields of FPTs and non-
linear analysis. The results obtained from this research
will significantly contribute to our understanding of the
dynamics of mappings within versatile contexts.

2 Preliminaries

In 1969, Wong and Boyd [22] introduced a novel category of
contractive mappings referred to as φ-contraction, which
serves as a generalization of the Banach contraction prin-
ciple. Moreover, the idea of weak φ-contraction was intro-
duced by Alber and Guerre-Delabriere [23] in 1997, extending
its application to Hilbert spaces. Nevertheless, Rhoades [24]
has demonstrated that the findings of Alber and Guerre-
Delabriere [23] remain applicable in entire metric spaces
(M-S), as indicated below.

Theorem 2.1. [24] Consider a complete metric space 	( )d, m ,
represent a mapping 	 	→T : and a non-decreasing, con-
tinuous function [ ) [ )∞ → ∞φ : 0, 0, with ( ) =φ 0 0 and

�( ) >φ 0 for every � > 0. Then, T ensures a unique, FP,
whenever

� � � � 	( ) ( ) ( ( ))⩽ − ∀ ∈d T Ty d y φ d y y, , , , , .m m m (3)

Furthermore, Dutta and Choudhary [25] established
the generalization of Theorem 2.1 as below.

Theorem 2.2. [25] Consider a complete M-S 	( )d, m and a
represent mapping 	 	→T : , a monotonic, non-decreasing,
continuous function [ ) [ )∞ → ∞ψ : 0, 0, with �( ) =ψ 0 iff
� = 0 and a lower semi-continuous function [ )∞ →φ : 0,

[ )∞0, s.t �( ) =φ 0 iff � = 0. Then, T possesses a unique, FP,
whenever

� � � � 	( ( )) ( ( )) ( ( ))⩽ − ∀ ∈ψ d T Ty ψ d y φ d y y, , , , , .m m m (4)

Moreover, in 2009, Zhang and Song [26] obtained the
below generalization of Theorem 2.1.

Theorem 2.3. [26] Suppose 	( )d, m represent a complete M-
S and suppose 	 	→T S, : represent two mappings. Let

� � � � 	( ) ( ) ( ( ))⩽ − ∀ ∈d T Sy M T Sy φ M T Sy y, , , , , ,m (5)

whereas Theorem 2.2 defines φ and
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Then, there must be a unique point� 	∈∗ s.t� � �= =∗ ∗ ∗T S .
Dorić [27] have established a similar common FP the-

orem for two mappings, further extending the findings as
mentioned above.

Theorem 2.4. [27] Suppose 	( )d, m represent a complete M-
S and suppose 	 	→T S, : represent two mappings. Let

� �

� � 	

( ( )) ( ( ))

( ( ))

⩽
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ψ d T Sy ψ M T Sy

φ M T Sy y

, ,

, , , ,

m (7)

where Theorem 2.2 defineψ, φ, and (6). Then, there must be
a unique point � 	∈∗ s.t. � � �= =∗ ∗ ∗T S .

Similarly, in 2017, He et al. [28] demonstrated the
common FP theorem for two mappings that meet a generalized
weak contractive-type condition of ( )ψ φ, in complete M-S.

Theorem 2.5. [28] Suppose 	( )d, m represent a complete M-
S and 	 	→T S, : represent two mappings. Let for every

� 	∈y, , � � �{ ( ) ( )} ( )⩽d T d y Sy d ymin , , , ,m m m
1

2

implies

� � �( ( )) ( ( )) ( ( ))⩽ −ψ d T Sy ψ M T Sy φ M T Sy, , , ,m (8)

whereas Theorem 2.2 definesψ,φ, and (6). Then, there must
be a unique point � 	∈∗ s.t � � �= =∗ ∗ ∗T S .

Currently, in 2020, the researchers [29] under a rational
expression obtained the result below for the generalized
( )ψ φ, -Suzuki weak contraction.

Theorem 2.6. [29] Suppose 	 represent a complete M-S and
	 	→T : represents a mapping. Let for every � 	∈y, ,

� � �( ) ( )⩽d T d y, ,m m
1

2

implies

� � �( ( )) ( ( )) ( ( ))⩽ −ψ d T Ty ψ N T Ty φ N T Ty, , , ,m (9)

whereas Theorem 2.2 defines ψ, φ, and
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Then, T has a unique FP.

Recently, Arya et al. [30] obtained two common FP

results for mappings justifying the generalized ( )ψ φ, -con-
tractive-type conditions with a rational expression on a
complete M-S.

Theorem 2.7. [30] Suppose 	 represent a complete M-S and
suppose 	 	→T S, : represent two mappings. Let
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whereas Theorem 2.2 defines ψ, φ, and
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Then, there exists a unique point � 	∈∗ s.t � � �= =∗ ∗ ∗T S .

Definition 2.8. [19] For a non-empty set 
, 
 
× →d :s

[ )+∞0, is termed as a super-metric if the following condi-
tions hold
(1) If ( ) =d ν ω, 0s , then =ν ω for all 
∈ν ω, ;
(2) ( ) ( )=d ν ω d ω ν, ,s s for all 
∈ν ω, ;
(3) There we have ⩾s 1 in a sense that for all 
∈ω , ∃

distinct sequences ( )νη , 
( ) ⊂ωη with ( ) →d ν ω, 0s η η as
η tends to infinity, s.t

( ) ( )⩽
→∞ →∞

d ω ω s d ν ωlimsup , limsup , .

η
s n

η
s η (13)

Then, we call 
( )d, s a S-M-S.

Example 2.9. [20] Suppose the set 
 [ ]= +∞0, and 
 ×d :s


 [ )→ +∞0, represent an application, defined as follows:
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s (14)

Then, we can say 
( )d, s forms a S-M-S.

Example 2.10. [19] Suppose 
 [ ]= 2, 3 and define ( ) =d ν ω,s

νω whenever ≠ν ω and ( ) =d ν ω, 0s whenever =ν ω. Sup-
pose ( ) ( )ν ω,η η be two distinct sequences s.t ( ) →d ν ω, 0s η η

as → ∞η . As we the sequences are distinct, ( ) =d ν ω,s η η

→ν ω 0η η . It can be chosen that →ω 0η and →ν tη as
→ ∞η , where 
∈t . Furthermore, for any 
∈ω ,

( ) ( )= = ⩽

= = ⋅
→∞ →∞ →∞

→∞

d ω ω ω ω d ν ω

υ ω t ω

limsup , limsup 0 limsup, ,

limsup ,

η
s η

η
η

η
s η

η
η

(15)

so, 
( )d, s is a S-M-S.
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For this sequel, the concepts and notations listed
below are essential. For a S-M-S 
( )d, s a sequence ( )νη

in 
 converges to ω in 
, iff ( )d υ ω,s η tends to zero, as η

goes to ∞ [19]. For a S-M-S 
( )d, s , a sequence ( )νη

in 
 can be claimed as a Cauchy sequence in 
, iff
( ) > =→∞ d ν ν m ηlim sup , : 0η s η m [19]. A space 
( )d, s can

be claimed as a complete super-metric space iff, every
Cauchy sequence in 
 converges [19].

3 Main results

This section will focus on establishing novel results of gen-
eralized ( )ψ φ, -rational-type contractions in the framework
of super-metric spaces.

Here is our first result in this direction.

Theorem 3.1. Consider a completeS-M-S, 
, and two map-
pings 
 
→T S, : . Let
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Then, there exists a unique point 
∈∗g s.t = =∗ ∗ ∗g Tg Sg .

Proof. Suppose � 
∈
0

is an arbitrary. Then, we can choose
� �= S

1 0

, � � � �= =T S,
2 1 3 2

, and � �= T
4 3

. In this way, a
sequence can be constructed generally, �n in 
 in a sense
that � �=+ +Tn n2 2 2 1

and � �=+ Sn n2 1 2

. Now, if � �= n and
� �= −n 1

, for odd values of n, then by inequality (16), we
have
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It implies that

� �

� � � �
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( ( ))

( { ( ) ( )})
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⩽
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max , , ,
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If � � � �( ) ( )>+ −d d, ,s n n s n n1 1

, then inequality (20) can give
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� �

( ( )) ( ( )) ( ( ))

( ( ))

⩽ −

<
+ + +

+

ψ d ψ d φ d

ψ d

, , ,

, ,

s n n s n n s n n

s n n

1 1 1

1

(21)

which is a contradiction. Hence, for all n, we obtain

� � � � � �( ( )) ( ( )) ( ( ))⩽ −+ − −ψ d ψ d φ d, , , .s n n s n n s n n1 1 1

(22)

Consequently, we have � � � �( ( )) ( ( ))⩽+ −ψ d ψ d, ,s n n s n n1 1

. In
analogue way, this inequality can be verified for those
values of n which are even. Utilizing the property of ψ, for
every �∈n , we have � � � �( ) ( )⩽+ −d d, ,s n n s n n1 1

. Moreover,
the sequence � �{ ( )}+ ⩾d ,s n n n

1
1
is monotonic, non-increasing,

and is bounded below, so there must be ⩾r 0 in a sense that

� � � �( ) ( )= =
→∞ + →∞ −d r dlim , lim , .

n
s n n

n
s n n1 1 (23)

Utilizing the lower semi-continuity of φ, we have

� �( ) ( ( ))⩽
→∞ −φ r φ dliminf , .

n
s n n1 (24)

Now, claiming =r 0. Indeed, taking upper limit as → ∞n

on the below inequality and utilizing 23, we obtain

� � � � � �( ( )) ( ( )) ( ( ))

( ) ( ) ( )

⩽ −

⇒ ⩽ −
+ − −ψ d ψ d φ d

ψ r ψ r φ r

, , ,

.

s n n s n n s n n1 1 1 (25)
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That is, ( ) ⩽φ r 0 implies ( ) =φ r 0, and ( ) =φ r 0 implies
=r 0. Hence, � �( ) =→∞ +dlim , 0n s n n 1

. Now suppose that
�∈κ n, and >κ n. If � �=n κ, we have � �( ) ( )=T Tκ n

0 0

. So,
� �( ( )) ( )=−T T Tκ n η η

0 0

. Thus, �( )T n
0

is the FP of −T κ n. Also,

� � �( ( ( ))) ( ( ( ))) ( ( ))= =− −T T T T T T T T .

κ n n κ n n n
0 0 0

(26)

This means that �( ( ))T T n
0

is the FP of −T κ n as well. Thus,
� �( ( )) ( )=T T Tn n

0 0

. So �( )T n
0

is the FP of T . By following a
similar approach for mapping S , �( )Sn

0

is the FP of S . Now,
maintaining generality, it can be supposed that, � �≠n κ.
Therefore,

� � � �( ) ( )⩽
→+∞

+
→+∞

+ +d dlimsup , limsup , .

n
s n n

n
s n n2 1 2 (27)

Thus, as � �( ) =→+∞ +dlimsup , 0n s n n 2

, we have

� � � �( ) ( )⩽ =
→+∞

+
→+∞

+ +d dlimsup , limsup , 0.

n
s n n

n
s n n3 2 3 (28)

Inductively, it can be concluded that →+∞limsupn

� �{ ( ) }> =d κ n, : 0s n κ . This leads to the fact that sequence
�{ }n is Cauchy. Provided with 
 as a completeS-M-S, there
must be ∈∗g ℧ s.t � → ∗gn . Next, we verify that ∗g is the
common FP of T and S . Utilizing (16), we have

�
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∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗ ∗

ψ d Tg S

ψ M Tg S φ M Tg S

ψ d g d g Tg d S

d g Tg d g S d g T d S

φ d g d g Tg d S

d g Tg d g S d g T d S

,

, ,

max , , , , , ,

, ,

2

,

, ,

2

,

max , , , , , ,

, ,

2

,

, ,

2

.

s n

n n

s n s s n n

s s n s n s n n

s n s s n n

s s n s n s n n

2 2

(29)

Making → ∞n , we have ( ( )) ⩽∗ ∗ψ d g Tg,s ( ( )) −∗ ∗ψ d g Tg,s

( ( ))∗ ∗φ d g Tg,s , which yields =∗ ∗g Tg . Furthermore, we
obtain

( ( )) ( ( )) ( ( ))

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

⎟

⎟

⩽ −
=

+ + ⎫⎬⎭
⎞
⎠

−
+ + ⎫⎬⎭

⎞
⎠

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

ψ d Tg Sg ψ M Tg Sg φ M Tg Sg

ψ d g g d g Tg d g Sg

d g Tg d g Sg d g Tg d g Sg

φ d g g d g Tg d g Sg

d g Tg d g Sg d g Tg d g Sg

, , ,

max , , , , , ,

, ,

2

,

, ,

2

,

max , , , , , ,

, ,

2

,

, ,

2

.

s

s s s

s s s s

s s s

s s s s

2 2

(30)

It implies that ( ( )) ( ( ))⩽ −∗ ∗ ∗ ∗ψ d g Sg ψ d g Sg, ,s s ( ( ))∗ ∗φ d g Sg,s ,
which yields =∗ ∗g Sg . Hence, S and T have common
FP ∗g . To verify uniqueness, we assume that w is another
FP of T and S , and we obtain

( ( )) ( ( ))

( ( )) ( ( ))

( ( )) ( ( ))

=
⩽ −
= −

∗ ∗

∗ ∗

∗ ∗

ψ d g w ψ d Tg Sw

ψ M Tg Sw φ M Tg Sw

ψ d g w φ d g w

, ,

, ,

, , ,

s s

s s

2 1
(31)

and so ( ( )) =∗φ d w g, 0s . Therefore, = ∗w g . This completes
the result. □

The above result can yield the following corollaries.

Corollary 3.2. Suppose 
 represents a complete S-M-S
and 
 
→T S, : represent two mappings. Let for every
� � 
∈, ,

� � � � � �( ) ( ) ( ( ))⩽ −d T S M T S φ M T S, , , ,s 2 2
(32)

whereas Theorem 2.2 defines ψ, φ, and (17). Then, there
exists a unique point 
∈g s.t = =g Tg Sg .

Proof. The proof is quite simple by plugging =ψ I (Identity)
in Theorem 3.1. □

Corollary 3.3. Suppose 
 represents a completeS-M-S and

 
→T : represents two mappings. Let for every � � 
∈, ,

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T T ψ M T T φ M T T, , , ,s 2 2
(33)

whereas Theorem 2.2 defines ψ and φ. Then, there exists a
unique point 
∈g s.t =∗ ∗g Tg .

Proof. Plugging =S T in Theorem 3.1, we will obtain the
result. □

Corollary 3.4. Suppose 
 represents a completeS-M-S and

 
→T : represents s mappings. Let for every � � 
∈, ,

� � � � � �( ) ( ) ( ( ))⩽ −d T T M T T φ M T T, , , ,s 2 2
(34)

whereas Theorem 2.2 defines ψ, φ, and (17). Then, there
exists a unique point 
∈∗g s.t =∗ ∗g Tg .

Proof. This can be proved simply by plugging =S T and
taking =ψ I (Identity) in Theorem 3.1. □

Corollary 3.5. Suppose 
 represent a complete S-M-S
and 
 
→T S, : represent two mappings. Let for every
� � 
∈, ,

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T S ψ d φ d, , , ,s s s (35)

whereas Theorem 2.2 defines ψ and φ. Then there exists a
unique point 
∈∗g s.t. = =∗ ∗ ∗g Tg Sg .

Proof. The proof is quite simple by plugging � �( ) =M T S,
2

� �( )d , in Theorem 3.1. □

Corollary 3.6. Suppose 
 represents a completeS-M-S and

 
→T : represent two mappings. Let for every � � 
∈, ,

� � � � � �( ) ( ( )) ( ( ))⩽ −d T S d φ d, , , ,s s s (36)
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whereas Theorem 2.2 define ψ and φ. Then there exists a
unique point 
∈g s.t. = =∗ ∗ ∗g Tg Sg .

Proof. The proof is quite simple by plugging � �( ) =M T S,
2

� �( )d , and =ψ I (Identity) in Theorem 3.1. □

Remark 3.7. The corollary 3.6 is the result (2.1) of [24] in the
context of super-metric spaces.

Remark 3.8. The corollary 3.5 is the result (2.2) of [25] in the
context of S-M-Ss.

Corollary 3.9. Suppose 
 represent a complete S-M-S and

 
→T S, : represent two mappings. Let for every � � 
∈, ,

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T S ψ N T S φ N T S, , , ,s (37)

whereas Theorem 2.2 definesψ,φ, and (10). Then theremust be
a unique point 
∈∗g in a sense that = =∗ ∗ ∗g Tg Sg .

Example 3.10. Suppose 
 [ ]= 2, 3 with super-metric be
defined as

� �
�� � �

� �
( ) = ⎧⎨⎩

≠
=d ,

, ,

0, .

s (38)

Now, consider 
 
→T : and 
 
→S : , as follows:

�

�

�
�

�

�
( ) ( )

⎪

⎪

⎪

⎪
=

⎧
⎨
⎩

≠

=
=

⎧
⎨
⎩

≠

=
T S

2, 3,

5

2

, 3,

1, 3,

1

2

, 3.

(39)

Then, proving the below is not tedious, for choosing �( ) =ψ

�2 and �
�

( ) =φ
7

,

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T S ψ M T S φ M T S, , , .s 2 2
(40)

All the necessities of Theorem 3.1, Corollaries 3.5 and 3.9
are fulfilled. Thus, the FP of S and T is common and for
sure would be unique.

Furthermore, following the same flow, we would like
to prove a common FP theorem for the ( )ψ φ, -rational con-
traction in the Suzuki-type context.

Theorem 3.11. Suppose 
 represents a complete S-M-S
and 
 
→T S, : represent two mappings. Let for every

� � 
∈, , � � � � � �( ) ( ) ( )⩽d T d S dmin , , , ,s s s
1

2

and

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T S ψ M T S φ M T S, , , ,s 2 2
(41)

whereas Theorem 2.2 defines ψ, φ, and (17). Then, there
exists a unique point 
∈∗g s.t = =∗ ∗ ∗g Tg Sg .

Proof. Suppose � 
∈
0

is an arbitrary. Then, a sequence �n

in 
 can be constructed in a way � �=− −Tn n2 1 2 2

and

� �= −Sn n2 2 1

. The below fact will be considered in this sequel,

� � � � � �( ) ( ) ( )⩽d T d S dmin , , , ,s s s
1

2

iff � �( ) ⩽d T,s � �( )d ,s

and � � � �( ) ( )⩽d S d, , .s s If for some � �= −n n n 1

, then a
common FPmust be represented. The reason is if we consider
� �= −n n2 2 1

, then � −n2 1

is a common FP of the mappings.
Indeed, utilizing Eq. (41)

� � � �

� �

( ) ( )

( )

= =

⩽
− − −

−

d S d

d

1

2

,

1

2

, 0

, ,

s n n s n n

s n n

2 1 2 1 2 1 2

2 2 1

(42)

implies

� � � �

� �

( ( )) ( ( ))

( ( ))

⩽

−
− −

−

ψ d T S ψ M T S

φ M T S

, ,

, ,

s n n n n

n n

2 2 1
1

2 2 1

1
2 2 1

(43)

where � � � � � �( ) ( ) ( )= =− +M T S d d T, , ,n n s n n s n n1
2 2 1 2 2 1 2 2

. Then,
we have

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T ψ d T φ d T, , , ,s n n s n n s n n2 2 2 2 2 2

(44)

which implies � �( ( )) ⩽φ d T , 0s n n2 2

. Using the property of φ,
we obtain � �=T n n2 2

. Thus, by � � �= =− −S n n n2 1 2 2 1

, it implies
that � � �= =− − −S Tn n n2 1 2 1 2 1

, i.e., � −n2 1

is a common FP of T

and S . In the same way, if � �=− −n n2 1 2 2

for some n, then � −n2 2

is a common FP of T and S . Thus, we suppose that � �≠ −n n 1

for all �∈n . Observe that, all �∈n , have

� � � � � �( ) ( ) ( )= ⩽− − − −d S d d
1

2

,

1

2

, , .s n n s n n s n n2 1 2 1 2 1 2 2 2 1

(45)

Then, by (41),

� � � �

� �

( ( )) ( ( ))

( ( ))

⩽

−
− −

−

ψ d T S ψ M T S

φ M T S

, ,

, ,

s n n n n

n n

2 2 1
1

2 2 1

1
2 2 1

(46)

where

� � � � � �( ) { ( ) ( )}=− − +M T S d d, max , , , .n n s n n s n n1
2 2 1 2 2 1 2 2 1

(47)

If � � � �( ) ( )=− +M T S d, ,n n s n n1
2 2 1 2 2 1

, then (46) becomes

� � � � � �( ( )) ( ( )) ( ( ))⩽ −+ + +ψ d ψ d φ d, , , ,s n n s n n s n n2 2 1 2 2 1 2 2 1

(48)

which implies � �( ( )) ⩽+φ d , 0s n n2 2 1

and so � �( ) =+d , 0s n n2 2 1

.
This led to a contradiction to our assumption � �≠ −n n 1

. As a
result (46) becomes

� � � � � �( ( )) ( ( )) ( ( ))⩽ −+ − −ψ d ψ d φ d, , , .s n n s n n s n n2 2 1 2 2 1 2 2 1

(49)

Similarly, we can find that

� � � �

� �

( ( )) ( ( ))

( ( ))

⩽

−
+ + +

+

ψ d ψ d

φ d

, ,

, .

s n n s n n

s n n

2 1 2 2 2 2 1

2 2 1

(50)

Now, combining Eqs. (49) and (50)

� � � � � �( ( )) ( ( )) ( ( ))⩽ −+ − −ψ d ψ d φ d, , ,s n n s n n s n n1 1 1

(51)
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for all �∈n . Since � �( ( )) >−φ d , 0s n n 1

, we have
� � � �( ( )) ( ( ))<+ −ψ d ψ d, ,s n n s n n1 1

. Utilizing the property of
ψ, for all �∈n , we have � � � �( ) ( )<+ −d d, ,s n n s n n1 1

.
Moreover, the sequence � �{ ( )}+ =

∞d ,s n n n1 0
is non-increasing,

monotonic, and bounded below, and so there exists ⩾r 0 in
a sense that

� � � �( ) ( )= =
→∞ + →∞ −d r dlim , lim , .

n
s n n

n
s n n1 1 (52)

Utilizing the lower semi-continuity of φ, we have ( ) ⩽φ r

� �( ( ))→∞ −φ dliminf ,n s n n1

. Now, we claim that =r 0. Indeed,
taking upper limit as → ∞n on the following inequality and
using (52), we obtain

� � � � � �( ( )) ( ( )) ( ( ))

( ) ( ) ( )

⩽ −

⇒ ⩽ −
+ − −ψ d ψ d φ d

ψ r ψ r φ r

, , ,

.

s n n s n n s n n1 1 1 (53)

That is, ( ) ⩽φ r 0 implies ( ) =φ r 0, and ( ) =φ r 0 implies
=r 0. Hence, � �( ) =→∞ +dlim , 0n s n n 1

. Now, suppose that
�∈κ n, and >κ n. If � �=n κ, we have � �( ) ( )=T Tκ n

0 0

.
Indeed, � �( ( )) ( )=−T T Tκ n η η

0 0

. Thus, �( )T n
0

is the FP of
−T κ n. Also,

� � �( ( ( ))) ( ( ( ))) ( ( ))= =− −T T T T T T T T .

κ n n κ n n n
0 0 0

(54)

This means that �( ( ))T T n
0

is the FP of −T κ n as well. Thus,
� �( ( )) ( )=T T Tn n

0 0

. So �( )T n
0

is the FP of T . By following
similar approach for mapping S , �( )Sn

0

is the FP of S . Now,
maintaining generality, it can be supposed that, � �≠n κ.
Therefore, � � � �( ) ( )⩽→+∞ + →+∞ + +d dlimsup , limsup ,n s n n n s n n2 1 2

.
Thus, as � �( ) =→+∞ +dlimsup , 0n s n n 2

. We have

� � � �( ) ( )⩽ =
→+∞

+
→+∞

+ +d dlimsup , limsup , 0.

n
s n n

n
s n n3 2 3 (55)

Inductively, it can be concluded that →+∞limsupn

� �{ ( ) }> =d κ n, : 0s n κ . This leads to the fact that sequence
�{ }n is Cauchy. Provided with 
 as a completeS-M-S, there
must be a 
∈∗g s.t � → ∗gn . Next, we want to verify that

∗g is the common FP of T and S . Utilizing (41), we have

�

� �

� � �

� � � �

� � �

� � � �

( ( ))

( ( )) ( ( ))

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

⎟

⎟

⩽ −
=

+ + ⎫⎬⎭
⎞
⎠

−

+ + ⎫⎬⎭
⎞
⎠

∗

∗ ∗

∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗ ∗

ψ d Tg S

ψ M Tg S φ M Tg S

ψ d g d g Tg d S

d g Tg d g S d g T d S

φ d g d g Tg d S

d g Tg d g S d g T d S

,

, ,

max , , , , , ,

, ,

2

,

, ,

2

,

max , , , , , ,

, ,

2

,

, ,

2

.

s n

n n

s n s s n n

s s n s n s n n

s n s s n n

s s n s n s n n

2 2

(56)

Making → ∞n , we have ( ( )) ⩽∗ ∗ψ d g Tg,s ( ( )) −∗ ∗ψ d g Tg,s

( ( ))∗ ∗φ d g Tg,s , which yields =∗ ∗g Tg . Furthermore, we
obtain

( ( ))

( ( )) ( ( ))

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

( { ( ) ( ) ( )

( ) ( ) ( ) ( )

⎟

⎟

⩽ −
=

+ + ⎫⎬⎭
⎞
⎠

−
+ + ⎫⎬⎭

⎞
⎠

∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

ψ d Tg Sg

ψ M Tg Sg φ M Tg Sg

ψ d g g d g Tg d g Sg

d g Tg d g Sg d g Tg d g Sg

φ d g g d g Tg d g Sg

d g Tg d g Sg d g Tg d g Sg

,

, ,

max , , , , , ,

, ,

2

,

, ,

2

,

max , , , , , ,

, ,

2

,

, ,

2

.

s

s s s

s s s s

s s s

s s s s

2 2

(57)

It implies that ( ( )) ( ( ))⩽ −∗ ∗ ∗ ∗ψ d g Sg ψ d g Sg, ,s s ( ( ))∗ ∗φ d g Sg,s ,
which yields =∗ ∗g Sg . Hence, the mappings S and T have
common FP ∗g . To verify the uniqueness, assume that w is
another FP of T and S , and we obtain

( ( )) ( ( ))

( ( )) ( ( ))

( ( )) ( ( ))

=
⩽ −
= −

∗ ∗

∗ ∗

∗ ∗

ψ d g w ψ d Tg Sw

ψ M Tg Sw φ M Tg Sw

ψ d g w φ d g w

, ,

, ,

, , ,

s s

s s

2 1
(58)

and so ( ( )) =∗φ d w g, 0s . Therefore, = ∗w g . This completes
the proof. □

The above result (3.11) yields the following corollaries.
If =S T in the above result, we have the below corollary.

Corollary 3.12. Suppose 
 represents a completeS-M-S and

 
→T : represents a mappings. Let for every � � 
∈, ,

� � � � � �{ ( ) ( )} ( )⩽d T d T dmin , , , ,s s s
1

2

and

� � � � � �( ( )) ( ( )) ( ( ))⩽ −ψ d T T ψ M T T φ M T T, , , ,s 2 2
(59)

whereas Theorem 2.2 defines ψ, φ and (17). Then, there
exists a unique element 
∈∗g s.t. =∗ ∗g Tg .

Putting =ψ I (Identity) in (3.11), we have the following
corollary.

Corollary 3.13. Suppose 
 represent a complete S-M-S
and 
 
→T S, : represent two mappings. Let for every

� � 
∈, , � � � � � �{ ( ) ( )} ( )⩽d T d S dmin , , , ,s s s
1

2

and

� � � � � �( ) ( ) ( ( ))⩽ −d T S M T S φ M T S, , , ,s 2 2
(60)

whereas Theorem 2.2 defines ψ, φ, and (17). Then, there
exists a unique element 
∈∗g s.t = =∗ ∗ ∗g Tg Sg .

4 Applications

In the following sections, we demonstrate the practical
applications of the established findings. These applications
aim to examine the validity of the established findings and
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offer assurance of the existence of common and unique
solutions for integral inclusions of the Volterra type, as
well as solutions for nonlinear ��s involving fractal frac-
tional operators. The applications presented in this study
serve to illustrate the practical importance and resilience
of the theoretical findings, hence highlighting their use in
the modeling and analysis of intricate dynamic systems
characterized by memory effects and non-local interac-
tions. The description of these applications strengthens
the validity of the built theoretical framework and high-
lights its usefulness in tackling practical issues in various
scientific fields.

4.1 Application to Volterra integral
inclusions

In this subsection, the existence of a solution to the system
of Volterra integral inclusions is demonstrated in the frame
work of super-metric space. Motivated by the works of [1,3]
an existence result demonstrating the existence of the system
of Volterra integral inclusions has been presented

� � �

� � �

�

�

( ) ( ) ( ( )) ( )

( ) ( ) ( ( )) ( )

∫

∫

⎧

⎨
⎪⎪

⎩
⎪
⎪

∈ +

∈ +

u u u u ζ

u u u u ζ

϶ ⅁ , ℏ , ϶ d ,

϶ ⅁ , ℏ , ϶ d ,

1

0

1 1 1

2

0

2 2 2

(61)

for J� ∈ , J( )∈ζ C where multivalued J �( )∈ ×Cℏ , ℏ
1 2

have non-empty compact values. Throughout this section,
the map �( )→϶ ℏ , ϶i , =i 1, 2, is lower semi-continuous at

J� ∈ . Define a super-metric 
 
 
× →d :s by

( ) = ⎧⎨⎩
⋅ ≠

=d ϶ , ϶

϶ ϶ ϶ ϶ ,

0, ϶ ϶ .

s 1 2

1 2 1 2

1 2

(62)

Next, we present the proof as follows.

Theorem 4.1. Suppose that, for all J( )∈w C϶, , the following
conditions hold:
(1) There exists a continuous function J �∈ ×ℏ , ℏ

1 2
s.t.

� �∣ ( ( )) ( ( ))∣

∣ ( ( ) ( )) ( ( ( ) ( )))∣

⋅
⩽ −

u u

M u u φ M u u

ℏ , ϶ ℏ , ϶

϶ , ϶ ϶ , ϶ ,

1 1 2 2

2 1 2 2 1 2

(63)

where M
2
is obtained by substituting d in (17);

(2) There exist J� ∈u, and >τ 0 s.t.

� �

� �

( ) ( ) ( )∫ ∫⋅ ⩽ =u u u u ζ τ⅁ , d ⅁ , d 1, 0.

0

1

0

2

(64)

φ and ψ are defined in Theorem 2.2.

Then, the system of Volterra integral inclusions (61) have a
unique solution.

Proof. Using the Volterra integral inclusion (61), we can
define two operators 
 
→S T, : as follows:

� � �

� � �

�

�

( ) ( ) ( ( )) ( )

( ) ( ) ( ( )) ( )

∫

∫

⎧

⎨
⎪⎪

⎩
⎪
⎪

∈ +

∈ +

T u u u u ζ

S u u u u ζ

϶ ⅁ , ℏ , ϶ d ,

϶ ⅁ , ℏ , ϶ d ,

0

1 1

0

2 2

(65)

for J� ∈ , 
∈ζ , which implies that ϶ is the common and
unique FP of the operator T and S , if and only if it is a
solution of Eq. (61). Now, for all 
∈϶ , ϶

1 2
, using conditions

(6), (10), and (65), we obtain

J

J

J J

�

�

� �

( )

( )∣ ( ( ))∣

( )∣ ( ( ))∣

( ) ( )

∣ ( ( )) ( ( ))∣

( ( ) ( )) ( ( ( ) ( ))

∫

∫

∫ ∫

=

⋅

=
⎡

⎣
⎢ ⋅

⎤

⎦
⎥

⩽ −

d T S

u u u u

u u u u

u u u u

u u u u

M u u φ M u u

϶ , ϶

⅁ , ℏ , ϶ d

⅁ , ℏ , ϶ d

⅁ , d ⅁ , d

ℏ , ϶ ℏ , ϶

϶ , ϶ ϶ , ϶ .

s 1 2

1 1 1

2 2 2

1 2

1 1 2 2

2 1 2 2 1 2

(66)

Now, by taking � �( ) =ψ ,

( ( )) ( ( ( ) ( )))

( ( ( ) ( )))

⩽

−

ψ d T S ψ M u u

φ M u u

϶ , ϶ ϶ , ϶

϶ , ϶ .

s 1 2 2 1 2

2 1 2

(67)

Hence, by Theorem 3.1, ∗a is the unique and common FP of
S and T . Thus, (65) has a unique solution, which is also a
solution of the Volterra integral inclusion (61). This com-
pletes our proof. □

4.2 Application to fractal ����s

In this section, we established existence results for inves-
tigation of the unique theoretical solution for general
���s involving fractal fractional derivative operators in
the context of S-M-S:

F� �

�

( ) ( ( ))

( )

⎧
⎨
⎩

= < ♭ <
=

♭D υ υ υ

υ

, ϶ , ϶, , ϶ , 0 1,

, 0 0,

϶

FF

0 (68)

where J( ) [ ]∈ ×υ £, ϶ 0, , � �( ) ( )∈υ C V, ϶ , , J [ ]= ×V £0, ,F
is a function continuous and non-linear, i.e. F �( ( )) =0, 0, 0, 0 0.
Let us consider 
 �( )= C V , and � �( ) ∣ ( ) ( )‖= ⋅d ω υ ω, ϶ ,

for � ≠ ω.
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Theorem 4.2. Let us assume that the following holds in a
way that:
(1) for J( ) ∈υ, ϶ and � 
( ) ( ) ∈υ ω υ, ϶ , , ϶ ,

F F�

�

�

�

∣ ( ( )) ( ( ))∣

( )
∣ ( ( ) ( )∣)

(∣ ( ( ) ( )∣))

⋅

⩽
♭

♭ ⊤ ♭ ♭
−

♭−

υ υ υ ω υ

M υ ω υ

φ M υ ω υ

, ϶, , ϶ , ϶, , ϶

ς

,

, ϶ , ϶

, ϶ , ϶ ,

2

2 1
2

2

(69)

with �( ) ⩾d ω, 0; where ψ and φ are defined as in
Theorem 2.2;

(2) There exists � 
∈
1

with � �( ) ⩾d T, 0
1

, where →T C C:

defined as

F� �( )
( )

( ) ( ( ))∫=
♭

♭⋎ − ⋎ ⋎ ⋎ ⋎♭− ♭−T υ υ
1

ς

϶ , , , d ;

t

0

1 1

1

(70)

(3) �( ( ) ) ( )∫ ∫ ⋎ − ⋎ ⋎ ⋎ ⩽ ⊤ ♭ ♭
∍ ∍ ♭− ♭− ♭−

϶ d d ,

0 0

1 1 2 2 1 and ( ) ∈υ ς, ϶

and � 
∈ω, , �( ) ⩾d ω, 0 emphasizes the fact that
�( ) ⩾d T Tω, 0;

(4) �{ } ⊆ Cn , � �→n , where � ∈ C and � �( ) ⩾+d , 0n n 1

, for
�∈n .

Then, there exists at least one solution of problem (59).

Proof. In problem (59), F is nonlinear mapping and

� �( )
( )

( )( )∫=
− ♭

⋎ − ⋎ ⋎♭
♭

−♭D υ υ, ϶

1

ς 1

d

d϶

, ϶ d .
϶

FF

0

0

϶

(71)

Since �( )( )∫ ⋎ − ⋎ ⋎
∍ −♭υ, ϶ d

0

is differentiable, Eq. (71) can be
converted into

�
( )

( )( )∫♭ − ♭
⋎ − ⋎ ⋎♭−

−♭υ
1

϶

1

ς 1

d

d϶

, ϶ d .

1

0

϶

(72)

Consequently, Eq. (68) could be transformed into

F

F

� � �

�

( ) ( ) ( ) (ℓ )

( ) ( )

− = ⋎ − ⋎ ⋎ ⋎

⋎ − ⋎ ⋎ ⋎

♭− ♭−

♭− ♭−

υ υ

υ

, ϶ , 0 ϶ , , d ,

϶ , , d .

1 1

1 1

(73)

Consequently �( )υ, ϶ = F � �( ) ( )
( )

∫ ♭⋎ − ⋎ ⋎ =♭
∍ ♭− ♭− υ T϶ , ,

1

ς 0

1 1 .
Here, we show that ϒ has an FP.

F

F

F

F

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

∣ ∣

( )
( ( ) ) ( ( )

( ))

( )
( ( ) ) ∣ ( )

( )∣

( )
( ( ) )

(∣ ( ( ) ( )∣))

(∣ ( ( ) ( )∣))

( )
∣ ( ( ) ( )∣)

(∣ ( ( ) ( )∣))

( ( ) )

( )
∣ ( ( ) ( ))∣

(∣ ( ( ) ( )∣)) ( )

∣ ( ( ) ( )∣) (∣ ( ( ) ( )∣))

∫∫

∫∫

∫∫

∫∫

⋅

=
♭

♭⋎ − ⋎ ⋎

⋅ ⋎ ⋎ ⋎

⩽
♭

♭⋎ − ⋎ ⋎

⋅ ⋎ ⋎ ⋎

⩽
⊤ ♭ ♭

⋎ − ⋎ ⋎ ⋎

×

−

=
⊤ ♭ ♭

−

× ⋎ − ⋎ ⋎ ⋎

⩽
⊤ ♭ ♭
− ⊤ ♭ ♭

= −

♭− ♭−

♭− ♭−

♭−
♭− ♭−

♭−

♭− ♭−

♭−

♭−

T Tω

υ

υ ω

υ

υ ω

M υ ω υ

φ M υ ω υ

M υ ω υ

φ M υ ω υ

M υ ω υ

φ M υ ω υ

M υ ω υ φ M υ ω υ

1

ς

϶ , ,

, , d d

1

ς

϶ , ,

, , d d

1

,

϶ d d

, ϶ , ϶

, ϶ , ϶

1

,

, ϶ , ϶

, ϶ , ϶

϶ d d

1

,

, ϶ , ϶

, ϶ , ϶ ,

, ϶ , ϶ , ϶ , ϶ .

0

϶

0

϶

1 1 2

0

϶

0

϶

1 1 2

2 1

0

϶

0

϶

1 1 2

2

2

2 1
2

2

0

϶

0

϶

1 1 2

2 1
2

2

2 1

2 2

(74)

Now, for ( ) =ψ k k we have ψ � �( ( )) ( ( ))⩽ −d T Tω ψ M ω, ,
2

�( ( ))φ M ω,
2

. Since all the conditions of Corollary 3.3 are
satisfied. Thus, equation (68) has a unique solution. □

In the sequel, an example is presented to verify the
validity of the obtained theoretical results.

Example 4.3. Based on system (61), by taking �( ) =u⅁ ,
1

�( )

( )+
π

u

cos

5 1

2

, �
�

( )
( )

( )
= +u⅁ ,

π

u2

cos

5 3

, and

( ( )) ( ) ( ( )) (

( )) ( ) ( ( ))

= +

= +

u u u πu u u

u u πu u

ℏ , ϶ 1 sin ϶ , ℏ ,

϶ 3 sin ϶ ,

1 1

2

1

3

1

2 2

3

we have the system of Volterra integral inclusions as
follows:
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� � �

� � �

�

�

( ) ( ) ( ( )) ( )

( ) ( ) ( ( )) ( )

∫

∫

⎧

⎨

⎪
⎪

⎩

⎪
⎪

∈
⎡

⎣
⎢ +

⎤

⎦
⎥

∈
⎡

⎣
⎢ +

⎤

⎦
⎥

π πu u u π

π πu u u π

϶ 0,

1

5

cos sin ϶ d sin ,

϶ 0,

1

5

cos sin ϶ d sin ,

1

0

1

3

2

0

2

3

(75)

for J� ∈ , =λ 1, where J�( ) ( )= ∈ζ π Csin , multivalued
J �( )∈ ×Cℏ , ℏ

1 2
have non-empty compact values. The

exact solution of the integral equation

J� � �

�

( ) ( ( )) ( )∫ + ∈π πu u u π
1

5

cos sin ϶ d sin , ,

0

3 (76)

is � � �( ) ( ) ( ) ( )= + −π π϶ sin 20 391 cos

1

3

. Now, we can
define two operators 
 
→S T, : as follows:

� � �

� � �

�

�

( ) ( ) ( ( )) ( )

( ) ( ) ( ( )) ( )

∫

∫

⎧

⎨
⎪⎪

⎩
⎪
⎪

= +

= +

T π πu u u π

S π πu u u π

϶

1

5

cos sin ϶ d sin ,

϶

1

5

cos sin ϶ d sin .

0

1

3

0

2

3

(77)

It follows that

� �

� �

�

�

� �

�

�

�

�

�

� �

� �

�

�

�

( )

( ) ( ( )) ( )

( ) ( ( )) ( )

( ) ( ( ))

( ) ( ( )) )

( ) ( ( )) ( )

( ( ))

( ) ( ( ))

( ) ( ( ))

( ) ∣ ( ( )) ( ( ))∣

∫

∫

∫ ∫

∫ ∫

∫

∫

∫

=
⎛

⎝
⎜ +

+
⎞

⎠
⎟

=
⎛

⎝
⎜

⎞

⎠
⎟

=
⎛

⎝
⎜

⎞

⎠
⎟

=
⎡

⎣
⎢

⋅
⎤

⎦
⎥

⩽
⎡

⎣
⎢

⎤

⎦
⎥

d T S

d π πu u u π

π πu u u π

d π πu u u

π πu u u

d π πu u u π

πu u u

π πu u u

π πu u u

π u πu u πu u

϶ , ϶

1

5

cos sin ϶ d sin ,

1

5

cos sin ϶ d sin

1

5

cos sin ϶ d ,

1

5

cos sin ϶ d

1

5

cos sin ϶ d , cos

sin ϶ d

1

5

cos sin ϶ d

cos sin ϶ d

1

5

cos d sin ϶ sin ϶ .

s

s

s

s

1 2

0

1

3

0

2

3

0

1

3

0

2

3

0

1

3

0

2

3

0

1

3

0

2

3

0

2

1

3

2

3

(78)

Thanks to Eq. (17), we obtain

� �

� � � � � �

� � � �

� � � �

� �
� �

� �

� �
� �

� �

� �
�

� � �

�
� � �

�

�

( ( ) ( ))

{ ( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

( ( ) ( )) ( ( ) ( ))

( ( ) ( )) ( ( ) ( ))

( ( ) ( ))
( ( ) ( ))

( ( ) ( ))

( ( ) ( ))
( ( ) ( ))

( ( ) ( ))

( ) ( )
( )

( ) ( ( )) ( ) ( )

( )
( ) ( ( )) ( ) ( )

∫

∫

⎜ ⎟

⎜ ⎟

=

+

+

⎛
⎝

+
+

⎞
⎠

⎛
⎝

+
+

⎞
⎠
⎫
⎬
⎭

=
⎧
⎨
⎩

+

+

M

d d T d S

d T d S

d T d S

d S
d T

d

d T
d S

d

π πu u u π

π πu u u π

϶ , ϶

max ϶ , ϶ , ϶ , ϶ , ϶ , ϶ ,

϶ , ϶ ϶ , ϶

2

,

϶ , ϶ ϶ , ϶

2

,

϶ , ϶

1 ϶ , ϶

1 ϶ , ϶

,

϶ , ϶

1 ϶ , ϶

1 ϶ , ϶

max ϶ ϶ ,

϶

5

cos sin ϶ d ϶ sin ,

϶

5

cos sin ϶ d ϶ sin ,

s s s

s s

s s

s
s

s

s
s

s

2 1 2

1 2 1 1 2 2

1 1 1 2

1 2 2 2

2 2

1 1

1 2

1 1

2 1

1 2

1 2

1

0

1

3

1

2

0

2

3

2

�
� � �

�
� � �

�
� � �

�
� � �

�
�

� �
� �

� �

�
�

� �
� �

� �

� �

�

�

�

�

�

�

( )
( ) ( ( )) ( ) ( )

( )
( ) ( ( )) ( ) ( )

( )
( ) ( ( )) ( ) ( )

( )
( ) ( ( )) ( ) ( )

( )
( ) ( ( ))

( ) ( )
( ( ) ( ))

( ( ) ( ))

( )
( ) ( ( ))

( ) ( )
( ( ) ( ))

( ( ) ( ))

( ) ( )

∫

∫

∫

∫

∫

∫

⎡

⎣
⎢ +

+ +
⎤

⎦
⎥

⎡

⎣
⎢ +

+ +
⎤

⎦
⎥

+ ⎡
⎣⎢

+
+

⎤
⎦⎥

+ ⎡
⎣⎢

+
+

⎤
⎦⎥
⎫
⎬
⎭

⩽ ⋅

π πu u u π

π πu u u π

π πu u u π

π πu u u π

π πu u u

π
d T

d

π πu u u

π
d S

d

1

2

϶

5

cos sin ϶ d ϶ sin

϶

5

cos sin ϶ d ϶ sin ,

1

2

϶

5

cos sin ϶ d ϶ sin

϶

5

cos sin ϶ d ϶ sin ,

϶

5

cos sin ϶ d

϶ sin

1 ϶ , ϶

1 ϶ , ϶

,

϶

5

cos sin ϶ d

϶ sin

1 ϶ , ϶

1 ϶ , ϶

϶ ϶ .

s

s

s

s

1

0

1

3

1

1

0

2

3

1

1

0

2

3

1

2

0

2

3

2

2

0

2

3

2

1 1

1 2

1

0

1

3

1

2 1

1 2

1 2

(79)

Hence, by taking � �( ) =ψ , we have

( ( )) ( ( ( ) ( )))

( ( ( ) ( )))

⩽

−

ψ d T S ψ M u u

φ M u u

϶ , ϶ ϶ , ϶

϶ , ϶ .

s 1 2 2 1 2

2 1 2

(80)

Table 1 displays the values of exact and suitable solutions
of system (75) in Example 4.3 for �

� � �
( ) =ψ , ,

2 4 5

. Also, one
can see the 2D plot of the results in Figure 1.

Therefore, system (75) has a solution based on common
FPT for multi-valued operators.
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5 Conclusion

This article explores the generalization of the ( )ψ φ, -type
contraction in the context of super-metric space. The exis-
tence and uniqueness of specific rational-type contractions
are ensured using the iteration technique and the character-
istics of the super-metric spaces. Several corollaries have

been deduced from the main results. Furthermore, the
authenticity and reliability of the findings are achieved
by an example. Moreover, the applications to an integral
inclusion and fractal fractional partial differential equation
are demonstrated. A numerical example and graph are also
provided to strengthen the established existence results.
These allow us to visually represent the solutions and demon-
strate the behavior of the solutions. The presented results in this
article improve our understanding of howmapping behaves in
the context of super-metric space and highlight their use in the
modeling and analysis of intricate dynamic systems.
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Table 1: Results of exact and suitable solutions of system (75) in Example 4.3 for �
� � �

( ) =ψ , ,

2 4 5

� Exact solution �
�(( )) ==ψ
5

�
�(( )) ==ψ
4

�
�(( )) ==ψ
2

Suitable solution Error Suitable solution Error Suitable solution Error

0.00 0.0754 0.0000 0.0754 0.0000 0.0754 0.0000 0.0754
0.05 0.2309 0.1566 0.0744 0.1565 0.0744 0.1565 0.0744
0.10 0.3808 0.3110 0.0698 0.3106 0.0702 0.3098 0.0710
0.15 0.5212 0.4643 0.0569 0.4623 0.0589 0.4581 0.0631
0.20 0.6488 0.6201 0.0287 0.6137 0.0351 0.6007 0.0481
0.25 0.7604 0.7795 ‒0.0191 0.7650 ‒0.0046 0.7361 0.0244
0.30 0.8534 0.9344 ‒0.0810 0.9093 ‒0.0559 0.8592 ‒0.0058

0.35 0.9253 1.0629 ‒0.1377 1.0285 ‒0.1033 0.9598 ‒0.0345

0.40 0.9744 1.1336 ‒0.1592 1.0971 ‒0.1227 1.0241 ‒0.0497

0.45 0.9995 1.1176 ‒0.1181 1.0916 ‒0.0921 1.0397 ‒0.0402

0.50 1.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000
0.55 0.9759 0.7797 0.1962 0.8213 0.1546 0.9045 0.0714
0.60 0.9277 0.4630 0.4647 0.5606 0.3671 0.7558 0.1719
0.65 0.8568 0.0623 0.7944 0.2281 0.6287 0.5595 0.2972
0.70 0.7647 ‒0.3968 1.1615 ‒0.1556 0.9203 0.3267 0.4380
0.75 0.6538 ‒0.8722 1.5260 ‒0.5563 1.2101 0.0754 0.5784
0.80 0.5268 ‒1.3171 1.8439 ‒0.9361 1.4629 ‒0.1742 0.7009
0.85 0.3868 ‒1.6997 2.0865 ‒1.2689 1.6557 ‒0.4075 0.7943
0.90 0.2373 ‒2.0107 2.2480 ‒1.5468 1.7841 ‒0.6189 0.8562
0.95 0.0819 ‒2.2563 2.3382 ‒1.7737 1.8557 ‒0.8086 0.8906
1.00 ‒0.0754 ‒2.4428 2.3674 ‒1.9542 1.8788 ‒0.9771 0.9017
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Figure 1: Exact and suitable solution of system (75) in Example 4.3
when �

� � �
( ) =ψ , ,

2 4 5

.
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