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Abstract: This work focuses on the fractional general equal
width-Burger model, which describes one-dimensional wave
transmission in nonlinear Kerr media with combined disper-
sive and dissipative effects. The unified and a novel form of
the modified Kudryashov approaches are employed in this
study to investigate various analytical wave solutions of the
model, considering different powers of nonlinearity in the
Kerr media. As a result, a wide range of structural solutions,
including trigonometric, hyperbolic, rational, and logarithmic
functions, are formulated. The achieved solutions present a
kink wave, a collision of kink and periodic peaked soliton,
exponentially increasingwave profiles, and shockwith a dark
peaked wave. The obtained solutions are numerically demon-
strated for specific parameter values and general parametric
powers of nonlinearity. We analyzed the effect of existing
parameters on the obtained wave solutions with numerical
graphics. Moreover, the stability of the model is analyzed
with a perturbed system. Furthermore, a comparison with
published results in the literature is provided, highlighting
the differences and similarities. The achieved results showcase
the diversity of structural solutions obtained through the pro-
posed approaches.

Keywords: fractional GEW-Burger model, Jumarie’s Riemann–
Liouville derivative, unified scheme, Kerr media, dispersive
effects, dissipative effects.

1 Introduction

Nonlinear fractional evolution models have emerged as
powerful tools for modeling various phenomena in science
and engineering, particularly in the context of miniature,
sensitive, and microscopic systems [1–3]. These models
have found applications in capturing complex physical
states [4–6] and are instrumental in accurate modeling of
intricate nonlinear phenomena. In the existing literature,
different types of fractional models have been proposed to
facilitate precise modeling. Examples include the Jumarie
Riemann–Liouville (JRL) fractional model [7,8], modified
Riemann–Liouville fractional model [9,10], conformable time-
fractional model [11,12], fractional beta model [13,14], M-frac-
tional model [15], and many others. Among these fractional
models, the JRL fractional model satisfies most of the desirable
properties of differentiation, while other models may exhibit
some undesirable or anomalous behaviors. In light of this, the
presentwrite-up focuses on the spatial-temporal fractional gen-
eral equal width (GEW)-Burgersmodel in the framework of the
JRL fractional sense. The model is represented as follows:

ℓ+ − − = >+D E D E rD E kD E n0, 1,t

β

x

α n
xx

α
xxt

α β1 2 2 , (1)

where Dα and Dβ denote the JRL fractional derivatives, and
α, β, andm are real constant parameters. The GEW-Burgers
model incorporates fractional order derivatives with respect
to both space and time variables, and the novel fractional
JRL derivative is employed for precise characterization.

Only a limited number of researchers have investi-
gated the GEW-Burgers equation using analytical techni-
ques. Nuruddeen and Nass [15] employed the Kudryashov
technique to extract exact solitary wave solutions for both
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the classical and fractional derivative versions of the model.
Hamdi et al. [16] derived a few exact results for the model
using only the classical derivative. Research on this model is
scarce, yet it holds significant applications in wave transmis-
sion within nonlinear media, encompassing both dispersive
and dissipative effects. Notably, GEW-Burger has been studied
solely in the context of the conformable fractional case [15].

This research aims to modify the model into the form
given in Eq. (1) using the JRL fractional sense. The key
question now pertains to identifying appropriate techni-
ques for exploring the intricate dynamics arising from
integrating our proposed fractional nonlinear model (1).
Various techniques have been employed in recent works
to obtain exact solutions for fractional partial differential
equations, ranging from semi-analytical schemes to unified
procedures [17–34]. Among them, the unified technique
stands out due to its incorporation of tanh and exp-func-
tions approaches.

In this write-up, we shed light on the use of the Unified
method [32–34] to analytically investigate the fractional
GEW-Burgers model. In addition, a novel form of the mod-
ified Kudryashov (NFMK) [35] scheme enables the discovery
of innovative arbitrary number base wave solutions.

The structure of this write-up is as follows: Section 2
provides elementary definitions and properties of JRL frac-
tional derivatives. Integral techniques are briefly explained
in Section 3. In Section 4, we extract novel solutions of the
space-time fractional generalised equal width-Burgers
model using the unified and NFMK techniques. The results
are presented in Section 5, followed by a comparison with
other results in Section 6. Finally, the write-up concludes
with a summary in Section 7.

2 Properties of JRL derivative

In this section, we compile essential properties and notes
related to the definition of β-order fractional differentia-
tion [8] for a continuous function denoted by R R→ψ : .

The β-order fractional differentiation of a continuous
function is represented as follows:
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Some significant properties are as follows:
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For others properties see [8].

3 Methodology

This segment represents fractional unified and NFMK schemes
as well as their applications to the space–time JRL fractional
GEW–Burger model to accomplish new solutions.

3.1 Basic information of fractional unified
scheme

This section illustrates fractional unified scheme [32–34] for
guiding analytical solutions to nonlinear fractional evolution
equations (NFEEs) in a succeeding manner. Consider an
NFEE in independent variables x and t, which is specified by

( ) =H q D q D q D q D q D q, , , , , , … 0,x

α
xxt

α β

xxx

α
t

β

tt

β2 , 3 2 (3)

where ( )q x t, is indefinite function, H is polynomial of
( )=q q x t, accomplished with its derivatives.
Step 1: Converting the NFEE into ordinary differential

equation (ODE) with the advantages of operating wave
mapping

( ) ( )= =
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−
+

q x t υ η η
kx
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, ,

1 1
,

α β

(4)

where k and ω are the wave number and velocity, respec-
tively. By shifting Eq. (4) into Eq. (3), an ODE can be
achieved, i.e.,

( ) =P υ υ υ υυ υ, , , , , … 0.η ηη ηηη η ηηη (5)

Step 2: Now Eq. (5) can be integrated requisite times
with integral constant as zero.

Consider that Eq. (5) has a series solution as follows:

( ) [ ( ) ( ) ]∑= + +
=

−υ η L L S η M S η ,

i

N

i
i

i
i

0

1

(6)

where Li and Mi ( )=i N0, 1, … are constants to be eval-
uated afterward. We also should treat that LN and MN both
could not be zero together. The Riccati equation can be
elated by the function ( )S η ,

( ( ))′ = +S S η λ,2 (7)

which has results as:
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Case 1: On condition <λ 0, yields hyperbolic results:
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Case 2: On >λ 0, yields trigonometric solution:
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where ≠a 0 and b, c are free invariable.
Case 3: On =λ 0, yields rational solution:

( ) = −
+

S η
η c

1
. (10)

Step 3: Using Eq. (7), the value of N in Eq. (5) can be
underscored by incorporating Eq. (6) into Eq. (5) through the
homogeneous balance principle. We extract coefficients of
same power of ( )S η from both sides, produces a set of con-
straints. Solving the set for Li, ( )=M i N0, 1, ... , ,i k ω, and

and putting these into Eq. (6) with solutions of Eq. (7) yields
solutions of Eq. (3).

3.2 Basic phases of NFMK technique

The trial result of Eq. (5) in the ensuing form is

( ) ( )∑=υ η μ ψ η ,
i

i (11)

where ( )=μ i m0, 1, …,
i

are invariables and deliberated
afterward. Evaluating equilibrium number ( )ψ η can be
recognized as follows:

( )
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, 0, (12)

where p rand are calculative constants that are achieved
later and the function obliges the indicated differential
model as follows:

( )
( )( ( ) ) ( )= −

Θ η

η
δ a Θ η Θ η

d

d
log 1 . (13)

To develop unknown constants, Eq. (11) into Eq. (4)
combining use of Eqs (12) and (13). Formerly, transform
to a polynomial of ( )Θ ηi and cautious unknown coefficients
of perfectly ( )Θ ηi are equating as zero, yielding a class of
equations. Thus, the obtained structures are resolved via
maple-18, which completed the desired unfamiliar para-
meters as well as the results of the model (4).

The integrated result of Eq. (13) is

( ) =
+

Θ η
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1
.

δη
(14)

Remark: Our new modified Kudryashov’s (MK) tech-
nique familiarized result in terms of a series ( ) =ψ η
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with ( ) = +Θ η ,

ca

1

1 δη i.e., numbers base
wave variable, which provides a new category of wave
outlines in the studied arena, whereas MK’s structure

(Hosseini et al. [12]) used ( ) = +φ ξ .
da

1

1 ξ

4 Integrate the fGEW-Burgers
model to extraction solutions

Recall space–time JRL fractional GEW-Burgers model (Eq.
(1)) as well as assembling the wave transformation

( ) ( )= =
+

−
+

E x t E η η
x

α
w

t

β
, ,

1 1
.

α β

Eq. (1) turned to an ODE,

ℓ( )− ′ + ′ − ″ + ‴ =+wE E rE wkE 0.n 1 (15)

By integrating Eq. (15) once, as well as bearing in mind
integral constant as zero, attains

ℓ( )− + − ′ + ″ =+wE E rE wkE 0.n 1 (16)

Evaluating balance from highest derivatives with the

nonlinear term ( )″+E E,n 1 in Eq. (15) yields =N
n

2 .

Incorporating the mapping =E υ ,n2/ Eq. (16) switches to

ℓ ( )− + − ′ + − ′
+ ″ =

wn υ n υ nrυυ wk wnk υ

wnkυυ

2 4 2

2 0.

2 2 2 4 2

(17)

The next sub-steps are going to exploit wave solutions
through the fractional unified and NFMK techniques.

4.1 Solutions by fractional unified technique

Balancing the highest derivatives and nonlinear term (i.e.,
″υ υυ,4 ) in Eq. (17), one can achieve =N 1, which refers to

using in Eq. (6) that
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The following algebraic equations, by replacing Eq. (18) into Eq. (17) as well as putting every coefficient of ( )S η to
zero, yields
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Solving the above systems of Eq. (19), one obtains the succeeding results:
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The following general solutions of Eq. (1) can be found by Set 1 and combining Eqs (8), (9), (10), and (18):
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The following general results of Eq. (11) are found by using Set 2 and combining Eqs (8), (9), (10), and (15):
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E L 1 ,

λ k λk

λk k

a λ η c b

a b λ a λ λ η c
29, 30 0

sin 2

cos 2

λk λ k λk2 2

2 2 2

1

2
2 2

( ( )) ( ( ))

{ ( ( )) ( ( )) }

( )= ⎡
⎣ +

⎤
⎦

+
− −

+ + − +
+ + + −

+ +
E L 1 ,

λ k λk

λk k

a λ η c i λ η c

λ i λ η c λ η c ia
31, 32 0

cos 2 sin 2

cos 2 sin 2

λk λ k λk
2 2

2

1

2
2 2

( ( )) ( ( ))

{ ( ( )) ( ( )) }

( )= ⎡
⎣ +

⎤
⎦

+
− −

+ + + +
− + + + +

+ +
E L 1 .

λ k λk

λk k

a λ η c i λ η c

λ i λ η c λ η c ia
33, 34 0

cos 2 sin 2

cos 2 sin 2

λk λ k λk
2 2

2

1

2
2 2

For =λ 0,

ℓ

( )

( )

=
⎡

⎣
⎢± − −

⎧
⎨
⎩
+

+
− −

− −
⎫
⎬
⎭

⎤

⎦
⎥

+ +

E
r

λk k

λ k λk

λk k

η c
1

2
1 ,35, 36 3/2 2

2 2

2

λk λ k λk

1

2
2 2

where
ℓ

= ±
− −

L
r

λk k
0

1

23/2
2

and = −+ +η w
x

α

t

β1 1

α β

.

Set 3:

( )
ℓ

ℓ
ℓ

ℓ ℓ ( )

= + + = ±
− − −

− −

= ±
− − −

− −
+

= ±
− − −

= ±
− −

+ − − −

n λk λ k λk w
λr λk k

λk k

L
rλ

λk k

λk k

λ k λk
L

r

λ λk k

M
r r

k λ

λk k

kλ λk k

8 2 4 , 8
2 4

4

,

4

1

2 4

4

4
,

1

2
2 4

,

1

768

4

4 1 2 4

.

2 2

2

2

0

2

2

2 2 1

2

1

2

2

Other solutions can be written in a similar manner due to Set 3 as well as combining Eqs (8), (9), (10), and (15). Few
are as follows:
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4.2 Solutions by NFMK technique

Subsequently, due to the balance number =N 1, the test
solution according to NFMK scheme is

( ) ( )= +υ η μ μ ψ η ,
0 1

(20)

with ( )
( )

( ( ) )
= ≠+ −ψ η g; 0.

pΘ η

p g Θ η 1

Differentiating Eq. (20) sufficient times and taking
advantage of Eq. (11) yields a class of equations whose
solutions are as follows:

( ) ( )

( )

( )

( )

ℓ ( )

= ∓
+

= ±
+
+

=

= ±
+

+

δ
p

a k p
w

r k p

k p
μ

μ

r k p

k p

ln 2 2
,

2 2

4
, 0,

2 2

2 4

0

1

and

( ) ( )

( )

( ) ( )

ℓ( ) ℓ( )

= ∓
+

= ±
+

+ +

= ±
+

= ±
− +

δ
p

a k p
w

r p

p k p

μ
r

p k
μ

r

p k

ln 2 2
,

2 2

4 2 2
,

4
,

4
.

0 1

These two constraints afford new categorical wave
solutions that are

( )

ℓ ( ) ( ) ( ) ( )

=
⎧
⎨
⎩
±

+

+ + +

⎫
⎬
⎭

∓ +

E

r k p

k p

p

p c g a

2 2

2 4 1

,
η

n

37,38

2/

p

a k pln 2 2

where
( )

( )
= ∓+

+
+ +η , and

kx

α

r k p

k p

t

β1

2 2

4 1

α β

ℓ( ) ( ) ( ) ( )

=
⎡

⎣
⎢±

+

⎧
⎨
⎩
±

+ +

⎫
⎬
⎭

⎤

⎦
⎥

∓ +

E
r

p k
i

p

p c g a4
1

1

,
η

n

39,40

2/

p

a k pln 2 2

where ( )

( ) ( )
= ∓+

+
+ + +η .

kx

α

r p

p k p

t

β1

2 2

4 2 2 1

α β

Figure 1: Shock wave solution via E1: (a) 3D (upper) and contour (lower) plots, (b) effects of fractionality due to changes of α, (c) effect of dispersion
due to changes of k , and (d) effects of nonlinearity.
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5 Results and discussions

This section explained the numerical representation
of the obtained solution through the unified and
NFMK techniques.

5.1 Numerical illustration of solutions by
unified technique

All the solutions are achieved by the unified scheme in
terms of trigonometric, hyperbolic, and rational functions
that presented periodic, solitonic, and singular solitonic
behaviors, respectively, with general parametric power
nonlinearity. Actually, 54 solutions by the set of constraints
are gathered here. Various distinct behaviors are illu-
strated with regard to particular values of free parameters

in 3-D, 2-D, and contour plots. In Figure 1: shock-like wave
E1 for = =α β0.8, 0.4, ℓ= − = = − =k λ a2, 1, 1, 1,

= = =b c r2, 0, and 1, 3D and contour plots in Figure
1(a); effects of space fractionality due to changes of α are
presented in Figure 1(b); effects of dispersion due to
changes of k are presented in Figure 1(c); and effects of
nonlinearity exhibited in Figure 1(d). But the same solution
E1 presents complexiton due to changes of parameters as
=α 0.8, = = −β k0.4, 1, ℓ = = − =λ a1, 1, 1, = =b c2, 0,

=rand 1, as depicted in Figure 2; all effects of variation
fractionality, dispersion, and nonlinearity parameters are
illustrated in Figure 2(a–c). Due to the reduction of frac-
tional parameters, the wave height is reduced with the
wave being flat, as shown in Figures 1(b) and 2(b); the
reduction of dispersion parameter effects the wave shock
to reduce its hight and make the peacked flatted, Figures
1(c) and 2(c); increases in the nonlinear effect cause a slight
reduction in wave height, as shown in Figures 1(d) and 2(d).

Figure 2: Modulation of shock-peaked wave solution | |E1 : (a) 3D (upper) and contour (lower) plots, (b) effects of fractionality due to changes of α, (c)
effect of dispersion due to changes of k , and (d) effects of nonlinearity.
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In Figure 3: modulus plots of periodic wave is depicted
via | |E9 for =α 0.5, = =β k0.9, 2, ℓ = =λ1, 1, = =a b1, 2,

= =c r0, and 1; effects of fractionality observed as the
wave height much with wavelength small for higher values
of fractional parameter, but it height reduced with
increase of wave length as the fractional parameter
reduced, Figure 3(b); reversed effect is observed for
increasing values of dispersion, Figure 3(c); slightly change
of wave height is visible in Figure 3(d) for change of non-
linearity. Figure 4, illustrated four solutions which has the
similar parametric effects like above figures. Figure 4(a)
shock wave E21 for = =α β0.5, 0.9, =k 3, ℓ = 1, = −λ 1,

= = = =a b c r1, 2, 0, 1, Figure 4(b) shock wave E23 for
= =α β0.6, 0.9, ℓ= =k 3, 1, = − = =λ a b1, 1, 2, =c 0,

=r 1, (c) modulus plot of | |E27 and (d) modulus plot of
| |E33 for = =α β0.6, 0.9, =k 3, ℓ = =λ1, 1, = =a b1, 2,

= =c r0, 1. Figure 4(c and d) expresses periodic wave
with a single shock.

In Figure 5, the modulation wave solution (from Set-3)
presents dark peaked wave taking with =β 0.9, =k 3,

ℓ = 1, = − =λ a1, 2, =b 3, = =c r0, 1; Figure 5(a) shows
the second equation of Eq. (8) with =α 0.6 and Figure 5(b)
shows the third equation of Eq. (8) with =α 0.7. Figure 5(c)
presents a shock with a dark peak from the fourth equa-
tion of Eq. (8) for =α 0.8, =β 0.9, =k 0.5, ℓ = = −λ1, 1,

= =a b2, 3, = =c r0, 1, and Figure 5(d) presents a periodic
shock from the first equation of Eq. (9) for =α 0.5,

= =β k0.9, 0.5, ℓ = =λ1, 1, = = = =a b c r2, 3, 0, 1.

5.2 Numerical illustration of solutions by
NFMK technique

This NFMK scheme extracted only two solutions on the
basis of arbitrary parameters. Due to the change of values,
it illustrated various appeals in a diverse wave pattern.

Figure 3:Modulation of periodic wave solution | |E9 : (a) 3D (upper) and contour (lower) plots, (b) effects of fractionality due to changes of α, (c) effect of
dispersion due to changes of k , and (d) effects of nonlinearity.
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Few are expressed with particular numerical values. The
increasing and decreasing of wave height for change in
parameters and fractionality are presented in Figure 6
for =α 0.5, = =β a0.8, 4, = =p r2, 0.3, = −k 1,

ℓ = =g 1, = =n c3, and 0.5 and Figure 7 for =α 0.5,

= = −β a0.8, 4, =p 10, = = −r k0.3, 1, ℓ = =g 1,

=n 3, =cand 0.5.

6 Stability analysis

In this fragment, we have derived the conditions of stabi-
lity of model (1) and doing so let us consider the perturbed
solution

( )= +E p τW x t, ,
0

(21)

where p
0
is a steady-state seed solution of the Eq. (1).

Applying (21) into Eq. (1), convert to the form

ℓ ( )+ + − − =+τw D p τw rτw kτw 0.t x
n

xx xxt0

1

ℓ( )( )⇒ + + + − − =τw n p τw τw rτw kτw1 0.t
n

x xx xxt0
(22)

Linearizing the above equation, we have

ℓ( )+ + − − =τw n p τw rτw kτw1 0.t
n

x xx xxt0

Again setting ( )= +w ei ρ x w t
1 0 into the Eq. (22) yields

ℓ( )+ + − − =τw n τp ρ rτρ kτρ w1 0.
n

0 0 1 1

2

1

2
0

{ ℓ( ) }

( )
=

− +
−

w

ρ rρ n p

kρ

1

1
,

n

0

1 1 0

1

2
(23)

where ρ
1
is the normalized wave number and w0 is the

dispersion relation.
The transmission relationships of Eq. (23) are observed

here. The sign of w0 describes that the result will grow
rapidly or diminish as time passes. The stability of the
dispersion Eq. (23) in a steady state is influenced by factors

Figure 4: Wave solutions with 3D (upper) as well as contour (below) plots as (a) E21, (b) E23, (c) modulus plot of | |E27 , and (d) modulus plot of | |E33 .
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such as stimulated self-phase modulation, group velocity
dispersion, nonlinearity and Raman scattering. The wave
numbers, namely ρ

1
, ℓr, and p

0
, remain stable under slight

perturbations and are real when w0 is not negative. When
w0, the wave numbers become infinite, causing the steady-
state results lose stability, resulting in exponential distor-
tion growth. Therefore, demonstrating the stability of mod-
ulation is easy to obtain for =kρ 1

1

2 .

7 Comparison

In comparison with the results of [15,16], this research
enriches the study of fractionality, general parametric

power nonlinear solutions, and a variety of nonlinear
structural wave fronts for the GEW-Burger equation. Nur-
uddeen and Nass [15] studied the classical and conformable
fractional forms of the equation using the Kudryashov
scheme, obtaining only one solution in the exponential
function. Similarly, Hamdi et al. [16] found only one soli-
tary wave solution for the classical GEW-Burger model,
which is weaker than the result by Nuruddeen and Nass
[15] (see comparison section of [15]).

In contrast, our research modifies the model in the
form of Eq. (1) with the JRL fractional sense, which is con-
sidered more reliable than the conformable fractional deri-
vative. The fractional GEW-Burger model is integrated
using the unified and NFMK techniques, which encompass

Figure 5:Modulation wave solution from Set 3 with 3D (upper) as well as contour (below) plots: Dark peaked surf taking (a) second equation of Eq. (8)
and (b) third equation of Eq. (8), (c) shock with a dark peak from fourth of Eq. (8), and (d) periodic with a shock from first equation of Eq. (9).
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all solutions obtained by Nuruddeen and Nass and Hamdi
et al. [15,16]. As a result, we achieve a vast multiplicity of
solutions in terms of rational, periodic, and hyperbolic
forms. Additionally, we discuss the effects of each para-
meter, fractionality, and general parametric power nonli-
nearities on the obtained results.

8 Conclusion and future works

In conclusion, this research successfully integrated the
space-time JRL fractional GEW-Burgers equation using

the powerful Unified and NFMK schemes. The study
yielded a wide array of solutions for this model with a
general parametric power nonlinearity. A comprehensive
comparison was made between the results obtained in this
study and those from the usual GEW-Burgers model in [15].
To aid in the comparison, 3-D graphical illustrations for
specific solutions and 2-D shapes (refer to Figures 1–7)
were provided, showcasing changes in nonlinearity and
parameters. Furthermore, the impact of dispersion, dissi-
pation, and general parametric power nonlinearity on
wave height was observed and depicted through 3D, 2D,
and contour plots (see Figures 1–7). The stability analysis is

Figure 6:Modulation shock-peaked wave solution: (a) 3D (upper) and contour (lower) plots, (b) effects of fractionality due to changes of α, (c) effect of
dispersion due to changes of k , and (d) effects of nonlinearity.
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also performed for the considered model. The methods
used in this research have several notable advantages.
Firstly, they are highly versatile, enabling the discovery
of solitary and periodic wave solutions with great simpli-
city. Secondly, exact solutions were obtained by consid-
ering various functions, making these techniques highly
recommended for both general and non-general
problems.

Looking ahead, our future task involves exploring the
interaction of solitons, rogue waves, and bullet solitons.

Additionally, the model can be further modified in
M-fractional form and two-mode form to extend its applic-
ability to different scenarios [36–39].
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dispersion due to changes of k , and (d) effects of nonlinearity.
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